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PREFACE. 



This text-book has been prepared for the use of the 
Cadets of the U. S. Military Academy who begin the sub- 
ject with a knowledge of the elements of Algebra, Geometry, 
and Trigonometry which ranges from fair to excellent. 
The time allotted to ihe subject {ten and one half weeks), 
and the requirements of the subsequent courses, especially 
Mechanics, Ordnance and Gunnery, and Engineering, limit 
and determine the scope of the work. 

My experience leads me to the belief that the more rig- 
orous and comprehensive method of infinitesimals is suit- 
able only for a treatise, and not for a text-book intended 
for beginners. 

At the same time I believe that any presentation of the 
subject, no matter how elementary, should in no manner 
prejudice the student against any established method. On 
the contrary, it should, I think, endeavor to lead him to an 
understanding of the relations between those in general use, 
and, above all, it should aim to construct the best possible 
ground work for the subsequent study of the subject treated 
in the most rigorous and extended form. 

The principle of interchange of infinitesimals, which con- 
sists in replacing one infinitesimal by another when unity 
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iV PREFACE. 

is the limit of their ratio, has been used to overcome the 
difficulty encountered by beginners in the determination 
of the limits of ratios of infinitesimals. 

To the Officers of the U. S. Army who have taught the 
subject with me, and in many cases to my pupils, I am 
greatly indebted for much valuable assistance. 

To Captain Wm. Crozier, Lieut. J. A. Lundeen, Lieut. H. 
H. Ludlow, and Lieut. F. Mclntyre I am under obligations 
for many demonstrations and solutions. 

' Associate Professor W. P, Edgerton has been my collab- 
orator throughout the work, and lo him muph credit is due 
for numerous demonstrations, improvements, and sugges- 
tions, 

I have added a list of the works of authors which I have 
freely consulted in the preparation of this book, for the 
purpose of acknowledging my indebtedness to them, and 
for the benefit of students who may desire to extend their 
knowledge of the subject. 

Edgar W. Bass. 

West Point, N. V., June 15, i8g6. 



PREFACE TO THE SECOND EDITIOK 



For the corrections and changes made in this edition I 
am indebted to the Department of Mathematics, U. S. M. A, 
My thanks are especially due to Professor W. P. Edgerton, 
Associate Professor Chas. P. Echols, Lieut. George B. 
Elakely, and Lieut. F. W. Coe. 

Edgar W. Bass, 

524 Fifth Avenue, New York City, 
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DIFFERENTIAL CALCULUS. 



INTRODUCTION. 

DEF/N/T/ONS, NOTATION AND FUNDAMENTAL 
PRINCIPLES. 



CHAPTER I. 
CONSTANTS, VARIABLES AND FUNCTIONS. 

I. In the Calculus quantities are divided into two 
general classes, constants and variables. 

A Constant is a quantity that has, or is supposed to 
have, an absolute or relative fixed value. 

A Variable is a quantity that is, or is supposed to be, 
continually changing in value. 

In general, constants are represented by the first letters 
of the alphabet, and variables by the last ; but they should 
not, therefore, be confused with the known and unknown 
quantities of Algebra. 

The same quantity may sometimes be either a variable 
or a constant, depending upon the circumstances under 
which it is considered. Thus, in the equation of a curve, 
the coordinates of its points are variables ; but in the 
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2 DIFFERENTIAL CALCULUS. 

equation of a tangent to the curve, the coordinates of the 
point of tangency are generally treated as constants. It is, 
therefore, necessary to determine from the circumstances, 
or object in view, which quantities are to be regarded as 
variables, and which as constants, in each discussion. 

In genera], any or all of the quantities represented by 
letters in any mathematical expression or equation may 
have definite values assigned to them, and be regarded as 
constants ; or they may be considered as changing in value, 
and treated as variables. Thus, in the expression 4^/-', r is 
a constant if we suppose it to represent the radius of a par- 
ticular sphere ; but if r is considered as changing in value, 
it will be a variable. In the first case, ^nr' is a constant, 
and measures the surface of a particular sphere; but when 
r is variable, 4^^' is also variable, and represents the surface 
of any sphere no matter how much it may increase or 
diminish. 

It should not be understood, however, that we may in 

ure without affecting the character of the magnitude rep- 
resented by the expression or equation. For example, n 
is generally assumed to represent the ratio of the circum- 
ference of any circle to its diameter, which ratio is invariable. 
If a different value be assigned to ?r, the expression 4?rr' 
win not measure the surface of a sphere whose radius is r. 

In some cases variation in a quantity changes the di- 
mensions of the magnitude represented by the expression 
or equation ; in others it changes the position only ; and 
again it may change the character of the magnitude. Thus, 
if we suppose B to vary in the equation 

(« - «)■ + (7 - /!)■ = If, 
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CONSTANTS. VARIABLES AND FUNCTIONS. 3 

we shall have a sories of circles differing in size ; but by 
changing a ov ft and not R the position only will be 
affected. 

By changing b^ within positive limits, the equation 
a'y' -\- b'si? = a'b'' represents different ellipses, but negative 
values for h^ cause the equation to represent hyperbolas. In 
general, however, constants are supposed to have fixed 
values in tbe same expression, unless for a particular dis- 
! otherwise stated. 



2. A quantity is a function of another quantity when 
its value depends upon that of the second quantity. Thus, 
A,ax is a function of 4, a, and x. In general, any mathemat- 
ical expression which contains a quantity is a function of 
that quantity. If, however, a quantity disappears from an 
expression by reduction or simplification the expression is 
not a function of that quantity. Thus, »' + {f + x){c — x), 
axjbx, and tan x cot x, are not functions of x. 

3. A function of a single variahle is one whose value 
depends upon that of a single variable and varies" with it. 
Thus, 



4J:y(i — y), VrV + 2px, log (a + x), sec x, 

in which x is the only variable, are functions of a single 
viiriable. 

Any function of a single variable is also a variable, and 
varies simultaneously with the variable. 

4. The relation between a function of a variable and its 
variable is one of mutual dependence. Any change in the 
value of one causes a dependent variation in that of the 
other. Either may, therefore, be rep-ivded as a function of 
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4 DIFFERENTIAL CALCULUS. 

the Other ; and tliey are called inverse functions. Thtis, if 
X passes frora the value a to 3, the function 21^ will vary 
from 8 to 18 ; and conversely, x will increase from 2 to 3, if 
23;' changes from 8 to 18. If ^be again increased the same 
amount, that is frora 3 to 4, the function will increase from 
18 to 32. Similarly, with other functions we shall find that, 
in general, equal changes in the variables do not give equal 
changes In the corresponding functions. 

It is therefore necessary, in referring to a change in a 
function corresponding fo a change in the variable, to con- 
sider the states from which and to which the function and 
variable change, as well as the amount of change in each. 
With that understanding, carresponiiing changes in a func- 
tion and its variable are mutually dependent. 

I.i the equation of a curve, the ordinate of any point is a 
function of the abicissa, and the abscissa is the inverse 
function of the ordinate. 

The function is considered as dependent, and the vari- 
able as independent ; for which reason, the latter is called 
the independent variable, or simply the variable. 

Representing a function of x, as .*", by_)', we have^ =^ *'; 
solving with respect to x, we have x = Vy\ a form express- 
ing directly 3; as a function oi y. 

The difference in form in the following important exam- 
ples of direct and inverse functions should be observed. 

Having,^' = .t"; then x = y~y. 



= yfa. 
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CONSTANTS, VARIABLES AND FUNCTIONS. 5 

5. A state of a function corresponding to a value- or ex- 
pression for the variable is a result obtained by substituting 
the value or expression for the variable in the function. 



are the states of the function laX' corresponding, respec- 
tively, to the values or expressions for x, 



o, ,/., y,7^ ,, o, -,, o, 

are the states of the function sin corresponding, respec- 
tively, to the expressions or values of 0, 

o, >r/6, V4, 'h, ', I'h, '"■ 

A function of a variable has an unlimited number of 
states. It may have equal states corresponding to different 
values of the variable ; and it may have two or more states 
corresponding to the same value of the variable. Thus, 

5 and 1, 7±f'i2, 13 and 5, i3±*'24, 25 and ij, 

are the states of the function 2:1: + i ± Vi^x, corresponding, 
respectively, to the values of x, 



Trigonometric functions have equal states for all angles 
differing by any entire multiple of 27r. 

In connection with any state of a function corresponding 
to any value of the variable, it is frequently necessary to 
consider another state of the function, which results from 
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6 DIFFERENTIAL CALCULUS. 

increasing ihe value of the variable corresponding to the 
first state by some convenient arbitrary amount In order 
to distinguish between these two states of the function, the 
first is designated as a primitive state, and the other as its 
new or second state. 

Any arbitrary amount by which the variable is increased 
from any assumed value is called att increment of ihe vari- 
able. It is generally represented by the letter k, or k, or by 
A written before the variable ; as, A^, read " increment of 

Let x' represent any particular value of x, and h, or Ajc', 
its increment ; then will lax'^ and 2a{x' + hy, or 
2a{x' + A x'Y, represent, respectively^ the primitive and 
new states of the function zax^, corresponding to x' and its 
increment h, or Aai'. The genera! expression za{x -{- h)' 
represents the second state of any primitive state of the 
function zax', and from it we obtain the second state corre- 
sponding to any particular primitive state by substituting 
the proper value of x. 

6. A function of two or more variables is one which de- 
pends upon two or more variables and varies with each. 
Thus, 

X sin y, xy, a?, y log x, x^ + */ xy — ^, 

are functions of x and j ; and 

x+y + 2, / + tan x/s, z sin''{.*», ■^*' ■\-y' + log a, 

are functions of x, y and 3. Each variable is independent 
of the others. Particular values or expressions may be 

* Increment as here used is in an algebraic sense, and includes a 
decrement, which is a negative increment. In general, an assumed 
increment of a variable is regarded as positive. 
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CONSTANTS, VARIABLES AND FUNCTIONS. 7 

assigned to one or more of the variables, and the result dis- 
cussed as a function of the remaining variables. A func- 
tion of two or more variables possesses all of its propeities 
as a fuaction of each variable. By substituting in the 
function ax' +_)<, any assumed value forjf, as 5, the result 
2x' + 5 is a function of a single variable. 

7, A quantity is a function of the sum of two variables 
when every operation indicated upon either variable includes 
the su7n of the two. Thus, 

2,c'^V±y, %m{x±y), log (:v ± j), a-^y, 

and all algebraic expressions which may be written in the 
form 

A{x ±^)' + ^(* ± JV)" -■+....+ H, 

in which A^ B, etc., are constants, are functions of the sum 
of the two variables x and ±y. 

Zax{x-[-yY, Vx—y — 2y, \^x-\-y, ^+^, x%m{x—y), 

are not functions of the sum of x and 7. 



Bin{:c"±/), ^(V±/)", 3log(^"±y). t^2(^'±/)+7«. 

are functions of the siim of the two variables x' and ±/, 
but not of the sum of x and ±y. 

2{bVx^ay'), cos'(^V* + «/), 2-</\og{bVx^ ay'-y), 

are functions of the sum of the two variables b Vx and a/. 

In any function of the sum of two variables, a single 

variable may be substituted for the sum, and the original 

function expressed as a function of the new variable. 
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3 DIFFERENTIAL CALCULUS. 

Thus, z may be substituted for {x -\- y) in I 
a(x, + j)", giving the function in the form <is". 
manner we may write 

tan (* ~ _v} '=■ tan s, a'' + J 



■oy]og{^ ~y) = 2a¥\og z 



but it must be remembered that s in the new for 
function of the two variables x andjf. 

8. A state of a funciion of two or more variables 
spending to a set of values or expressions for the v£ 
is the result obtained by substituting those vahies 
pressions for the corresponding variables. Thus, 



-6, 



5- 



25. 



are states of the function 4* -|- 3^ -[- 2 corresponding, re- 
spectively, to the values or expressions for x and_y, 

(-8,+ ,o), (o, ■), (=,s); 



(-4,-4 




and 


v^, 



are states of the function tan {x-\-y) corresponding, re- 
spectively to the values or expressions for x and^, 

(0,0), (r/.8,>r/9), (f/.=,V«), ('"h,"!-)), ('."/')■ 
Any function, in which all of the variables are indepen- 
dent, is a variable, and has an unlimited number of stales. 
9. A function of several variables may be equal to some 
constant value or expression ; in which case one of the 
variables is dependent upon the others. Thus, the first 
member of the equation 2X + ;yi = 7 is a function of the 
two variables, x and ^ ; but * and y are mutually dependent. 
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CONSTANTS, VARIABLES AND FUNCTIONS. 9 

Any equation containing n variables expresses a depen- 
dence of each variable upon the others; 'and there are only 
« — I independent variables in such an equation. In other 
words, the number of independent variables in any equation 
is one less than the total number of variables. 

In any group of equations, the number of independent 
variables is equal to the total number of variables less the 
number of independent equations, 

10. An Algebraic function is one that can be expressed 
definitely by the ordinary operations of Algebra; that is, by 
addition, subtraction, multiplication, division, formation of 
powers with constant commensurable exponents, and ex- 
traction of roots with constant commensurable indices. 

Algebraic functions have particular names based upon 
peculiarities of form. 

A rationed function of a variable is one in which the vari- 
able is not affected by a fractional exponent. 

An integral function of a variable is one in which the 
variable does not enter the denominator of a fraction, or in 
other words, is not affected by a negative exponent. 

x-" + Ax'" - = + £x"' - = + Gx-^H, 

in which ni is a positive integer, and A, B, etc., do not con- 
tain x^ is a rational and integral function of x. The coeffi- 
cients A, B, etc., may be irrational or fractional. 

A rational integral function of a variable is also called an 
entire function of that variable. 

A linear function of two or more variables is one in 
which each term is of the first degree with respect to the 
variables. 

Thus, 2X -\- -^y -\- -jz is a linear function of x,y and z. 

A function is homogeneous with respect to its variables 
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when ail of its terms are of tlie same degree witli respect to 
tJiem. 

A linear function is a homogeneous function of the first 
degree. 

II. A Transcendental function is one that cannot be 
expressed definitely by the ordinary operations of Algebra. 

In general, a transcendental function may be expressed 
algebraically by an infinite series. 

Transcendental functions in elude exponential, logarithmic, 
trigonometric, inverse trigonometric, hyperbolic and inverse 
hyperbolic functions. 

An Exponential function is one with a variable, or an in- 
commensurable constant, exponent; as, 

A Logarithmic function is one that contains a logarithm 
of a variable; as, 

log*, log(«+^), zax' — x/XQ'gx.'^ 

A Trigonometric function is one that involves the sine, 
or cosine, or tangent, etc., of a variable angle ; as, 

cot X, sec 2x'', (^— sin x)/x^, versin' x. 

An Inverse Trigonometric function is one that contains 
an angle regarded as a function of a variable sine, or cosine, 
or tangent, etc. 

Sin- "J, tan~'^, read " the angle whose sine is 7" ; "whose 
tangent isj'" ; are symbols used to denote such functions. 
Having given y = versin x, then x — versin-'^ ; and if 
u = cos y, then y = cos"'m, etc. 

* Napierian logarithms will always be considered unless some oiliei 
base, as a, is indicated by logo. 
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12. Hyperbolic Functions.— From Trigonometry, we 



Placing 1^ — I = ;■, and substituting xi for x, we have 

cos«=, + i-+^-+|- + etc. 
From Algebra, we have 

13. I* 

Hence, 

2 

Therefore, 

sin iW' = iif ~ e~'')/2 ; cos xt =: {f -\- e"*)/z. 

cos a;/ is real, and is called the hyperbolic cosine of x. It 

is generally written cosh x. The real factor in the sine of 

xi\% called the hyperbolic sine of x, and is written sinh x. 

Thus, 

sinh x^(e''- e-)/2 ; cosh x ■-= {e' + £--)/2. 
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cosh° X — sinh'' x ^ \. 

Comparing with x" — y' — i, we see that cosh x and sinh 
X may be represented by the coordinates of points of an 
equilateral hyperbola, referred to rectangular coordinate 
axes, with the origin at its centre. Hence the name hyper- 
bolic functions. The functions sinh x and cosh x are not 
periodic functions for real values of x, but increase with x 
indefinitely. 

By analogy with trigonometric functions, other hyper- 
bolic functions are defined, and written, as 

tanh X = — 7— — — — — -; 

cosh X £'-{-£" 

coth X = - — j — = — ■ _ .^ ; 



sinh X e" — e~'^ 

It follows that 

tanh" X + sech' .ir — i = coth' x — cosech' x. 

13. Inverse Hyperbolic Functions — Writiiig_j'= sinh.!e, 

we have x = sinh'"^. 

Fro<ny= sinh .k = {e' — e~')/2, we find e* =y±Vi +/; 

hence, sinh"' y = x = ]og {y± V/ + i). Similarly, 

y = cosh X ^{e'-'r e~')/2 gives cosh~' y=log(ji ±Vy^ — 1); 

e'— e~' _ I + r 

y = tanh x = ^T~r^ gives tanh" y = \ log ^---; 
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S COth ' V 



^, , _„ gives sech ^ y=- 






>'=cosech^= 



14. Explicit and Implicit Functions.— When a function 
is expressed directly in terms of its variable or variables, it 
is an explicit function ; otherwise it is an implicit function. 

Thus, in tlie equations 

y— 2X^ -\- 3J, y = Un'x, y - ^', y = log 2ax\ y = f{x, s), 

y is, an explicit function of the variables in the second 
members, and in the equations 

ay + H'x^ = a'S', y^ = log x^, /=?-' — x', /( y, x) = o, 

y is an implicit function of x. 

The relation between an implicit function and its vari- 
ables is sometimes expressed by two ei^uations. Thus, 
y ~ 3H, «" = Vx, in which y is an implicit function of x. 

y =/('). « = ■#■(»)! and ;.=/(«), «=««), 

are forms expressing^ as an implicit function of x, 

ig. Increasing and Decreasing Functions — A function 
that increases when a variable increases, and di^creases 
when that variable decreases, is an increasing function of 
that variable. Thus, 2X, 7*', 2", ax^/b, tan x, are increas- 
ing functions of x. 

A function that decreases when a variable increases, and 
increases when that variable decreases, is a decreasing 



y Google 



14 DIFFERENTIAL CALCULUS. 

function of that variable. Thus, x/x, (c — x)', i/ax", cot x, 
are decreasing functions of x. 

Functions are sometimes increasing for certain values of 
the variable, and decreasing for others. Thus, (t — .;ir)' is 
an increasing fui:ction for all values of x greater than c; 
but decreasing for all values of x less than c. aaa^ is an 
increasing function when x is positive, and decreasing when 
X is negative. The positive value oS y — ± Vr' — *" is an 
increasing function for values of x from — c to o, but de- 
creasing for values of x from o lo -\- r. The negative 
value oi y is a decreasing function for negative values of x, 
and increasing for positive values of x. sin x, cos x, sec x, 
vers X, are increasing functions for some values of the vari- 
able and decreasing for others. 

i6. Continuous and Discontinuous Functions.^A func- 
tion is continuous between states corresponding to any two 
values of a variable when it has a real state for every inter- 
mediate value of the variable, and as the difference between 
any two intermediate values of the variable approaches 
zero, the difference between the corresponding states also 
approaches zero. Otherwise a function is discontinuous 
between the states considered. 

The varying height of a growing plant is a continuous 
function of time. 

If for any value of the variable a function is unlimited, 
imaginary or changes from one state to another without 
passing through all intermediate states, the continuity of 
the function is broken aj the corresponding state. 

±.V2px is continuous between stales corresponding to 

±^/a Va'' — x' is continuous between states corre.spond- 
ing to X = — a and x ~ -\- a. 
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±.li/aVx' — a' is continuous betwei^n states correspond- 



discontinuoiis between slates corresponding 
X, cos X, e", and all entire algebraic functions a 



always 

A continuous function in passing from any assumed state 
to another must pass through all states intermediate to 
those assumed ; but it may have intermediate states greater 
or less than the states assumed. Thus, the function 
i^j-' — ** is continuous between the states □ and r/i 1^, 
which correspond \.(ix = — r and x = r/2 ; but it is greater 
when ^ = o than either of the states considered. 

A function always continuous changes its sign only by 
passing through zero ; but a discontinuous function may 
change its sign without passing through zero. 

Unless otherwise stated, functions will be regarded as 
continuous in the vicinity of states under consideration. 

17. Functional Notation.— A function of any quantity, 
as X, is generally represented thus, /(a-), read " function of 
x." .Other forms are also used; as, /'(*), J^ix), F,(x), 
,fi{x), 4>'i^), ti^), ^,W- 

Thus, ax/{i +.v) may be represented by/{*}. The /, 
or exterior symbol, is called the functional symbol, or sym- 
bol of operation. It represents the operations involved in 
any particular function. Thus, having /(x) = ax/(j -\- x), 
/ indicates that x is to be multiplied by a, and that the 
product is Co be divided by i -|- *. Its significance re- 
mains unchanged throughout the same discussion or subject, 
and placed before the parenthesis enclosing any other quan- 
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tity it indicates that the quantity enclosed is to be sub- 
jected to the same operations that x is in the expression 
W(i + *)- Thus, 



In order to represent different functions of the same 
quantity the functional symbol only is changed. Thus, if 
Fix) is selected to represent 3 Vbx, then some other fortr 
- as F^(x)i or <j)[x), etc., should be taken to denote ^cx^ -^-zx 

Different functions of different quantities are represented 
by different symbols within and. without the parentheses. 
Thus, V*' — a' and 4)'V(i — y) may be denoted by /{*) 
and <p(y), respectively. 

A function of x^ is written f{x'') or F{x^)t etc., and the 
square of a function of x is designated by/(.r) or ^{x) . 

When the quantity is represented by a simple symbol, 
the notation/*, 0-i:, F::^, tpx", etc., is frequently used. 

yVmy^ may be expressed as a function of my' by some 
form, as/(my^) oj f'{mf), etc. 

Having represented as' by /(s), and s^r Vaz' by F{as'), 
we may write scVi^ = F{a!:') = F[/{e)l 

Having a' = tp{x), and ^ t'a* = 'p{a''), we write 



UVa^-ybVa' 



" r^'" =/'('/'['^(-^)]),iti which fV^{x)-\ ^ b Va'. 

2db va' -^h ' ' 

An expression contnining several different functions of a 
'ariable, as zax" — log x + 3 sin x, may be considered as 
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a function of the several functions of the variable, and 
represented thus: 

0[-^{^)> ^('*^). /{^l] represents a function of three differ- 
ent functions of different variables. 

Functions of two variables are denoted thus: f{x,y), 
fix, ,'), F(y, z), 4>(x, y), t{x, ^), ^,(^, z), etc.; and func- 
tions of three variables by F{x,y, s), ^(r. s, l), etc. 

Functions 'of any number of variables are indicated simi- 
larly by writing all the variables within the parentheses. 

In all cases a functional symbol indicates the same oper- 
ations in any one subject. 

Thus, if f(x, y) = ax + by, then /(j, t) = as + bi; /(a, 3) 
= 2« + Zb; /(o, m) = bm. 

Having 4>{x, z, y) = 2x ~ cz ~(-y, ihen 0(;-, s, i) = 
2^ — « + f. 

Functions are frequently represented by single letters; 



thus, ± y R'' — ^ may be represented by y, giving 
y=±. Vr^ — x^; and /(a:, y) by s, giving z =/{x,y). 

F{x -\-y), f(x -\- k), cp{s' -\~ r") are forms denoting func- 
tions of the sum of two variables. §7. 

ILLUSTRATIONS- 

Having jt^) = x" -\- Px'"-^ + Qx<^-' + . . .-{-U,\a which F, Q, 
etc., do not contain x, then 

/[5) = 5« + /'5»--l-e5™--H . .+ U. 
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4>{-') = 


*.' + ... 


0[^ + J') = 


= 4(^+7)" 


+ *^ 


-A 


i){ax') : 


^4flx^f^<i 


«■), *(>in(l) = 


4™'0 + > 


,inl. 




-H->)= 


a". 


H'+y)' 


= <.*+^ = a" 


x«J = 


^ijX^M. 


Fl^y) = 


-.a'V, 


m' = TGf = '.''> 


'-«' 


■ = «»?). 


/^=k 


•gx. 


/^limit ^) 


= log (limi 


[J:). 




/.x=. 


a", ' 


/.(»""-■) = •"""• 






U >plz) = ICz. t{x) = 5«^, and 


H^) = '- 




2/ ' 


then 


i'(«*(.)])-''^'°^r 

= 3i + sinj', and l6(s)=3Vi, 


-2/ 


=/w. 




If 4>{''. y) 


'^^ + sinj'. 


\iA^,y,- 


e) = 7«.rV, 3 


,,.lFi.y)= fA 


and 0(-r) = 


= »".>' 


,J «.) = 2., 


then !& 


<'(j'[/(i,7, 


.l)]-^.^' 


I^rfl. 







l8. Iilaes are classed as algebraic or transcendental 
according as their equations involve algebraic functions 
only or contain transcendental functions. 

Any portion of any line may be considered as generated 
by the continuous motion of a point. The law of its motion 
determines the nature and class of the line generated. 

Let s represent the length of a varying portion of any 
line in the coordinate plane XY^ of which the equation in 
X and y is given, s depends upon the coordinates of its 
variable extremities, and varies with each; but the equation 
of the line establishes a dependence between these coordi- 
nates. Hence, .J is a function of <ir\? independent y^rie^Af^ 

If the line is in space, its two equations establish a de- 
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pendeiice between the three coordinates of its extremities, 
so that one only is independent. 

The same result will follow if a system of polar coordi- 
nates is used. 

ip. Convexity and Concavity. — The side of an arc of 
any curve upon which adjacent tangents, in general, inter- 




sect is called the convex, and the other, or that upon which 
adjacent normals intersect, the concave side. A curve, at 
any point, is said to be convex towards the convex side 
and concave in the opposite direction. 

20. Graphic Representative of a Function of a Single 
Variable. — The relation between any function and its vari- 
able may be expressed by the equation formed by placing 
the function equal to a symbol. Thus, placing/* equal to 
y, we have^ =/*< which expresses the relations between _)> 
and X, and therefore between the function fx and its 
variable x. y=fx is also the equation of a locus, the 
coordinates of whose points bear the same relations to each 
other as those existing between the corresponding states of 
the function and variable. Therefore, by constructing, as 
ill Analytic Geometry, any, point of this locus, its ordinate 
will represent graphically the state of the function corre- 
sponding to the state of the variable similarly represented 
by its abscissa. The locus thus determined is called the 
gra^k of the function. It is important to notice that it is 
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-aph itself, that repre- 






tlie ordinate of the graph, not the j 
sents the function. 

To illustrate, let the line AB be the 
graph aifx. Then the ordinate PA is the 
graphic representative of/a:, corresponding 
to a value of x represented by OP. Sim- 
ilarly, P'B represents/* when x = OP'. 
The ordioates PM and PM' of the y 
graph MQM" represent two different 
states of the function corresponding to 
the same value of the variable, §5. 

The ordinates PM, RN, and SO of 
the graph MNO represent equal states 

of the function 
to different value 
able, § 5. 

The graph o 



function 
which is of the first degree with 
respect to its variable is a 
right line, otherwise not. 

The graph of a continuous function is a continuous line. 

31, Surfaces. — Any portion of any surface may be con- 
sidered as generated by the continuous motion of a line. 
The form of the line and the law of its motion determine 
the nature and class of the surface generated. 

22. Let u represent the area of a varying portion of the 
surface generated by the continuous 
motion of the ordinate of any given 
line in the plane XY. 

u depends upon the coordinates of 
the variable extremities of that portion 
of the given line which limits it, and vai 




th each ; but 
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e establis 



es a dependence lie- 
. function of but one 



eqnatioi 



.ny plane 




the equation of the given 

tween these coordinates. Hence, 

independent variable- 

23. Let '-=/H be the polar 
curve, as DM, referred to the 
pole P, and the right line PS. 
Let u represent the area of a 
varying portion of the surface, 
generated by the radius vector 
revolving about the pole, u will 
change with v and r; but i' and r 
are mutually dependent. Hence, 
a is a function of but one independent variable. 

24. Let any line in the plane XY, as AM, revolve about 
the axis of X. It will generate a sur- 
face of revolution. 

The same surface may be generated 
by the circumference of a circle, whose 
-X centre moves along the axis X, with its 
plane perpendicular to it ; and whose radius changes with 
the abscissa of the centre of the circle, so as to always 
equal the corresponding ordinate of the curve AM. The 
radius of the generating circumference is, therefore, a func- 
tion of the abscissa of its centre. Hence, the generating 
circumference, and any varying zone of the surface gener- 
ated as described, is a function of but one independent 
variable. 

25- The area of any surface with two independent vari- 
able dimensions is a function of two independent variables. 
For example, the area of any rectangle with variable sides, 
parallel respectively to the coordinate axes X and Y, is a 
function of the two independent variables x and_v. 
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26. Having any surface, as ATL,\e\. ABCD — u be a 
portion included between the coordinate planes XZ, YZ, 
and the planes DQR and BPS, parallel to them respec- 
tively. Let OP = X and OQ=yht independent varia- 




bles, ti will depend upon x, y, and s; but the equation of 
the surface makes 2 dependent upon x andjy. Hence, u is 
a function of but two independent variables. Similarly, it 
may be shown that any varying portion of the surface 
included between any four planes, parallel two and two, fo 
the coordinate planes XZ and YZ, is a function of but two 
independent variables. 

27. Graphic Representative of a Function of Two 
Variables. — Placing any function of two variables, as/(jc y), 
equal to z, we have s =f{x,y) which expresses the rela- 
tions between the function and its variables. 

The locus whose equation is s—/{x,y), is called the 
graphic surface of /{x,y), for the reason that the ordinate 
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of any of its points will represent graphically the state of 
the function corresponding to the states of the variables 
similarly represented by their respective abscissas. 

It is important to notice that it is the ordinate of the 
graphic surface that represents the function, and not a 
portion of the surface as in the case described in § 26. 

The graphic surface of a function which is of the first 
degree with respect to each of two variables is a plane, 
otherwise not. 

28. Volumes.— Any portion of any volume may be con- 
sidered as generated by the continuous motion of a surface. 
The form of the surface and the law of its motion deter- 
mine the nature and class of the volume. 

29. Let any plane surface included between any line in 
the plane XY, as AM, and the axis of X be revolved about 
X. It will generate a volume of revo- ■ 
lution. The same volu.me may be gen- 
erated by the circle, whose centre 
moves along the axis X, with its plane 
perpendicular to it ; and whose radius 
changes with the abscissa of the centre of the circle, so as 
to always equal the corresponding ordinate of the curve 
AM, The radius of the generating circle is, therefore, a 
function of the abscissa of its centre. Hence, the generat- 
ing circle, and any varying segment of the volume generated 
as described, is a function of but one independent variable. 

It is important to notice in this case, that the generating 
surface is limited by the ordinates PA and P' M, corre- 
sponding to the extremities of the limiting curve, which 
ordinates are perpendicular to the axis of revolution. 

30. Having any volume, &% ATL, bounded by a surface 
whose equation is given, and the coordinate planes, let 
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ABCD ON — V h& a portion included between the coor- 
dinate planes XZ, YZ, and let the planes DQR and BPS 
be parallel to them respectively. 

Let OP = X and OQ ■^ y be independent variables. 
V will depend upon x,y and s ; but the equation of the 
surface makes z dependent upon x and_)'. Hence, F is a 
function of but two independent variables. 




In a similar manner it may be sliown that any varying 
portion of the volume included between any four planes, 
parallel two and two, to the coordinate planes XZ and YZ, 
is a function of but two independent variables. 

3I« Any volume with three independent variable dimen- 
sions is a function of three independent variables. For 
example, the volume of any parallelopipedon with variable 
edges parallel, respectively, to the coSrdinate axes X, Y 
and Z, is a function of x, y and a ; all of which are inde- 
pendent. 
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CHAPTER II. 
PRINCIPLES OF LIMITS. 



32. The Limit of a variable * is a fixed finite quantity or 
expression which the variable, in accordance with a law of 
change, continually approaches, and from which it may be 
made to differ by a quantity less numerically than any 
assumed quantity however small. 

Thus, any constant, as C, is the limit of any variable, as 
/(x), when, under a law, /(*) approaches C to within less 
than any assumed value however small it may be. 

Various symbols are used to indicate a limit under a law. 
Thus, assuming that f{x) approaches a limit C as a- 
approaches a, we write 

limi^/(;.) - Lt. /M = lim/(^) ^j™it/(^) = C. 

Each form is read, "the limit oi f{x) as x approaches a." 

Any variable which under a law approaches zero as a 
limit is called an infinitesimal. Thus, 

ji^'ji - cos *] = o. 

Any variable which under a law can exceed all assumed 
values, however great, is called an infiniie. It is not a defi- 
nite quantity. 
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An infinite cannot be a limit. Thus, 
limit 1 — 05 

is a form indicating that as x approaches zero, r/* is un- 
limited. 

A tangent to any curve is a limiting position of a secant 
through the point of tangency, under the law that one or 
more of its points of intersection with the curve approach 
coincidence with the point of tangency. 

In some cases, due to the form of the function or to the 
law of change, the variable can never become equal to its 
limit. Thus, 



•-iim.[i+^] = 



But — — ■ S I, for all values of x. 

The circumference of a circle is the limit of the perim- 
eter of an inscribed regular polygon as the number of its 
sides is continually increased- The radius is the hrait of 
the apothem, and the circle that of the polygon, tinder the 
same law. 

An incommensurable number is the limit of its successive 
commensurable approximating values. Thus, the terms of 
the series 1.7, 1.73, 1-732, etc., taken in order, are approach- 
ing V3 as a limit. 

In all cases, whether a variable becomes equal or not to 
its limit, the important property is that their difference is 
an infinitesimal. 

An infinitesimal is not necessarily a small quantity in any 
sense. Its essence lies in its power of decreasing numeri- 
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cally ; in other words, in having zero as a limit, and not in 
any small value that it may have. It is frequently defined 
as " an infinitely small quantity " ; that is not, however, its 
significance as here used. 

' In representing infinitesimals by geometric figures they 
should he drawn of convenient size ; and it is useless to 
strain the imagination in vain efforts to conceive of the 
appearance of the figure when the infinitesimals decrease 
beyond our perceptive faculties. Usually one or two auxil- 
iary figures representing the magnitudes at one or two of 
their states under the law give all the assistance that can 
be derived from figures. 

In all cases, when referring to the limit of a variable, it is 
necessary to give the law ; for the lirait depends not only 
upon the variable, but also upon the law by which it 
changes. Under a law, a determinate variable has but one 
limit ; but it may have different limits tinder different laws. 

An important consequence of the definition of a limit is 
that if two variables, in approaching limits under a law, 
have their corresponding values always equal, their limits 
will be equal. Thus, for all values of x, we have 

(a' — x')/{a - x)=a + x, 
hence 

"'. <«■- »•)/(• - ') = '™ [•+*] = -'■ 

33* ^ variable -whick, in approaching a limit, ultimately has 
and retains a constant sign cannot have a limit with a contrary 
sign. 

For suppose/(x) becomes and remains positive, and that 
limit /(^) ^ - C. From the definition of a limit, fix) 
may be made to differ from — C by a value numerically 
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less than C. It would therefore become negative, which ia 
contrary to the hypothesis. In a similar manner, it may be 
shown that a variable always negative cannot have a posi- 
tive limit. 

34- If the difference between the corresponding values of 
any two variables, approaching limits, is an infinitesimal, the 
va iables have the same limit* 

Let f7and F represent any two variables giving 

U - V—S, or U= r+(S, 

in which S is an infinitesimal. 

Let Cbe the limit of U, then U= C— e,\n which e is 
an infinitesimal. 

Substituting we have 

C-e=V^8, or C-V=S-\-e, 

the second member of which is an infinitesimal. Hence, C 
;.! the limit of V. 

35. The limit of the sum of any finite number of variables 
is the sum of their limits. 

Let U, — V, W, etc., represent any variables, and A, 
— B, C, etc., their respective limits ; then 

Ui= A - e, — V= - £-\-S, W=C— CO, etc., 
1 which e, S, 00, etc., are infinitesimals. 

Adding the corresponding members we have 
i7~r+W'+etc.= ^-5+C + etc.-e + i5-(» + etc. 

* In order to avoid the frequent repetition of the expression " under 
tiie law," it will be assumed, unless otherwise stated, that the changes 
in all the variables considered together, or in the same discussion, 
are due to one and the same law; that all variables and their functions 
are continuous between all states considered, and that they have 
limits under the law. 
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Hence, 

limit [i7-r+fF+ etc] = ^ -5 + C+etc. 

^ \\xaU— limf+lim W^ etc. 

36. In general, ///£ limit of the product of any two variables 
is ihe product of their limits. 

Let U and V represent any two variables having^ and 
B, respectively, as limits. 

Then ^7= ^ - e and r- j9 - t5, in which 6 and d 
are infinitesimals, Mulfiplyiiig member by member, we 

UV- AB- Be- A8-\-e8, 
and 

limit \_UV\ = AB^ limit U limit V. 

It follows that, in general, tke limit of any power or root 
of any variable is Ike corresponding power or root of its limit. 

Thus, limit U' = (limit f7)°, and limit U' = (limit ?/)", 

Having a' ^ JV, x and N approach corresponding limits 

together; hence a''"^ = lim N = lim if, and lim x — 

log lim 2V. Also, since x = log iV", we have lim x — lim 

log JV. Therefore log lim iV = lim log J\r. 

37. In general, tke limit of tke quotient of any variables is 
tke quotient of their limits. 

With the same notation as in § 36, we have 

Ii,„i. -? = lim VtfV-'A = Km C^[li» V]" ='^y = ^- 

When B = o, and A ^ o, V/ F k unlimited. 
When B = o = A,tht principle fails to determine the 
limit which by definition is determinate. 

38. It follows from §§ 35, 36, 37, that, in general. (At 
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limit of any Junction of any variables is the same function of 
their respective limits. 
Thus, in general, 

limit /(£/ V, ) =/(lim U, lim V, ), 

and to obtiiin the limit of any function of variables we, in 
general, substitute for each variable its limit. 

39. Exceptions to the above general rule arise, and are 
indicated by the occurrence of some indeterminate form, as 

To illustrate, havirg/(.!c) = {x'~ i)/{x — i), the general 
rule gives limit f(x) = 0/0, whereas we find 



/(.■ 



„) = 2.00,, 



/(,.o.) = 



etc, 



and the nearer we take x to i, the nearer will /(a:) approach 
to 2. By taking a: sufficiently near to i,f{x) may be made 
to differ from z by a number less numerically than any as- 
sumed number however small. Hence, 2 is (| 32) the limit 
of/(^) 3S xn^i. It should also be observed that 2, con- 
sidered with the states oi f{x) which immediately precede 
and follow it, conforms to the law of continuity. 



J/ 



\ 


11 


J^ 






y 








/ 


P ix 


V' 

P' X 



To illustrate a failinj 
BMM' be the graph c 



! geometrically, let the cur 
unction, Take any state, 
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PM corresponding to a: = OP, and increase x by PP' rep- 
resented by b.x. Draw the ordinate P'M' and the secant 
MM'. Through M draw MQ' parallel to X. Q'M', de- 
noted by A_c will represent the increment of the function 
corresponding to /\x. 

Q'M'/PP' = /\y/ Ax = tan Q'MM' will be the ratio 
of the increment of the function to the corresponding in- 
crement of the variable. 

At M draw MT tangent to the curve. Then, under the 
law that t, X approaches zero, the secant MM' will ap- 
proach coincidence with the tangent MT, and the angle 
Q'MM' will approach the angle (^MT, or its equal XHT, 
as a limit. 

Hence 

limit (a^A^) =lim. tan Q'MM'= tan XBT, 



whereas the general rule gives o/o as a result. 

We observe from the above illustration that ihe limit of 
the ratio of any increment of any function of a single variable 
to the corresponding increment of the variable, under the law 
that the increment of the variable approaches zero, is equal to 
the tangent of the angle made with the axis of abscissas by a 
tangent, to the graph of the function, at the point correspond- 
ing to the state considered. 

When .^'coincides with J/ the secant may have any one 
of an infinite number of positions other than that of the 
tangent line MT, for the only condition then imposed is 
that it shall pass through M. 

Therefore, while limit (a^/ajt) is definite, and equal to 

the tangent of the angle that the tangent line at M makes 
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with X, limit A^/limit Ajc = o/o indicates that the tangent 
of the angle which the secant makes with X becomes inde- 
terminate when M' coincides with M. 

Limit {i\y/ Ax) is, therefore, one of the many values that 
limit A_)'/limit Ax may have under the law. 

The exceptional cases, in general, require transformation 
in order that factors common to the numerator and de- 
nominator may be cancelled, or from which the limit may 
otherwise be determined. They are of the highest impor- 
tance, for the Differential Calculus, as it will be seen, is 
based upon the limit of the ratio of the increment of the 
function to the corresponding increment of the variable 
under the law that the increment of the variable vanishes. 
The remainder of this chapter will, therefore, be devoted to 
certain important exceptional cases and methods. 

40. Limit X" - y" ^ ^^^..^ 



This formula is deduced in Algebra for all < 
rabJe values of m. Since (§ 32) any incommensurable 
number is the limit of its successive commensurable ap- 
proximating values, the formula holds true when m is 
incommensurable. 



:[6/li]=>^ 



That is, as xw^<:a , o is the limit of the ratio of a^/\x_ to its 
preceding value; consequently o is the limit of a''/\x. 
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42. Liiiiit(i H 



(■^7)(.-.j)...[i-(«- iM 

+ |» 

As jv »^ o each term approaches, as a limit, the c 
spending term of the series 

■ + - + r+i + - + t + --. 

the sum of which is shown in Algebra to be ^ = 2.7182 

43- 'i'^'J i^' = log a. 

Place a'' = i + j, whence h = log„(i+_j'), unAyx^h; 
giving 



44. If unity is the limit of the ratio of any two variables, 
the limit of any function of one will be equal to the limit of 
the same function of the other. 

Let C and f represent any two variables, giving limit 67 F 
= I. Then 

li»i./(^) = .™/[^]=/(H»[f]..mr) 
= /(lim r) = lim/(r). 
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Thus, 

lira[C+ ;7] = lim[C+ F]; X\m\CU\^X\m\CV^_ 
limC''=limt:^; lim [C/'/H^ = lim [F/I^]. 

Therefore, in searching for the limit of any fvnclion under 
a law. we may replace any variable entering it by another vari- 
able, provided that, under the same law, unity is (he limit of 
the ry.iio of the two variables interchanged. Tlie great ad- 
vaiUags in so doing arises when it enables us to determine 
the lijqiiired limit more readily. Thus, in the last example 
above we may be able to determine the limit of V/Wmor^ 
readily than that of U/IV. 

In making the above substitution it is important to notice 
that the limits only are equal, and that corresponding values 
of the quantities interchanged, in general, are not equal to 
each other. 

The privilege of replacing one variable by another under 
the conditions described, so facilitates the determination 
of limits in certain exceptional cases, that it is important to 
determine under what circumstances the limit of the ratio 
of two variables is equal to unity- 

45. In general when lim U=^ lim V, 

Vim ]U/V'] =lim U/\\m V^ i. §37. 

That is, in general, unity is the limit of the ratio of any 
two variables when, under the same law, they have the same 
limit, or, what is equivalent, when the difference between 
their corresponding values is an infinitesimal. 

If, however, lim U= lim r= o, it does not follow that 
lim [(//V'\= I {§ 39). Such cases require special investi- 
gation, and the following are selected on account of their 
subsequent impuitance. 
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46. Take any plane surface, as PMM'P', includ(;d be- 
tween any arc, as MM', the ordinates of its extremities, 
and the axis of X. 

Through J^ and ^', 



respectively, draw -A/'^' 

and M'Q parallel to 

X, and complete the 

rectangle MQM'Q'. 

Let y = PM, and / = P'M'. 

Then as PP'^Ax, ^^ o, we ultimately hav< 

PQM'P'%PMM'P'>:PMQ'P', 

and ji'm^j. 

rru f limit PQM'P' 
Therefore — i 



Q' 

P' X 



i limit [PMM'P'/PMQ'P']^ 

nee (§ 44} 
lin,it PMM'P ' _ PMQ-P ' 






\W~ 



If the coordinate axes make an angle f with each other, 
then 



lin,it PMM'P'_ 



= lim-i- 



1 f. 



47. Let MPM' be the surface generated by the radius 
vector PM — r, revolving about 
Py as a pole, from any assumed 
position, as PM, to any other, as 
Vr PM'. Let t.v represent the 
corresponding angle MPM'. 
With /■ as a centre, and the radii 
P&f &XiA PM', describe the arcs 
J/(2' and M'R respectively. 
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Then, as A z* a*-^- o, we ultimateiy have, in any cas 
area RPM' ? area MPM' 5 area MPq, 
and limit [area RPM'jixza. MPQ'] = i. 

Hence, l'^^ [area MPM'/area. MPQ'] = i. 
Tiierefore (§ 44) 



1 MPQ' _ 



lim- 




48. Let PMM'P' be any plane figure as described in §46, 
and MQM'Q' the cor- 
responding rectangle. 
-^Q' Revolve the entire 

figure about X. 

Then as A a- »-* o, we 
ultimately have 

Vol. gen. by > Vol sen, by > Vol. gen, by 
PQM'P' < PMM'P' < PMQ'P'. 

But 

limit I" Vol. gen by /Vol. gen. by"] „ ,. ny" Ax _ 
Ax-^o L PQM'P' I PMQ'P' J - ^"" nfAx- '' 

iT„„„- limit FVoJ. gen. by /Vol. gen. by~l 

"'^"'=^' A^»^o L PMM'P' I PMQ'P- J- ^■ 

Therefore (§ 44) 

liniii- /^°'- S™- by\ /Vol. gen \ 

limit ( pMjf^'p- ^ / PMQ'P' \ 

- lim [;r/Aa^/Aa^] = rr/. 
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49. Let MNM'N' be a portion of any surface included 
between the coGrdinate planes ZX, ZV and the two planes 
N'SE and NFD pajalJel to them respectively. 

Denote the corresponding volurae MNM'N', OPJ^S 
by V. Construct the parallelopipedons OPFS-OM and 




OFFS-FM', and represent their volumes by P and P' 
respectively. Let OP = /;, OS = k, OF - I, OM = s, 
and FM = /. 

Then as h^^k^^o, or what is equivalent, as /s4->o, 
whence s' m-» 3, V will, in any case, ultimately be, and 
remain, between P and P' . 



Hence, 1^'^ [ r/^] =1, and (§44) 
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50. Let MNM'N', denoted by S, be a portion of any 
surface included between the coordinate planes ZX, ZY 
and the two planes N'SE and NFD parallel to them 
respectively. 

Let OP = h, and OS = k. 

At M draw the tangents MB and MB' to the curves 
MN and MN' respectively, complete the parallelogram 
MBQB', and denote i( by T. T is the portion of the 
tangent plane to the surface at M included between the 




planes which limit S. Let ^ equal the angle which T 
makes with XY, giving T cos /3 ^ OFFS. Inscribed 
in S, conceive an auxiliary surface, composed of n plane 
triangles the sum of which, as «>»-^=o, will have ,S as a 
limit and such that the sum of their projections upon XY 
will equal OBFS. The two triangles MN' M' and MNM' 
in the figure illustrate a set fulfilling the conditions. Let /, 
i', etc., represent the areas of the triangles and 9y B', etc., . 

fhr- an<r]p= urh;^!. fhpi'r nltine= rpsnp^f ivplv ITialrfl with YV 
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Then OPFS = :St cos = T cos yS, 

and Stcos &/Tco^0 = i (i) 

As «>«-^c«, i' remaining constant, each triangle is an 
infinitesimal, and we have 

a^l lS/2t] = I. 

The same effect and result follows if ^ is made infini- 
tesimal and n remains constant. Hence, under the law 
that A and i vanish, or, what is equivalent, that OJ^, repre- 
sented bj' /, is infinitesimal, we have 

'™;[i/2/] = , {.) 

Under the same law, /3 is the common limit of f, /)', etc. 
Hence (i) 

,Jjn;>' [2/cose/2-cosffl = lim[2(/7-] = I. . (3) 

Therefore (.), (3), fZ^lS/T] = i, and (§ 44) 

= i/cos/!. 

51. Unity is the limit of the ratio of an angle to its sine, of 
an angle to its tangent, and of the tangent of an angle to its 
sine, as the angle approaches zero. 

Let OCM = <S> given in radians 
be any angle less than w/2 ; then 
tan > > %\-a 4>, and as s*-* o, 
we have always 1 



limit tan _ 

ifiw^o sin 
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Hence, since f^/sin is always between tan ^/sin and 
unity, we have , 

Similarly, since i > 0/tan > sin 0/tan 0, we have 

;™i [«>/■'» ■^i = ■• 

52. Unity is the limit of the ratio of any arc of any curve 
to its chord, as the arc approaches zero. 

Let s denote the length of any arc of any curve, and 
conceive it to be divided into n equal parts, the consecutive 
points of division being joined by chords forming an in- 
scribed broken line whose length is designated by/. 

Then JiS51[V/>] = "- 

Under the above law the equal arcs of j vary inversely 
with n\ hence the same effect and result may be caused by 
retaining any fixed value for n, and making s approach 
zero. Hence, 

ISi [»//] = ., 

and if » = ., ^^j_^c/cho,i\ = ,. 

53. Unity is the limit of the ratio of ike surface generated 
by any arc of any curve under a law to that generated by its 
chord as the arc approaches zero. 

Let s,p and n denote, respectively, the same quantities 
as in the last article, and conceive s and ^ to move together, 
under a law, so as to generate two surfaces represented hy 
S and J" respectively. 

As nwHtta, any state of s without regard to form is the 
limit of the corresponding state of/, and ^is the limit of jP, 



y Google 



PRlNCIl'LES OF LIMITS. 



That it 



ir^[-s-/^]-^ 



As mffi-*ocj, the equal arcs of s approach zero; hence the 
same effect and result may be caused by retaining any fixed 
value for n and making j»-^o. Therefore 

limit r 



If « = 



limit r Sur. gen, by an arc "I _ 
' i*!-^o [_Sur. gen. by its chordj 



The results determined in §i 
principle § 44, are of great value 
following exceptional cases. 

54. \.&X,MM' = s be any arc of any pi; 
and P'M' the ordinates of its extremities. 



51, 52 and 53, with the 
finding the limits in the 





u 


^ 


^^ 


'■V 


~ 




y 






" 




/ 


/ 


V 




















y^ c 






A a; 




X 



Through M draw the chord MM' = c, the tangent MT 
- b, and MQ'= PP'=b.x, parallel to X. 

_ sin MM 'T 
~ sin MTM'' 

As Ajc approaches zero, the arc j and the angle M'MT 
vanish, but the angle T remains constant. Hence, the 
angle ^Jf'r approaches [180"— T\ and 



From the triangle MM'T, we have - 



limit r^"l = limit rsm_^ir;r-| ^ 

js^^o \_c J j»-»o L sin T J 



sin {180 ° — r) _ 
sin 7 
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Hence, since (§ 52} 

;ilil^A] = '' we have (I 44) J'^U^^l = ^' 
Therefore (§ 44) 

ii"i. .^^ito jL^ii„ [ AVco^ e-^n ^_^ 

A^!«-*o A* Aa: L A* J cos (J'J/T' 

55- Let r =/(?;) be the polar equation of any plane 
curve, as AMM', referred to the right line PD, and 
pole F. 




Let AM = i be any portion of the curve, and PM = r 
the radius vector corresponding to M. 

Regarding i as a function of v (§ 18) let v be increased 
\>y MFM'^Av. The arc J/"J/'willbe the correspond- 
ing increment of s. Draw -^^' perpendicular to PM', 
and denote PM' by ?■'. Then (§§ 44, 52) we have 



i„jt arc MM ' _ 



ch. MM' ,. /mQ'" + Q'^" 
1 — — - = urn A / — ^n — T^ 
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Hence (| 51) 



We also have 



tan PMD = ^'^^ tan Q'M'M = lim |^, 



Hence, 



tan J'MB am 
which, substituted in (i), gives 






zMM^ _a/ -.J. ^ _ 

A» ~*^ ■*" tan" PMD' 



If the radius vector PM coincides with the normal to 
the curve at M, we have 

tan PMD = w , and ^'^^^ [arc MM' /A »] = r. 

56- Let any plane figure, as 
PMAI'P', included between any 
plane arc, as MM', the ordi- 
nates of its extremities and the 
axis of X, be revolved about X. 
Then (§§44, 53) 
limit Sur. gen, by arc MM' 

,. Sur. gen. by ch. MM' ,. 7r{y -{- y')c 
= hm -■' — — = hm ''^. 

Aa: Ax 

_ fr( y+y)AVcos Q'MM;^ 2 Try 

"""* AX COS Q' MP' 



\ y 

/\^ ^ 

I0 P aa: P' 
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CHAPTER III. 
BATE OF CHANGE OF A FUNCTION. 

57. A function dianges uniformly with respect to a vari- 
able wlien from each state all increments of the variable 
are directly proportional to the corresponding increments 
of the function. 

It follows that from all states equal increments of the 
function correspond to equal increments of the variable; 
also that the ratio of any increment of the function to the 
corresponding increment of the variable is constant. 

Thus, having 2ax, increase x by any amount denoted by 
^, then 2a{_x •\- H) — iaoc ^ 2ah \iW\ be the corresponding 
increment of zax. It varies directly with h, it is the same 
for all states of the function, and 2ahjh = aa is a constant. 
Hence, tax changes uniformly with respect to x. 

Let fx be any uniformly varying function, and /; any in- 
crement of X. f{x-{-h)—fx will be the corresponding 
increment of the function, and 

[/(*.+ /;) —fxyk = constant = A. 

Hence /{x -\~ h) = Ah + f{x\ 

in which x-^o, gives J{h) = Ah ^ f{o). 

Therefore, fx ^ Ax + /(o). 
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45 



Hence, all functions which change uniformly with respect 
to a variable are algebraic^ and of the first degree with 
respect to that variable, and all algebraic functions of the 
first degree with respect to a variable change uniformly 
with that variable. 

The graphs of such functions are right lines, and any 
function whose graph is a right line changes uniformly 
with respect to the variable. 

To illustrate, the right line AD is the graph of a function. 
Consider any state, as that represented by the ordinate J' A. 

— <t 



_P X 



Increase the corresponding value of the variable, repre- 
sented by OP, by any increments, as PP" and PP". Q' B 
and S"C will represent the corresponding increments of 
the function, and the similar triangles AQ'B and AS"C 
give 

A<2 : AS" ■■■■ Q'B : S"C. 



That is, the corresponding increments of the variable and 
function are proportional. 

By giving ta x = OP any equal increments, as PI", 
P'P",P"J"", in succession, the corresponding increments 
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of the function, Q'B, Q"C, and Q"'D, are equal to each 
other. 

It is also evident that the ratio of any increment of the 
function to the corresponding increment of the variable, as 
Q'B/FF', or S'C/PP", or Q"'D/F"J"", is constant. 

58. Having the function 2X,—~ 



etc. etc, 

Hence, the function 2x increases two units while the 
variable increases one ; in other words, twice as fast. 
Having the function 5^^, — 

gives 5X-- 5.^ 






Therefore, the function ^x changes fives times as fast as 
the variable. 

In general, different functions change, with respect to 
their variables, with different degrees of rapidity. 

TAe measure of the relative degree of rapidity of change of 
a function and its variable at any state is called the rate of 
change of the function, with respect to the variable, correspond- 
ing to the state. 

A rate of change of a function with respect to a variable, 
corresponding to a state, is an answer to the question: At 
the state considered, how many times as fast as the variable 
is the function changing ? 
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59- Since, from all states, any uniformly varying function 
receives equal increments for equal increments of the 
variable, its rate, from state to state, is cotistimt, and equal to 
the ratio of any increment of the function to the a 
increment of the variable. 



Thus, rate of ; 



Rate of 5* 

It follows that the rate of any uniformly varying func- 
tion is equal to the tangent of the angle which its graph 
makes with the axis of the variable, also that the product 
of the rate by any increment of the variable is equal to the 
corresponding increment of the function- 

60. It follows from g 57 that algebraic functions not of 
the first degree with respect to the variable, and all 
transcendental functions, are, with respect to the variable, 
non-uniformly varying functions. Thus, having a:^, in- 
crease X by any amount as h. zaxh -\- ah^, which varies 
with X, is the corresponding increment of ax'. Also the 
ratio {zaxh -f ah')/h = 2ax -\- ah= <p{x, h). Hence, ax' 
does not change uniformly with respect to x. 

Having/(.*"),inwbich«isnot equal to r, then [f{x-{- h)" 
- f(x'')]/h = 4>(x, k), and/(^) is therefore a non-uni- 
formly varying function with respect to x. 

The graphs of such functions are curves, and any func- 
tion whose graph is a curve does not change uniformly 
with respect to the variable. 
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■e MNT is the graph of a func- 
tion. Increase, in. succession, 
any value of x, ns OP' , by any 
amounts, as P' P" and P' R. 
P'P"/P'R =: QB/ST is the 
ratio of the increments of the 
variable, and it differs from 
QJV/ST, which is the ratio of 
the corresponding increments of 
Hence (§ 57), the ordinate olMNT,im^ 
the function represented by it, do not change uniformly 
with X. 

6l. In the function -■*', — 




<i 11 J <i4 

Which shows that at different states the function 2x' has 
different rates -v'th respect to x. 

A non-imifor(nly varying function, in general, receives 
unequal increments for equal increments of the variable. 
It follows that its rate varies from state to state. 

Any particular rate is, therefore, designated as the rate 
corresponding to a particular state. 

If a function has two or more states corresponding to any 
value of the variable, each state will have a rate. 

If a function has equal states for different values of the 
variable, if may have a different rate at each ; in which 
case it is necessary to indicate the ^ialue of the variable 
corresponding to the stale considered. 
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Let fx be : 



fii. Rate of Change of any Function, 
function. Denote by R its rate, 
with respect to x, corresponding 
to any state, as PA. Increase 
X = OP h-j h = PP', and let 
R' represent the rate of the func- 
tion at the new state f{x -\- h) = 
P'B. QB = f{x -^ h) - fx ^\\\ - 
represent the corresponding iiicvement of the function. 

\i fx changes uniformly. 




fix-^h^^fx 



\PJP- 



aQAB 



will (§ 59) bs its constant rate, R — R', and its graph wil! 
be the right line AB (§ 57), 

If fx is a non-uniformly varying function, its graph is a 
curve, as AEB, and in general R ^ R' . 

In this case let PP' = A be taken so small that while x 
varies from OP to OP', the rate oi fx will either decrease 
or increase in order from R to R'. 

In either case, [f(x-\~A) — fx^/A, which is the con- 
stant rate of the uniformly varying function whose graph 
is the right line AB, will be between R and R'\ for other- 
wise the uniformly varying function would change between 
the states considered by an amount greater or less than 
QB. 

In other words, [f{x + ^) — fx]/k is the rate of fx at 
some state, as P"P, between PA and P'B. Let PP"= 6/1, 
in which & is the proper fraction PP"/PP'. 



Then 



P"P = f{x + e/i). 
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and [/(^ + /0 -A]/// = rateof/(^ + ^/0- ■ (i) 
This relation will always exist as h*^a, 

""«. ir'o[- ^'"+':'"^" ]='""'t/-''- («) 

That is, !':4« rafr of change of any function with respect to a 
variable, corresponding to any state, is Equal to the limit of the 
ratio of any increment of the function, from the state consid- 
ered, to the corresponding increment of the variable, under the 
law that the increment of the variable approaches zero. 

The above principle enables us to find the rate of any 
function with respect to a variable, corresponding to any 
state, by the following general rule ; 

Give to the variable any variable increment, and from Ike 
corresponding state of the function subtract the primitive. 
Divide the remainder by the increment of the variable, and 
determine the limit of this ratio, under the law that the incre- 
ment of the variable approaches zero. In the result substitute 
the value of the variable corresponding to the state. 

It should be observed that a. rate, determined by the 
above method, is equal to a limit of a ratio of two infinitesi- 
mals, which limit is determinate ; and that it is not equal to 
the ratio of their limits. § 39. 

To illustrate, let the curve AB" B' in the figure on page 
-51 be the graph of /^,and let PA be the state at which the 
irate is required. 

vWhen h = PJ", 

: f{x^h)-fx ^ qff_ _ 
.h FF' 



- tan Q'AB', 



■which is the rate of .the function whose graph is the aecan.t 

ab:. 
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When h = PI"'. 

which is the rate of the function whose graph is the secant 
A£". 

As ^^»-*o, the above ratio is always the rate of a function 
whose graph is a secant approaching the tangent ^7" as a 




limit. Hence, (Ae litnif of the ratio is the rate of the func- 
tion whose graph is the tangent AT, and is equal to the 
tangent of the angle Q'AT. 

That is, the limit of the ratio of any increment of any 
function of a single variable to the corresponding increment 
of the variable, under the law thai the increment of the vari- 
able approaches zero, is equal to the tangent of the angle made 
with the axis of abscissas by a tangent at the corresponding 
point of the graph of the function. 

The same result was obtained in | 39. The angle which 
the tangent A T makes with X is called the inclination, and 
the numerical value of its tangent is called the slope of the 
graph at M. 

The rate of any function at any state is therefore the 
same as that of a uniformly varying function whose graph 
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is the tangent to the graph of the given function at the 
point corresponding to the state considered. 

This agrees with previous conceptions and definitions, 
for the direction of the motion of the point generating the 
curve at any position is along the tangent at the point, and 
the ordinate of the curve representing the state considered 
is changing at the same rate as the ordinate of the corre- 
sponding tangent. 

It follows that the product of the rate of a non-unifornily 
varying function by an increment of the variable is not, in 
general, equal to the corresponding increment of the func- 



63- Let J' — /"^represent any state of any increasing func- 
tion of x; and_)'' the new State corresponding to an incre- 




ment PP' — h, of the variable, {y' ~ y)lk will be the ratio 
of the increment of the function to that of the variable. If 

d sufficiently small, this ratio will be positive and 

s h»r^a. § 15. 

1 XEA is positive. 

Let j^/*,^, represent any state of a decreasing function; 
and y' its new state due to an increment of the variable 
equal to PJ'' = h. Then [y' ~ y)/h will be negative, if h 
is small enough, and will remain so as hx^ o. 






[i/-y}M]- 



1 XE, -^ is negative. 
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Therefore, Ihe rate corresponding to any slaie of an increas- 
ing fu nction is positive, and of a decreasing function is nega- 
tive. 

It follows that a function is an increasing one when its 
rate is positive, and a decreasing one when its rate is negative. 

When, for any state of a function, as the one represented 
by PA or P' A' , the function is neither increasing nor de- 



O P ^P' P" X 



creasing, its rate is Kero, and the tangent at the correspond- 
ing point of its graph is parallel to the axis of x. 

If for any state of a function, as the one represented by 
P"A", the rate is unlimited, the corresponding tangent to 
its graph is perpendicular to the axis of x. 



Find the rate of change of each of the following functions: 
Ans limit r a^(^+^)~^"^ l_^_ 

„■ + «.. A...iin'„[ ''-'+"''+"-'+"'-'"' ±^]=^.>+» 
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Ans. i&c^ 8. — j — Ans. — 



10. How is the ordinate of a parabola, corresponding to 
iV — 3, changing with respect to the abscissa ? 

Eaie of 

11. Same corresponding to focus? , Ans. i. 
la. Find the abscissa of the point, of the parabola^" — 

i,x, where the ordinate is changing twice as fast as the 
abscissa. Ans. x = 1/4. 

13. At the vertex of a parabola, how is the ordinate 
changing as compared with the abscissa ? 

14. Find the rate of change of the abscissa of a parabola 
with respect to the ordinate ? Ans. yip — ± Vzxjp. 

15. Find the coordinates of the point of the parabola 
y = 8*, where the abscissa is changing twice as fast as the 
ordinate. Ans. (8, 8). 

16. Find the rate of change of the ordinate of the right 
Jine sj" — 3* = 12, with respect to the abscissa. Ans. 3/2 

17. A point moves from the origin so that y always in 
creases 5/4 times as fast as x; find the equation of the line 
generated. 

5/4 = lan of angle line makes with X .-. Ans. ^y = sx. 
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i8. Find the slope of the graph of ± Viaa; when x = 
1/2. Ans. ±2.4495. 

19. Find the abscissa of the point of the graph of Vzpx 
when the slope is i. Ans. x = p/2. 

eo. Find the angles which the lines y' = ?>x, and 3^ — 
2x = 8, make with each other at their intersections. 

Ans. 11° 18' 35", and f 7' 30". 

21. Find the angles which the lines y = 43c, and 2y = 
x-\- 2, make with each other at their intersections. 

Ans. 10" 14', and 33° 4'. 

64. A function of two or more variables is a uniformly 
varying function with respect to all of its variables when 
it changes uniformly with respect to each. It follows 
{§ 57) that all uniformly varying functions are algebraic, 
and of the first degree with respect to each variable, and all 
algebraic functions of the first degree with respect to each 
variable are uniformly varying functions. 

Let u = Ax + By-YCz+ etc., in which A, _S, C, etc., 
are constants, be any uniformly varying function. Increase 
the variables x,y, z, etc., respectively, by any increments, as 
h, k, I, etc., giving a new state, 

u' = A{x + /i) + My + ^) + C{z + /) + etc. 

u' — u ■= Ah ■\- Bk-\- Cl-\- etc., is the corresponding in- 
crement of the function. It is independent of the state of 
the function, dependent upon the increments of the variables, 
and is equal to the sum of the increments due to the 
increase of each variable separately. 

65. A uniforml)' varying function of two variables is 
some particular case of the general expression Ax ■\- By + 
C, in which A, B and C are constants. Its graphic surface 
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is a plane {§ 27), and any function of two variables whose 
graphic surface is a plane is a uniforrniy varying function. 
To illustrate, take any ordinate, as NM, of any plane, as 
MLII. Through NM pass the planes MNE and Ml^P 
parallel, respectively, to ZX and ZV, intersecting the given 
plane in the lines MH A-aA. ML. Assume iV^ as the incre- 
ment of X, and NP as the increment ai y. Complete the 



^\/ 




•^ 


^ 


V 


dm 


\» 




^ 


"X^ 


^ 



parallelogram NS. the parallelo pipe don NQ, and in the 
given plane the parallelogram MLTH. Produce 7?,^ to -ff, 
SQ to T, and PA to Z. KH is the increment of MN due 
to the increment, NR^ of x alone, and AL is its increment 
due solely to NP, the increment of j'. ^T'is the entire 
increment of MN due to the increase of both variables 
together. 

Draw HD parallel to KQ, and draw AD; it will be par- 
allel to Zy, because it is parallel to MH, which is parallel 
toZr. Hence. Z>r=^Z. 
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Therefore, QT = QD ^ DT - KII ^ AL. 

That is, the total increment of any uniformly varying 
function of two variables from any state is equal to the sum 
of the increments from that state due to the increment of 
each variable separately. 

It is important to notice that, while a uniformly varying 
function of two variables has a constant rate with respect 
to each variable alone, it has no fixed total rate with respect 
to both variables changing simultaneously. In the case 
illustrated, 

OT increment of jI/jV „,,„ 

g^- -f^===^ = tan QMT. 
^^ V NK' + JiS 

is the corresponding total rate of MN, but in general any 
change in the relative value of NR and JiS will cause a 
change in the total rate. Thus as the ratio JVR/RS 
changes through all possible values, 0, the angle which the 
vertical plane MNS makes with the plane ZX changes, 
and the right line MT, cut from the given plane by the 
plane MNS revolving about MN as an axis, will in succes- 
sion coincide with all right lines in the given plane which 
pass through M. Hence, depending upon the ratio of in- 
crements of the variables, the total rate of any uniformly 
varying function of two variables with respect to both 
variables changing simultaneously, may have any value 
from zero to the tangent of the angle made by the graphic 
plane of the function with XY, the numerical value of 
which is called the slope of the plane. 

All functions of two variables not of the first degree with 
respect to each variable do not vary uniformly with respect 
to both variables, and their graphic surfaces are curved. 
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66. The Calculus is that branch of mathematics in which 
measurements, relations, and properties of functions and 
their states are determined from their rates of change. It 
is generally separated into two parts, called, respectively. 
Differential and Integra! Calculus. 

Differential Calculus embraces the deductions and ap- 
plications of the rates of functions. 
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PART I. 

DIFFERENTIALS AND DIFFERENTIATION. 

CHAPTER IV. 

THE DIFFERENTIAL AND DIFFERENTIAL COEFFICIENT. 

FUNCTIONS OF A SINGLE VARIABLE. 

67. An arbitrary amount of change assumed for the in- 
dependent variable is called the differential of the variable. 

It is represented by writing the letter d before the symbol 
for the variable ; thus dx, read " differential of x" denotes 
the differential of x. 

It is always assumed as positive, and remains constant 
throughout the same discussion unless otherwise stated. 

68. The differential of a function of a single variable is 
the change that the function would undergo from any state, 
were it to retain: its rate at that state, while the variable 
changed by its differential. 

The differential of a function is denoted by writing the 
letter d before the function or its symbol. 
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Thus, diax", read " differential of 2oa^\" indicates the 
differential of the function aaa:'. 

Having^ = log Vaa:', we write dy — d\f3% ^ax'. 

—dx denotes the differentia! of y regarded as a function 
ax 

of X ; and — dy is a symbol for the differential of the in- 
dy 

verse function ; that is, of x regarded as a function ni y. 

The differential of a function which varies uniformly 
with its variable is equal to the change in the function cor- 
responding to that assumed for the 
vaiiable, because its rate is con- 
stant. 

Thus, let PA be any state of the 
uniformly varying function whose 
graph is the right line AB. As- 
sume PR —dx. Then QB = dy, the corresponding change 
ill the function, is the differential of the function. 

The differential of a function which does not vary uni- 
formly with its variable is not, in general, equal to the cor- 
responding change in the function, because its rate varies ; 
but it is equal to the corresponding change of a function 
having a constant rate equal to that of the given function 
at the state considered ; or, in other words, it is the change 
that the function would undergo were it to continue to 
change from any state, as it is changing at that state, uni' 
family with a change in the variable equal to its differen- 
tial. 

Thus, let PA be any state of a given function whose 
graph is the curve AM. Assume PR = dx. 

QM is the corresponding change in the function ; but 
QB, the corresponding change in the function represented 



J^ Q 

O P da; R X 
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by the ordinate of the right line AB drawn tangent lo 
AM at A, is the differential of 
the given function correspond- 
ing to the state PA. The func- 
tion whose graph is AB has a 
constant rate equal to that of the 
given function at PA, and Q_B \s. 
the change that the given func- 
tion would undergo were it to 
continue to change from the state PA, as it is changing at 
that stale, uniformly with a change in x equal to ax. 

The differential of a function which does not vary uni- 
formly with its variable may 
be less than the correspond- 
ing change in the function. 
Thus, QB, < QM, is the dif- 
ferential of the function rep- 
resented by the ordinate of 
the curve AM, correspond- 
ing to PA. 
affords a familiar exampLe uf a differen- 
tia! of a function. 




Suppose that a train of cars starts from tlie station A, and moves 
in the direction AE with a continuouslv increasing speed. Let x de- 
note the variable distance of llie train from A at any InstaTii ; it will 
be a function of the time, represented by i. during which the train has 
moved, giving jr =_/(;). 

Suppose the train to have arrived at B, for which point x = AB. 
Let BD represent ihe distance that the train will actually run in the 

Let BC represent the distance that the train would run if 
to move from B with its rate at that point unchanged, in a 
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Then will the distance BC represent the differential of x regarded as 
a function of /, corresponding to the state x = AB ; and one second 
will be the differential of Ihe variable. 

69. From the definition of a differential of a function, 
and from § 59, it follows that a differential of a function is 
the product of two factors, one of which is the rate 0/ 
c/iange of Ihe function at the state considered, and the other 
is the assumed differential of the variable. Hence, the dif- 
ferential of any given function may be determined by find- 
ing its rate, by the general rule, §62, and multiplying it by 
the differential of the variable. Thus, having the function 
2x\ we find 

limit \"2{x-{-ky — 2X'~\ 

[iiuiL [ _v — , :, — „ _ ^^ _ ^g^|.g corresp. to any state. 



lit r^ 

->°L 



4xdx is, therefore, a general expression for the differen- 
tial of 2x', and is written d z*' = i^xdx. 

Its value corresponding to any particular state is obtained 
by subaiiuiting the value of the variable corresponding to 
the state ; thus, for x = 2, we have {d ix'j^^i = Sdx. 

70. Since, in the expression for the differential of a func- 
tion, lAe rate of change of the function is the coefficient of 
the differential of the variable, it is, in general, called the 
" differentiai coefficient" and may be determined by the 
general rule, §62. 

The differential of a function is therefore equal to the 
product of tiie differential coefficient by the differential of 
the variable. 

It follows that the differential coefficient is the quotient 
of the differential of the function by the differential of the 
variable. Thus, having dix' ^= ^dx, ^x is the differential 
coefficient. In general, having y~f{.x), and representing 
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its differential by dy or —dx, its differentia! coefficient is 
dx 

dy/dx. 

The expressions {dy/dx)ij:'-) and dy'/dx' are used to de- 
note the particular vahie of dy/dx corresponding to « ^ a:' 
and y = y'- 

Thus, having^^ zx', then dy/dx = ^, and (dy/dx){i)=&. 

Having _v ^/(^)t in which _)< is any function of any vari- 
able X, let y denote the new state of the function corre- 
sponding to any increment of the variable, as ^ or Ax, and 
let A_v =y —^ represent the corresponding increment of 
y. Then (§63) 

limit fix + '^) - Ax ) _ j.^ / - y _ limit _^j_^ 

hw^o h h AJr»^o^^ ix' 

Since the increment of the variable, represented by h or 
A X, varies, it may happen that h = Ax = dx. It is exceed- 
ingly important to observe, however, that the corresi^ond- 
ing value of jv' — y or A_v is not, in general, equal to dy ; 
for that would give 

h' " y \ _ { ^y \ _ ^y_. 

V h L=d^ \Axl ^^^d^ dx' 

which, in general, is impossible, since dy/dx is not a value 
of the ratio (y' — y)/k, but is its limit under the law that 
h vanishes. 

If, however, the function changes uniformly with respect 
to the variable, (/ —y)/h will be constant for all values of 
h (I 59), andy —y will be equal to dy when h is equal to 
dx. 

71. The following are important facts in regard to a dif- 
.terential coefficient,: 
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In Other words, ; 



64 



It is zero for a constant quantity, 
constant lias no differential coefiicient. 

It is constant for any function which varies uniformly. 

It varies from state to state for any function which does 
not vary uniformly. 

In general, therefore, It is a function of the variable, and 
has a differential. 

It is positive for an increasing function, and negative for 
a decreasing one. § 63. 

It may have values from — «i to -|- =0 . 

Having represented a function by the ordinate of a curve, 
the differentia! coefficient is equal to the tangent of the 
angle made with the axis of abscissas, by a tangent to the 
curve at the point corresponding to the state considered. 
§62. 

Thus, assutning PR = dx, the differential coefficient of 
the function whose graph is the curve AM, at the state 
PA, is 

dy/dx = tan X£A = tan QAB. 

It should be noticed that dy/dx is independent of the 




value assumed for the differential of the variable ; for if 
PJ?' = dx, then Q'Z> = dy, and we have, as before, dy/dx = 
tan XEA. 

In this illustration the function is an increasing one, its 
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positive, and the angle XEA is 
ted by the ordinate of 



^ 


K 


3 




V. 


m 


p.^" 


R^\E X 



differential coefficient 
acute. § 63, 

In case the function j^epi 
AM is a decreasing one, its 
differential coefficient corre- 
sponding to PA is negative, 
and the angle XEA is then 
obtuse. § 63. 

If for any value of the 
variable the differential coefficient is zero, the function is 
neither increasing nor decreasing, and the tangents at the 
corresponding points of the 
graph of the function are 
parallel to the axis of x. 

If the differential coeffi- 
cient is infinite, the rate of 
— the function is infinite ; and 
the tangents at the corresponding points of the graph of 
the function are perpendicular to the axis of x. §63. 

If for a finite value of the variable the state of a function 
is unlimited, its corresponding differential coefficient will 
also be unlimited. Thus, havingjv —Ax) and /(a) = «, 

{dy/dx). = ^}^^ [(/(a + h) -/(a))A]. 



{dy/dx). + . - [/{a + k) -f{a)yk, 

in which e vanishes with k. f{a -\-h) is not, in general, un- 
limited, therefore {dy/dx)a = « — e = 00 . 

The principle is not necessarily true for an infinite state 
corresponding to an infinite value of the variable, for in 
that case /(a + k) will also be unlimited. 
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72. The following facts concerning a differential of a 
function should now be apparent : 

It is zero for a constant. 

It is constant for any function which varies uniformly, 

It is a function of the variable for any function which 
does not vary uniformly ; and in such cases it has a differ- 
ential. 

Its value depends upon that of the differential coefficient 
and that assumed for the differential of the variable. 

It may have values from — =0 to -f- co . 

It will be numerically greater or less than the differential 
coefficient depending upon whether the differential of the 
variable is assumed greater or less than unity. 

It has the same sign as its differential coefficient, and 
therefore is positive for an increasing function and negative 
for a decreasing one. 

Functions which are equal in all their successive states 
have their corresponding differentials equal. 

73. The differential coefficient of any function is equal to 
the reciprocal of the corresponding differential coefficient of its 
inverse function. 

\.t\y =f{x) . . . (i) and x = F(y) ... (2) be any direct 
and inverse functions. Let A.r and Ay represent, respect- 
ively, any set of corresponding increments of x and^ in (i). 
It follows (§ 4) that they will represent a set of the same in 
(z), and we have 

l^y/Ax= i/{Ax/t.y). 
Hence (§ 70) 

^ _ limit J^_ _ ]i,^ J _ t 

^x Ajrffi->oA3T i\x/ /\y dxjdy 

To illustrate, let the function y be represented by the 
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ordinate of the curve ^j1/. Assume dx = rR, and from 
the figure we have, corre- g 

spending to the state PA, 
QB _dy 
PR dx " 
The inverse function will dy 
be- represented by the ab- 
scissa of the curve AM re- 
garded as a function of the 
ordinate ; and assuming tfy 
= KL, we have for the state KA, corresponding to A, 
HE/ AH = dx/dy = tan MAH. EAH = 90° — QAB. 
Hence, 




tan QAB = cot £AIf = 



dy _ 



tan EAH' dx dx/dy 



It should be observed that, in general, dy in the first 
member of the above equation. is not the same as dy in the 
second; for the first is the differential of ^ as a function, 
and the second is a differential of y as the independent 
variable. The same remarks apply to dx, in the two mem- 
bers, taken in reverse order. 

The figure illustrates the differences referred to. 

74. The differential of the sum ofanyfimU number of fuju- 
tions is equal to the sum of their differentials. 

Let y = v — s-{-w-{- etc., in which v, s, w, etc., are func- 
tions of any variable, as x. Increasing x by Ax, we have 



y-\- Ay = v-\- £xv-{s-\- t.s) + w 
Whence 

hy= Av — As+ Aw + etc., 



Aw -i- etc. 
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and (§ 70) 

dy _ limit Y t\v hs . L\w . ^ '\ _dv ds . dv) , . 

Therefore 

d(v ~ s + w + etc.) = dv — ds -j- dw 4- etc. 

It follows that the differential of the sum of any finite 
number of functions and constants is equal to the differential 
of the sum of the functions. Thus, C being constant, 

a[fW + c]= a(i). 

If corresponding differentials are equal it does not follow 
that the functions from which they were derived are equal. 

75- The differential of the product of any number of func- 
tions is equal to the sum of the products of the differential of 
each function by all of the other functions. 

Let J' = _j'2 be the product of any two functions of anj' 
variable, as x, then 

;/+ A57 = ()'+ A_y){s+As}=js+5. hy^-y. As-f A7. As, 

whence hv = e . Ajv+J. As+ Aj. As; and (§ 70J 



dv 






- lim 



'.dy/dx -\- yds/dx. 






Therefore, dyz ^ zdy + ydz. 

To illustrate, let ONPM be a state of a rectangle with a 
variable diagonal represented by 
X. Two adjacent sides, denoted 
by z ar.d y respectively, will be 
functions of x^ and yz will bo the 
variable area of the rectangle. 
Assume dx=PR,iXiA complete the rectangles /" 7" = i-i/s 



V 


X, 


y^ M 


. s 
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and PS '=■ zdy. Then, since dyz = ydz + zdy, we have 
i/(rect. OP) —reel. /T+rect. PS, which is the amount 
of change required by the definition of a difEerential. § 68. 
It follows that the differential of the product of a function 
and a constant is equal to ike product of the constant and the 
differential of the funttion. Thus, C being constant, 

dCf(x) = Cdf(x). 

Let vsu be the product of any three functions of the same 
variable. Place vs = r, giving vsu = ru. 

Differentiating, we have i/Ma = dru=- rdu-\- udr,vay^\\\{:h 
dr — vds -\- sdv. Hence, by substitution. 

dvsu ^ Tsdu + vuds + sudv. . . . (i) 
In a similar manner the principle may be established for 
any number of functions. 

Dividing each member of (1) by vsu, we have 

dvsu _ du ds dv 

vsu ~ u "'' s "■" v' 

Similarly, it may be shown that the differential of the 
product of any number of functions divided by their product 
is equal to the sum of the quotients of the differential of each 
Junction by the function itself. 

EXAMPLES. 
«■[(«+ :.)(* + ^)] = (* + *)*+ -^J +("+ -^) 4^ + ^) -{'' + *+2^K-'' 
fl[3(. -x)\ = - yh. dlifl -f x)x\ = M" + ^) + (« + ^)'^- 



d{{a+x)x] fl!a + ^) dx _ dx dx 

ia^x)x - a^x^ - - + . 






76. The differential of a quotient of two functions is equal 
io ike denominator into the differential of the numerator, 
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minus the numerator into the differential of the denominator, 
divided by the square of the denominator. 

\,tty =■ v/s, in which ti and s are functions of any varia- 
ble. Then v — sy, and 

dv = sdy + yds = {^^dy + vds)/s, 

whence dy = (sdv — vds)/s'. 
C being a constant, we have 

d(C/s) = - Cds/s^ and d(v/C) = dv/C. 

EXAMPLES. 
d{x/(l + x)-\ = dx/ij +xjK rf(3A) = - 3dx/xK 

d[Mx + i)/(x - t)] =(-^' - W - iVM^ - 0'. 
4jc/3) = dr/3. di_2x/5i) = Zdx/Sa. 

77- ^^ differential coefficient of y regarded as a function 
of X is equal to the product of the differential coefficient of y 
regarded as a function of u, by the differential coefficient of u 
regarded as a function of x. 

Haying y=f{u), and u = ^(x), let Ax, Am and Aj' 
be corresponding increments of x, u and y, respectively. 
Then (§4) A « is the same in both cases, and 

Ay/Ax = (_Ay/Au) X {au/ Ax). Hence, 
iii^o [^>'/^*] = '™ [aVa«] X lim [Au/Axl 
and (§ 70) dy/dx = {dy/du) X {du/dx). 

Similarly, havingjj' =/(«), u = <l>{x), x = 'p(s), we find 
dy/ds = (dy/du) X {du/dx) X {dx/ds); 
and the same form holds true whatever be the number of 
the intermediate fmictions. 
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Having y =f{u), and x = ip{u), we may write u = <p(x), 
and dy/dx={dy/du) X {du/dx), but (§ 73) du/dx=i/{dx/du). 
Hence, 

ff>/«'^ = (dy/du)/{dx/du). 

That is, i'-^e differential coefficient of y regarded as a func- 
tion of X is equal to the quotient of the differential coefficient 
of y regarded as a function of u, by the differential coefficient 
of X regarded as a function of u. 









dyldx = iafx. 
dz/dx = 2fl/. 

dy dy/du dx 
Vs - d^/d^ ^ ^' 

dy/ds =; iG^Yg. 

dy du/ds dy 
ds ~ dn/ds du ' 

dy dy/du dvfdi dis 
dx ~ dvjdu ^ dslds ^ die 



1. y = 

Then 



iXs-)=fix\h-).%l. 
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CHAPTER V. 
DIFFERENTIATION OF FUNCTIONS. 

FUNCTIONS OF A SINGLE VARIABLE. 

78. The differential of any function of a single variable 
may be determined by applying the general rule, % 70, | 62, 
and multiplying the result by the differential of the variable; 
but by applying the general rule, § 70, § 62, to a general 
representative of any particular kind of function, there will 
result a particular form, or rule, for differentiating such 
functions, which is generally used in practice. 

79. The differential of any power of any function with a 
constant exponent is equal to the product of the exponent of the 
power, the function with its exponent diminished by unity, and 
the differential of the function. 

Let jc — x", in which x is any variable and n is any 
constant. Then, increasing x by h, we have (§ 70) 

dy_ _ limit r (^ + hY — a:" "1 

dx ~ ''^o L h S 

Placing x-\- h — s, whence k = s — x, and ash^»^a, 
j»-*x, we have {§40) 



i[4^ 



n = 



, and dx" : 



Having 7", in which y is any function of any variable, 
X, we have (§ 77) 

dy''/dx= {dy^/dy) X [dyjdx). 
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Hence, 

dfldx = nf-'^{dyldx), ^nd dy" = ny'-'dy. (i) 
Substituting i/« for n in (i), we have 

dyV" = -_j(V''-W_v = -y'^dy = dy/n l^y*^. 

Hence, the differential of the «"■ root of any function is 
equal to the differential of the function divided by n times the 
«"■ root of then — i power of tJie function. 

EXAMPLES. 

dV^= dx/2V^. 12. ^f J= «i/3 ^7K 

dx^ = 2xdx. 13. dx'"- = — tMT-i-Wx 

3. dx' = 3x^dx. 14. lie-' = — 4x-^dt, 

4. i^4J^* — itx'dx. 15, i/j;" ^ x~ dx. 

daj? = aaxdx. it. dx " = x " dx, 

d(log xf = 2 log j; rflog X. 17. rflfl"^)' = 2a»'(i'B*. 

rfsin'* = 3 sin' I ■; sin :t. iB. d la.n'' x = n lan'^-^ x d la.a x. 

d3^ = 9^dx. 19. c'[3{a + ^T] = iBCfl + ^'y^-^- 

,/(4jr^y3) ^ 4Ttxr'dx. 20. d(27tax'/ii = ^Haxdx/^. 

d!ttJ+-x = ia + x)^dx/n. ''- d{2xf'' = ^^^)''^- 

dVl^^^ = 3x'dx/2 V^^^. 22. .^[2/''V7] = 3^^/14/''*, 

dia + xfly= ■i(a-i-x^f iHa + x'') = 3{a+x^)^ zxdx = 6x{a+x'')''dx. 
d pa+x' = dia + x^)/3 p{a + xy = ixdxl3 ^{a + =^. 
di2xf = 2(,2x)d{2x) — &xdx. 
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86, iHix'f ~ 2(2:e")42:c") = l6:e'(&. 

27. i/(oj:Y = 3("J^°)M'tc') = SflSjc'jh-. 

28. di^y^ = - 2{3^)-=^3.^) ^ - 6(3^rV. 

29. *■- »'l' = «•■ - »TM"' -»■) = - («■ - »")"*J 

30. .^[(^= + a)(3j:' + i)] = (15^* + 3^^' H- 6a^)i&. 

31. j[^/V(,~,y] = 3j,'A/(, - ,")•'■. 

32. i[« + « - jr- + „•] = (I - fix + I2»">i«. . 

33. d\_{i + .c')(i - j[>)] = I.ZX - sx' ~ sx^)dx. 

34. d{a + i^)^ = bmn{a.^6x^Y-^x«--^dX. 

3!. 4(2»' - ■)/» »^+^'l = ()*' + itfiA'd +»V», 

36. d[x/ Vo' - X"] = aVx/{«' - xY''. 

37. i(. + xrl=-,/V2(. +x)S. 

38. dVa'^x^ = xdx/Va^^xK 

39. i[»"(" + x)']=(3i.+ i«)(. + x)x'*i 

40. 4x-/(i + »)-] =^->Jx/(, + xr«. 

41. 4>/ f i"^^'] = '«!■/(■ - »•)"■■ 

42. 4«/ •'i^^ = (" - »W2(l - «)•». 

43. 4'/ fr:^) = ■£>/(• - x-r . 

44. 4»'/(" - »■)'") = 3x'<<x/(i - *')•". 
45.4 *^+^/ fT^^] = i./(l - X) t'l"^;^ 

46. 4x^-/(1 +x')"] = 2»;f2"-Wx/(l+x=)«+l. 

47. 4(1 - »)/ fr+^l = - (. + x)ix/(, + x')«'. 

48. 4x/(x - ^T^^)l = - (ir/ fr~xV- +'1^^^)'. 

49. ^fxVOa - X) = (3. - X) 4^it/(2. - X)'". 

50. 4- fc'-x'A'x) = A/x" f.'-x". 

51. 4"/(x + v.t:^)] = .vx/cx + i/iT^? fM^ 
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5J. d{,l.' VJ + ;?) = d.l »-(,■ + «•)•. 

53. 4»/("+») ]■-•«-'"■»/(■ + »)"'■ 

54. iKi + <»"■)/< f ii] = ««■'•- 5oVi/4« V^. 

55. iC'-A- + '■)') = !*(= - »«lA/(. + »■)'. 

56. «.■ + «') CiT^T^" = («• + oW - 4»')i./(.' - i-)'». 

57. 4«""(" + »>■'■/(■- »)"•] = (3+2» - 3»') *^i»/2(l - »)■". 

59. -^[ i'l - V^/ Vt + 4^] = - fl^/2(r + +^) ^x - x\ 

60. 1/ Vx + 4^7+"^ ^ ■& V"^ + VT+Tya V,-\-x'. 
6,.. = [.-(/''« + <<■ -«■)■»]■". 

,•. i(«-«/ Vr+f-*')") = [J/»t t^+!(,'-»')-'(-ilx)/3]./» 



Hence. ^« = - 



■tL v- J U ^f. 3(.--x')-°J 



63. In the parabola _v' = gj^, find the rate of y with respect to x 
when X = 4. What value will j; have when rate of y equals that of a: ? 
When rate of y is the greatest ? When the least ? 

dy/dx = 9/27 = ±3/2 VZ .-. (4'/'^)«=4 = ± 3/4- 
dy/Jx = ± 3/2 Vx = I gives j7 = Q/4. 
^/jOv is the greatest when x = 0, and the least when x = ai. 

63. Find the slope of the curve y = ± ^g — x^ when x =z. Find 
values of X and y when the slope is i. 

Ans. ± 0.894. x' = ± 4/^,/ = ^ 4/4~T 

64. Find the angle which the curve y — x/(l + ^) makes with X at 
their point of intersection. Ans, n/A- 

65 Find the angle at which the curves^ = lox and x»+/ = 144 
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/D DIFFERENTIAL CALCULUS. 

66. Find the valuf of x at the point where the slope of j"' = ^ifi is 
unity. Atis, 1/9. 

67. At what rate does the volume of a cube change with respect to 
the length of a.n edge ? Ans. 3 (edge)'. 

68. Find the angles that a tangent to the curve jr' rr 6f' + 3)'-l- ^< 
at the point (8, 3), makes with the axis X. Ans. tan-'(i6/39). 

69. Find the rale of change of ( ^x -J- 3/'tr^) when J^ = 3. 

Ans. 1/24/3" .-2/93. 

70. Find the rate of change of the ordinate of a circle wkh respect 
to the abscissa. Ans. ^x/i^/fi' - x\ 

71. Find the rate of change of the ordinate of an ellipse wifh re- 
spect to the abscissa. Ans. Tij-/a ^ii' — jt". 

80. The differential of ike logarithm of any function is 
equal to the differential of the function divided liy the function. 
Letj- = log X, then (§ 70, § 42) 

1 ■^ + ^ 



I + -J ^'oer + ^ 

■ = Urn 



Hence, d log x = dx/x. 

Since log„ e — M^, it follows that d log^ x = M, dx/x. 

Havingjj' -f{x), we write (§77) 
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DIFFEKENTJATION OF FUNCTIONS. 77 

'dlogy _ d}ogy ^ f^ „ i ^ ^ 
dx dy dx y dx 

Hence, d log y = dy/y. 



EXAMPLES, 
a'log f" ={de'')/e'--. 2. d \og, Sm x = i^d 6m x)/s\a X, 

d log ^' = ^^V-t' = ixdxix' = 2rfV-r. 

1^ log x" = dx^/x'^ = nX'-'dx/x'^ = Hdx/x. 

rflog Vj:' - 1 =a'v'a:' -i/^j^'-I = a^a'j;/{^' — i). 

rflog[(l +^)/(l - x)} =4(1 4 ^)/(i - x)]/[{i + ^)/(l - X)-] 

=idx/{l-x'). 
./[log log xl—d log j^/Iog I = (dx/xy\ag X = dx/x log x. 
ii[_x log jr] = xd log j: + log xdx = (i + log Jc).&. 
^ log (x^ + ^=) = dlx' +x^)/(x^ + x^) = {2X + 3x')dx/{x^ + n 
fli:iog xr = -«(iog j:)™-' ^ log ^ = ™(!(,g ^)»-Wj:A 
ai;i/log3^) = —dlogx"-/{\ogx''y= — ndx/xOog x'^y. 
d log t^(i + j;)/(i - ^) = rf^/fl - *'). 
rf log [(I 4- x^W ~ xi)-] = 2dx/sxHl - xh 
i^« (log x)" = [m{log xr + "{log xr-^-\x'«~'dx. 
d log y^T^I V^^^^l = - ix-dx/{x'' - t). 

dXoz [(1 + v7^^>)A] = - dx/x t/rr^ 
rf log Ki + v^/(i - 4/7)] - ^r/(i - ;t) v:7. 
d log [;c v^i + yn^^"'] = - dx/Vx-" - 1. 



i^log - 



^i/;?M^ 
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21. dlog 
as. diog 



DIFFERENTIAL CALCULUS. 



24. rf lag y'fl" — jr' = — sodxKa' — a^'). 

25. "Z log vVT^ = xrfj^Aa^ + x% 

26. rf (log [(« - ^)/(fl + ^)]/2a) = dxH,x-> - «*). 
37- fl'log(WTq^') = fl'V^(i+^=). 

28. a'log(j:± y^' ±-l')=±rfV -/j:^ ± 3^ 

ag. i^log Jog.. .{repeated slimes) ofj;] = £/j/jclogjr(log)'j:„,(loB:)''-'ji;, 

30. fl" log [log (a + *j^»)] = nbx'^-'dx/ia + lii") log (a + bx^). 

31. » = (log j^")"". Put log ^i" = y, then (§ 77) 

a'» = ^log j^)"" - »iy^-\nl£)dx = w«(log j;~)™-'^/;c. 

32. Find the rate of change of a logarithm in the common system 
with respect to the number, Ans. J/,o/number. 

33. Find the slope of the curve y ~ logo x at the point (i, o). 

Ans. Ma. 

81. The differential of any exponential function wilh a 
constant base is equal lo the product of the function , the loga- 
rithm of the base, and the differential of the exponent. 

Let y = ce', then (§ 70, § 43) 

# = !;™t ^_!^'' - «! ^ ^ li^ ^ ^ ^. 1 ^ 

o-^ ^»^o h h ^ 

Hence, da'^ — a'" log adx. 
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DIFFERRNTIATION OF FUNCTIONS. 

Having a^, in which y = f{x), we have (§ 77) 

da^ _ d^ V -^ = )• 1 4^ 

rf^ dy dx dx' 

Therefore da^ ^ a*" log ady. 

It follows that de^ = £^i^. 

EXAMPLES. 

I. da''' ^a'^lagadx^ = 2a^''x\o^adx. 

a. da'"*^ * = «'"« "^ log fl if log ^ = a'^B 3T log a ^^jp, 
3. da.'^ - a'^\o%adV^ = a*^ \a^adx/-2.'/^. 

5. rffli^a^ = ^"^i/j* + xVffi= = (i*jrn-'{-f log a -f KJofe. 

6. ^e~" = .f ''dx/x'. 

7. rf[(f- - .-«)/2] = (^ + /-^X^/2. 

8. ^[a(,- + r«)/2] = (^ - r »)<te/a. 
g. .^s* log X = (r/jr + log x)e^dx. 

10. rft(*" - !)/(<-« + I)] = 2^rfV('^ + if- 

II. rflogRs"- i)/(E^ + 1)3 = a^fl-^/f^a^ - I). 

12. rflog(^ + *-^) = (^ - f-"^Kx/(^4-*-=1. 

13. d log (^.r - (--=) = (** + £-l')fl'x/(f= - e-":). 

14. 4<«* - ■)/(«" + I)] = a^"' log « d^/ia'Jr I>». 

15. 4a»^ + *)' = 2(a* + ^)(«"logn+iWt. 

16. de'ii - i') = i^I - 3J:' - J^jrfj-, 

17. a[(^ - .-*)/(^ + .-*)] = 4=-^/(^ + .-")'. 

18. a[x/(,^ - I)] = [^(I ~x)- l]«'V('" - 0'- 

19. ^(t + xY = nx-'(< + x}-'(i + ^xyx. 
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zo. When x — a, find the inclination of [he eurve^ - 10^ to ^ 
Ang, 66° 31' 30". 

82. Logarithmic Differentiation. — The differentiation 
of an exponential function, or one involving a product or 
quotient, is frequently simplified by first taking the Na- 
pierian logarithm of the function. 

Thus, let »— j^, in which _v and z are functions of the 
same variable. 

.-. log w = E log7 
and (§ So, % 75) 

duju == zdy/y-\- \o^yds. 
Hence, du = dy' = zy'-'dy -\- y" lo^ydz, 

which is the sum of the differentials obtained by app'vinn 
first the rule in § 79, then that in § 81. 





EXAMPLES. 


»= 


W^^''°'-'"°'"-'' 




-f lQg(^-2)-lIog(x-3). 


d« 


S Jx 3 dx t dx 7J^'+ 30^-97 j 


u ~ 


2x~l 4«-" 3«-3 .=(«-.)(»-!!)(«-3) ■ 




■ 2(,_2)"V-3)" 


Jx" 


= ,•(!+ log X)A. 



3, ^^ = X » (I - log xyx. 

4, dx^' = x"^ x'i)a%^ .r + log ;r + ^lx)dx. 

5, dx'/T^{i ■\-x)-r--{2-\-x- 5Jr!)z£r/aVi - x. 

ix - 2f/\x - 3)'/' i=(^ - ^j'^-l^ " 3)"''' ■ 
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S.xInT' = n(xln)'^\_-i + log (=cl»)\dx. 

Jc^" = e'V(&. lO. dx^" = x'''g^dx(i + X \og x)/x. 

d^ = e=^x''{i + log x)dx, 

d{x^ + ^'''^) = [^ log ,x - X '^ \og(x/,)-\dx. 
u = x'"!". Pqc log X = s, then 
du = dx' = {\ogxx"i''-^ + x'°"^ \agx/x)dx = ix^s^-'logxdx, 

^{log xf z= [(log x)'-^ + (log xr log log xjdx. 
j VMi - ^y* ^ (-S -^' + 24^''--i^- 6)^ 



Trigonotrntric Functions, 
83. d sin X = cos X dx. 
Let // be the increment of x, then (§ 70) 
'^sinj: _ limit f sin (a^ + ■^) - sin ^ "1 

2 sm - cos (x -[ — I 

Having sinj', in which jv =/M, we have (§77) 

dx ay ax dx 

Hence, dsiny ~ co&ydy. 
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DIFFERENTIAL CALCULUS. 



Similarly, by applying llie general rule, % 70, and the 
principle in % 77, the differential of any trigonometric func- 
tion may be determined ; but it is perhaps simpler to make 
use of the relations existing between the functions. 



d COS X = ^sin (?t/2 -x) = cos (nfz - x)d{nJ2 
= — sin z dx. 



A 



d tan X = d — — = - — r" = sec' z dx — {i -|- tan' x)dx. 



d cot X = ^ tan { n/s — x')= — dx/sin' x = — cosec^ x dx 
= — {i + cot' x)dx. 

d sec X = ii'(i/cos x) = sin x dx/coi' a; = tan x sec x dx. 

d cosec X = d sec {71/2 — «) = — cotx cosecxdx. 

d vers x = d{i — cos x) = sin x dx. 

dcoversx= a'vers(7r/2 — x) ^ -cosxdx. 

In order to illustrate the formulas for the differentials of the 
sine and cosine of any angle, 
let AC£ — be any given 
angle. Assume BCJ\/' = dtp, 
and with any radius, as CO 
= J?, describe an arc, as 
OM^r. Then 

FM/H = sin fl>, 

[ A CF/X ^ cos 0, arc MN = £di^. 

The definition of a differential (§63), in this case, requires 

that sin and cos 0, retaining their rates at the states 

corresponding to — ACB, shall continue to change from 

those states while increases by the angle BCN = d<p. 
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DIFFERENTIATION OF FUNCTIONS. S3 

Draw the tangent line to the arc at M, and lay off Mt 
equal to the arc MN = Rd(f). Through T draw TQ paral- 
lel to MP, and through M draw MQ parallel to OC. 

Then QT and - MQ are, respectively, the changes thai 
the lines PM and CP would undergo were they to continue 
to change with the rates they have when 4> = ACB, while 
increases by d(l>. 

Hence, QTIR, and - MQjR are, respectively, the 
changes that sin and cos would undergo under ths 
same requirements. 

The angle MTQ = (p. Hence, 



QT=MTCQ 
-MQ=MTs\ 



' cos ipd(p, and QT/K=ds\n 
'sin 0rffl>, and MQ/R—daos 



Similarly the formulas for the differentials of the othei 
trigonometric functions may be illustrated. 



Regarding the right lines 
PM, CP, OE, O'P, etc., as 
functions of the variable angle 
<p, we have 



^^ 


/ 


E 


y 


\ 




/yi p 


\ 


A 



dPM^dR sin 0=^ cos . 
dOE=dR tan ip=Rd(p/Qo 
dCB = dR sec <p 



dCP=dR cos <p=-R si 
dO'B-dRca\.,p^^Rcl^ 
dCB = dR cosec 

= -ff cot 0cogec 1 
a'0'e=(?^ covers 0=-/ 



It is important to notice the difference between the dif- 
ferentials of the above lines, which depend upon the radius 
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64 DIFFERENTIAL CALCULUS. 

of the circle used, and the differentials of the trigonometric 
functions which do not depe-d unon any radius or circle. 



EXAMPLES. 



X sin X dx. 


14. dco 


s»x=-icas'xsia.xdx 


dx/coi'' X. 


15. rfia 


= jr = 3 tan* x dx/cos'^ cr. 


xdx/&\n' X 


16. </c 


i'x^-^coV'xdx/iin'x. 


ta.axdx. 


17. rfs 


c^ x=^3 sec= X lan xdx. 


sec'xcolxdx.1%. dco 


sec'.c=:— 3 cosec'cot j^fl":!;. 


xs\axdx. 


19. ^ve 


rs'^ X =3 vers' sia X dx. 



nx'dx. 
xcosxdx. 



rfl^tan 2x = sec' 2x dx/ f'taii 2x. 
dcos(l/x) = (,/x-)si^(l/x)dx. 



dla. 


■j; 


= »ta 


n"-ij;i&/c 


4tar 


^_ 


^) = 


tan'a:^^. 


d{{x 


-s 


n^c 


osx)M = 
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DIFFERENTIATION OF FUNCTIONS. 85 

36. rf[(i - tan .:)/sec ^] = - (cos x + sin ^V^. 
^[sin nx/c<,^«x\ = n cos (« - r)^ ^V^os^+i^. 

rf t'sin VIr == cos ■VT^A Vjc Bin t^. 

4C0S ^)=i'' '^ = (cos :.)''''' * (COS X log COS ^ - sin" ^/cos -vjo-^. 

rfsin(sin*) = cos:rcos(9in*V^. 

d cos (sin ^) = - cos X sin (sin ^)fl^. 

rfsin(log«^) = cos(log«^y^A. 

^sin >. ^ ^siQ s. (^„g :r log ^ -1- sin ^A)^. 

^. Jsin ^y ' . . aj (sin axf-^ cos (^^ - ax)dx 

'■ (C03 *J)""~ {cos bxf+^ 

46. rfsin' ;e cos JE = sill' x{% - 4 sin' ^>£r. 

is' X sin> ar = (3 cos' x — f, sin' a:) cos' a: sin x dx. 
i. rf[(sin X + cos ^)/(sin ^ - cos ^)] = - 3^/(sin x - cos ^)'. 
n xf^'^'' = (sio -.)"" ^ (I + sec= ^ log si.. x)dx. 
50 Determine Ihe manner in ivhich the sine of an angle varies with 
the angle. 

The rate of change of sin x is (§ 70) d sin xjds = cos x, from which 
'we see that as increases from o to ff/a, the rate is +, but diminish- 
ing; hence, the sine increases, but its increments decrease. 

From jr/2 to tt the rale is — , and diminishing; hence, the sine di- 
minishes and its decrements increase numerically. 

From n to 3!r/2 the rate is — , and increasing. That is. the sine 
decreases, but its decrements diminish numerically. 

From 35r/2 to 2X the rate is -|-, and increasing. That is, the sine 

In a similar manner the circumstances of change of each trigono. 
metric function with respect to the angle may be determined. 
51. Assuming dx = Jt/4, we have, corresponding to x = it/6. 
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86 DIFFERENTIAL CALCULUS. 

■m i/% 

dcoix=-«. dszcx--. rfcosec j:= --2-inr. 

52. Corresponding la x ■= JI/4, we have 

^ sin ^ _ I dr_o%x i_ dla.ax _ 

dx 1/3' dx ^2 ' dx 

dx -~^- ~dr~ ~ ^^' d^ ~ ~ ^^' 

53. What is the value of x when tan x is increasing twice as fast 

54. Find the rate of change of the tangent, regarded as a function 
of the sine of an angle. 

Since tan x =fx, and sin x = Fx, we have {§ 77) 

^ tan xld^a.x = {d tan x/dxVid sin x/dx) 

= (i/cos'^)/cosx = l/cos'^. 

In a similar manner the rate of change of any trigonometric func- 
tion regarded as a [unction of any other may be found. 

55. Find the slope of the curve y = s\ax when j; = o, x= ir/4, 
x = ^/i. Ans. I, ■V'Vi, o. 

56. When X — ff/3, find the inclination of the curve y = \.a.nx to X. 

Ans. 75° 57' 50". 

57. Find the angle which the curvesj' = sina; and j' =; cos j; make 
with each other at their point of intersection. Ans. tan-^ 2^. 



Inverse Trigonometric Functions. 

84. d sin-' X = dx/'V'i — x". 

Let <i> = sill"' X ; then * = sin ^ and dx/d<p = cos ^. 
Hence (§ 73), 

^sin-' x/dx = i/cos ^ = i/± Vi - x\* 

* The sign depends upon that of cos 0. Formulas involving the 
double sign in this article are generally written with the plus sign 
only, which corresponds to angles ending in the first quadrant. 
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By applying the principle in § 77, it may be shown that 
i/siii~'_j' =: dy/Vi — y', in which J' =fx. 
d cos-i X = d{n/2 — sin-' x) = - dx/ Vx — x". 
d tan'^ X = dx/(i + x"). 
Let (p ~ tan"' x; then 

X = tan <p, and dx/d4> = i + tan" 0. 
Hence (§ 73), -^tan"' xjdx = 1/(1 + x% 

d cot-^ X = d{7r/2 - tan-' a:) = ~ dx/(l + X'). 

d sec"' X = dx/x Vx° —I. 

Let <p = sec"' a:, 
then X — sec 0, and dx/d<l> = sec tan 0. Hence (§ 73), 



dx sec tan sec 04^sec' — i x'/x' — i 

d cosec-' X = d{Ttf2 — sec"' x) = — dx/xf'x' — X. 

d vers-- X = dx/V2X — x'. 

,„^ __ 

Hence (g 73), 

d vers'' X _ I _ I I 

dx " sin ~ 4^1 — cos' ~ +^1 — (i — v 
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d covers-^ x ^ d{n/2 - vers"^ x) = - dx/f'ax - x". 



* p o A 



Regarding as a function of 
" the line ^Jf, denoted by^, we 



Similarly, having 



y^i 



Rdy 






PO =y, .: ^ = v. 
0'Q = y, .-. = c. 



i-^-r, we have //iji = 



EXAMPLES, 

:. <f siD-» ^ = ixdx/ Vi - .r'. 

I. <^ sin-' 2J; Vi — j:' = aifo/ Vi — *'. 
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4. o'sin-1 


'U^+l)/V2]=^.r/Vi -2a:-x^ 


S. diw- 


-1 a:^ - -Zdxl VZ - X''. 


6. ^V^ 


-^ ^ = dr/2 Vsin-' x{l - x"). 


7. flTtan- 


' (- «A) ^ afl'V<''' + ^')- 


8. rfcos- 


' [(I - -"')/(! + ^')1 = 2'^/{l + ^'). 


9. ^tan- 


. ( Vr^T^/ Vr+7) = ~ dx/i VV^^\ 


10. ^sec- 


1 [l/(2^«- I)] = - 2^Vt^^=^'- 


II. i/Un- 


^\_xlMl-x-'^ = dxjV^-x\ 


12. if cos - 


I [^/(« -:.)] = - adxl{a - X) Va' - 2ax. 


13. rftan- 


■' [x VV(2 4- ^)] = *Ta'V2{Jf' + ^ 4- 1). 


14. rfcos- 


i Vl-x' = dx/'Vi~x'. 


15. ^s«- 


■ [Vl'^'-:^] ='/-/*'«'--'. 


16. i^COS- 


'[(4-3^')A'] = -3^^AV^'-i. 


17. rf-c. 


Dt'i Cv/=)/fl = ^ tan-i W^>A = '^/(a=+ ^'). 


18. rftan- 


1 [W{i + ^')] = 2(1 - x'jdx/(i + 6:c' + X') 


19. -fsec- 


> (../«)/« = rf-cosec-' (^/«)A = a'^r/x V^^^T" 



20. ^ sin-i [(I - x')/(i + X')] = ~ ^/{l + ^=). 

2[. rf un-' [(I - ..)/(! + X)] = ^x/(> + ^"l- 

22. ^sic-i [x/ Vr+^] = dx/(i + x^). 

23. rfcos-' {iC - I) = - rfV 1^-^(1 - ^). 

24. d tao-i [2:^/(1 - x')] = 2^/(1 + j;-). 

25. ^ siti-l (1/ Vrqr^, = - dx/{l + x% 

26. d ain-i V(T~^/2 = - rfx/a ^/i - x". 

2S. ^ cos-'{4.t' ~ 3x) = - 3fl[i-/ f rr^a. 

2g. t^tan-'a"^'^ -a'" [og adx/x^(l -[-a'"). 
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30. d mn-i yV\r^i~ x) = - dx/m +:.'). 

31. d<:o%-\i-'ix') = idxj\\ -x\ 

33. a" vers-' (r/j:) = - dxjx i^2x — i. 

34. i^[?- vers-'O/'') ~ 4^2rj' ~ y^'\=y dy/^2ry -y. 

35. -/i^'""'" = >""''-'(sin-VA+ log V^'^^^^V^. 

36. >- = 2 tan-' i/(i-^)A + ^. (I - ^)/(i +^) = tan«{j./2> 

Hence, ar^cosj', and i^ = — dx/l/i — 3;'. 

37. y = cos-'[(4 - SJr'Vjr'J. Put (4 - 3-v')A' = =■ 

Then -/j-M = {- l/Vrr^'JC^V^x) = - 3/:^4/^^^rr. 

38. When>' = o, andj' = ar, find the slope of the curve 







K 


[ISCELLjI 


.NEOUS ] 


EXAMPLES. 






.. 


, fl- log si 


n. = : 




cos^ri^ 
sinjt 


_ dx 








. ^ log tan J- = ' 


■/ tan X 


d;c 


2dx 






' 


COS X Sj 


n X sin 2j; 




3. 


, rflogui 


'r = 


dx 


:osec :c rfa 


. = ^1^1 log I 


- COS 


^1 


+ COS. 


-J- 




, rflogta. 


■(:-+ 


i)^. 


dx 


_ dx 

v) ~ COS X 






4. 


n(V3 + . 










=.., 


:x dx = : 


^[^log^ 


sin^T 
Bin.J- 




5- 


^-log 


COS:^. 


^^rflogsi 


=c^ = tai 


n«:a^. 






6. 


de^ cos ^ = (*( 


COS*-i 


iin x)dx. 








?■ 


^^>''- 


= ^™ 


*{I+^ 


cosx)dx. 
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U\ -x^Kv.xyi^. 


a'sin(log*) = . 


cos (log ^)dxlx. 


a^sin'-x/cos 


•^^. .-. loe« 



■■■ ''"^ t' cos"-'-!: + cos-' + 'j- n' 

11. a = jtf"" ^. .-. log u = log J- -f tan-1 a;. 

J» = «(.A + 1/(1 + ^'))^x = ."""'-^ (I + :v + x')Al +x'-^ 

12. ^^"."'i"- = nx''-'^''''^\l + xcoS^)dx. 

13. a'/'*-' sin ,r = /"' -^ (cos ;r - sin" x)dx. 

14. rf[ain jw/sinV] = - « sin (a - i)x dx/sia''-^'^x 

15. ^cos log (lA) = sin log {i/x)dx/x. 
lb. rfcos sin a: — - cos j; sin sin^i^. 

17. fl'ff' log X — e' log ((j;':)ifo/j;. 

18. //log {xe"'^-') = (l-x sin :tVj:A. 

19. dx"' (log a^)" = -c"""' (log xf-' {m log ^ + n)dx. 

20. fl:cV''**'' = (« + !>*"" V^S-^rfj;, |i"J :. >' \ 



24. «" 



21. ^log V(l + sin ^)/(l - sin x) = dx/co 

22. ^log */(l-C0Sx)/(l + COS^) = rfVsir 

25. <^ cos log sin « = - cot x sin log sin x d. 

26. rf sin"' Vsin:r=^/2 )f\ + cosec j^. 

27. </log (*A-) =^ log (/^'ld)dx. 

23. rf logsin~'a: = ^/sin''a: t'l — 4:'. 
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92 DIFFERENTIAL CALCULUS. 

29. d sb-'(tan X) = sec= jc dxj'^i - tan' ^. 

30. ^ logcos~'a;= — iir/cos "V 4/1 — j:». 

31. rf log tan~*A^ = <ir/(i + j;') tan"'a:. 

33. <; cos [a sin-'d/-.)] - a sin (« cosec'' ^)^/^ V^^tTT. 

34. rf ™t -' (eosec -r j = cos ^ rf^Ar + sin' ^). 

35. ^ sin-'O''""'-^) = .«■""' ^«^/(i-l-:t")-/i -^■'■""^' * 

Hyperbolic Functions. 
85. dsinhx=^J(£'^ - e-) 

= -^(^ + is"")'iiv = cosh X dx. 
d cosh X - i/^(-f* + ^-") 

= i(^ — e-'')dx = sinh x dx. 
d tanh x = i/(sinh x/cosh x) = sech' x dx, 
d coth X = (/(cosh ^/sinh ;k) = — cosech" x dx. 
d sech X = i/(i/cosh x) = — sech x tanh x dx. 
d cosech x = ./(i/sinh *) = — coseeh x coth x dx. 

EXAMPLES. 

r. i/^cosh 3: = siiili X ilx/i-^^oshx. 3. .^ log sinh x — coih j: dx. 

3. rflogcosh jr = tanh a^i/x. 4. o^j; — canh j:) =: tanh" a^. 

5. ,/[(smh 2^)/4 + :^/2] = cosh' xdx. 

6. fl'[(smha-t)/4-V2]=Mnh'j;fl:r. 
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Inverse Hyperbolic Functions, 
86. d sinh-^ x = d log (x + Vi + x') ^ dx/f'i~+'x^ 
Letj = sinh^'*; then 

X = sinh J, and (§ 85) ilx/dy = coshj'. 
Hence (§ 73), 

a'sinh-'^ I I I 



dx coshj- Vi + sinhV t^i + x^ 

d cosh-' 2= d log (x + Vx' — I) = dx/t^x' — I, 
Let _)' ^^ cosh"' X ; then 

a: = coshx and (§85) i^V"^ = sinhji. 
Hence (§ 73), 

(/cosh~'a: II I 



(& sinhy i/cosh'y— i 

I . I +X __ dx 



Let_)'=tanh 'a:; then 

o^-tanhj', and (§85) ^:r/^j^ = sech'j. 
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Hence (§ 73), 

d taiih"^ ^ _ I _ I _ 

dx sech'j I — tanh'j" i 



Let_j'= coth-* ar; then 

X = cothy, and (§ 85) dx/dy = — cosech'^-. 



Hence (§ 73), 



d sech-i X ^ d log 



cosech'^' cQ<Ci^ y — r jc' — 
ii± V"! - X' - dx 



Jt- xri — x' 

Let_f ^= sech'"' x', then 

o^ — sech J, and (§ 85) i&/i^ = — sech y tanh y. 
Hence (§ 73), 

i/sech~' X — I — I 



dx sech y tanh j ^4/^ _ ^V 

I ± ■i^l'+T' _ - dx 



d cosech-' X = d log 

X x+'x^+i 

Let J = cosech-' x\ then 

jc = cosech X and (§ 85) dx/dy = — cosech j cotYt y. 
Hence (§ 73), 
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i^cosech"^ :i; —\ — i 



EXAMPLES. 



I. d cosh-1 {xfa) = dx/ Vx' - a'. 

3. d wnh-i (-t/fl) =: 3 dx/ia" - JT-), (^ < a.) 

4. rf coth-l (Va) = a d^/ia' - x^), (x > a.) 

5. d tan-' (tanh x) — sech ax rfj^. 



6. ^[itaiih-iA^+^lan 


i.3 = ^[_lc 




= dx/{ 


7. a-^cot-'x-Jcolh- 


.,:..U 



3. rf[^^ Vx' - a' - Ja" cosh-'(V«)] = 4''^° - "' '^■ 



Geometric Functions. 

87. Differential of an Arc of a Plane Curve. — Let s 

represent the length of a varying portion of any plane curve 
in the plane XY. It will be a func- 
tion of one independent variable 
only {§ 18), which we may take to 



Assume any point of the curve, 
as M, and increase the correspond- 
ing value of .r = OP, by FP' = 

Aar. l\s= MM' ^\\\ be the cor- 
responding increment of s, and i\y 




■ QM'. 
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■^^^4^="-*/" + (^)'=v^'+S 



- '\/dx- + dy'fdx. Similarly — ^ Vdx' + iif/dy. 



Hence, ds = -t^dx' + dy=.* 

The double sign is omitted because j may always be considered as 
an increasing function of x. 

That is, the differential of an arc of a plane curiae is equal 
to the square root of the sum of the squares of the differentials 
of the coordinates of its extreme point. 

If s were to change from its state corresponding to any 
point, as M, with its rate at that state unchanged, the 
generatrix would move upon the tangent line at M\ hence, 
MT = i^dx^ + df represents ds in direction and measure. 

In order to express ds in terms of a single variable and 
its differential. And expressions for dym terms of x and dx, 
or of dx in terms of y and dy, from the equation of the 
curve, and substitute them in the formula. 

Thus, let s be an arc of the circle whose equation is 
ar" -|-y ~ 4, Solving with respect to 7, and differentiating, 
we have 

dy= "^ xdx/ V^ — x'. 

* The square of the differential of a variable represented by a single 
letter is generally written as indicated in the above formula, and is 
similar in form to Ihesymbol for the differential of the square of the 
variable. Similarly, the Hth power oi it^ is generally written djc". 
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Her 



is = y i 






88. Differential of any Arc. Let s represent the length 
of a varyirig portion of any curve in space. It will be a 
function of one independent variable only (| i8), which we 
may assume to be x. 



M 


P kx 


Q' 

p'> 




/ A. 




^ 




Ay 



Through any assumed point of the curve, as M, draw 
the ordinate MN\ and through N, the point where it 
pierces XY, draw NP parallel to Y. OP will be the value 
of X corresponding to M. Increase*— OP \>y PP' = /\x, 
and through P' pass a plane parallel to YZ, intersecting the 
given curve at ^ '. As = arc MM ' will be the increment 
of s corresponding to the assumed increment of x 

Draw the chord MM' and the ordinate jJ/'^, Through 
M draw MQ' parallel to a right line drawn through N and 
K; and through N draw NN' parallel to X. Then 
N'K=- Ay and Q'M'= Az will be the increments of 
y and s corresponding to &x ; and we have 



chord MM'= V(Axy + (Ayy+ (as] 
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Hence (§ 70, § 44}, 
ds_^ limit arcJ/J/' ^ iii„it ch. Jj^^' 



^ limit /(A^)' + (Aj)' + (Agr 



s/. + f^ + ^^J'; hence, lis = (/di' + dy" + dz". 

J may be a curve of single or of double curvature. The 
increment AJ may or may not lie in the projecting plane 
of the chord MM' . If not, the projection of the chord 
MM' on the plane XY will change direction as I\x ap- 
proaches zero, but the above relations will not be affected 
thereby. 

Let a', ^' and y' represent the angles made by the 
chord MM' with X, Y and Z, respectively, then chord 
J/^^'/AflT = i/cos a'. Let a, /3 and y, respectively, 
represent the corresponding angles made by the tangent at 
M. Then 

ds/dx = i^.'^oC^Ao^ a'] = i/cos a, and dx = ds cos «. 
Similarly dy = ds cos p, and dz — ds cos y, in which x, y, s 
or s may be considered as the independent variable. 

89. Differential of a Plane Area.— Let u represent the 
area of the plane surface in- 
cluded between any varying por- 
tion of any plane curve, as AM, 
the ordinates of its extremities, 
and the axis X. 
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Regarding w as a function of x {§ 21), let x = OF' be in- 
creased by F'P" =Ax. P'MM"F" will be the correspond- 
ing increment of u. Hence (§ 70, § 46), 



du/dx 



limit 



\I"MM"P"I t.x~\ =y, 




which gives du= ydx. 

That is, the differential of a plane area is equal to the ordi- 
nate of the extreme point of the bounding curve into the differ- 
i^ntial of the abscissa. 

To illustrate, let u represent the 
area BAMP, and PR ^ dx; then 
du ■=ydx = rect. PQ, which ful- 
fils the requirements of the defi- 
nition of a differential (§ 68). 

Similarly, it may be shown that 
xdy is the differential of the plane area included between 
any arc, the abscissas of its extremities, and the axis of V. 

In case the coordinate axes are inclined to each other 
by an angle l>, we have du= y sin Bdx^ or du = x sin Bdy. 

In order to express du in terms of x and dx, substitute 
for>', or dy, its expression determined from the equation of 
the bounding curve. 

Thus, if ay -\- b^x' = a'H' is the equation of the bounding 

curve, we have ^ = - Va' — :^; and du = - Va'—x'dx. 

90, Differential of a Surface of Revolution.^Let the 
axis of X coincide with the axis of revolution; and let 
BM=s he any varying portion of the meridian curve 



* It is important to n 
tial of a plane area bo 
general, the differential 






s ihe differen- 
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generated by it will be the in 
responding to A^. Hence (§ 70, § 56), 
du _ \\^\i sur. gen. by arc MM' 



rough ^draw the tangent MT, 
the ordinate MF, and the right 
line MR' parallel to X. Let u 
represent the surface generated by 
s\ and regarding it as a function 
of X <§ 24), let x — OP be in- 
creased by PF' = A^. MM' 
= aj will be the corresponding 
increment of ^ ; and the surface 
ent of the function k cor- 



d:<:~ A^JS»-*o t^x cos R'MT' 

Assume PR = dx; then R' T — dy, MT = ds, and cos 
P'MT=dx/ds. Substituting this expression for cos R'MT 
in above, we have 



dx 



dx 



; and du = zirjAs = 2-!tj^Ax' +dy=. 



Hence, the differential of a surface of revolution is equal 
to the product of the circutn. of a circle perpendicular to the 
axis and the differential of the arc of the generating curve. 

Similarly, it maybe shown that 2 nx Vdx'' -\- dy' is the 
differential of a surface of revolution generated by revolv- 
ing a plane curve about the axis of Y. 

In order to express du in terms of a single variable and 
its differential, find expressions for_v and dy in terms of x 
and dx, or of dx in terms of y and dy, from the equation of 
the generating curve ; and substitute them in the formula. 

Thus, ify — 2px is the equation of the generating curve, 



: V2px and dy — 



V2px 
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du = ^n ^/^x*/ dx' +^' = 2n{2px +/)Vx. 

91. Differential of a Volume of Revolution.— Let the 
axis of ^coincide with the axis of revolution; and letBAf 
be any varying portion of the 
meridian curve in the plane 
XV. Through Af draw the 
ordinate MJ', and the right 
line MQ' parallel to X. Let » 
represent the volume generated 
by the plane surface included between the arc B3f, the 
ordinates of its extremities, and the axis of X. Regarding 
» as a function of x (§ 29), let x be increased by PP'= Ax. 
The volume generated by the plane surface PMM'P' will 
be the corresponding increment of the function v. Then 
(§70,|4S) 

^^ limit vo'- gen, by PMM'P' ^ 

dx AJ:ffi-*0 AJC ^^ 

and dv = s-y'di:. 

Hence, the differential of a volume of revolution is equal to 
the area of a circle perpendicular to the axis into the differen- 
tial of the abscissa of the meridian curve. 

Similarly, it may be shown that no^dy is the diiferential 
of a volume of revolution generated by revolving a plane 
surface about the axis of Y. 

In order to express dv in terms of a single variable and 
its differential, determine an expression for_j' in terms of x, 
or of dx in terms of j and dy, from the equation of the me- 
ridian curve, and substitute them in the formula. 

Thus, if x^^f- iRx^a is the equation of the me- 
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ridiati curve, we have dv=- 7z(2Xx — x')dx ; or since dx 
= T ydy/ V/f' - y\ dv = T ^/dy/ VjE' -/. 

92. Differential of an Arc of a Plane Curve in Terms 
of Polar Coordinates — Let r ==/(?') be the polar equation 




of any plane curve, as BMM\ referred to the fixed right 
line PD, =ind the pole/'. Let BM = s be any varying 
portion of the curve, and PM = r the radius vector corre- 
sponding to M. Regarding ^ as a function of v (§ 19), let 
V be increased by MPM'— Av. The arc MM' = As will 
be the corresponding increment of s. With /" as a centre 
and PM as a radius, describe the arc MQ'. Denote PM' 
by /; then Q'M' = r' ~r will be the increment of r corre- 
sponding to Av. Through J^fdraw the tangent MT, and 
the chords MM' and MQ'. Then (| 70, | 55) we have 



ds 



_ limit a rc MM' ^ n^i^ /,>-'-^\' ~;^ /^/ 



ds = i^dr'-'+r'dv". 
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Q'M' _ 









Q'M" 



Q'M' 
ch. Q'M' 



If the radius vector I'M coincides with the normal to 
the curve at J^f, the corresponding tangent to the arc 
MQ' will coincide with MT; 
and (I 55) 

*_ limit arc MM' _ 




giving els ^^ rdv. 

In this case dr — o, because 
the motion of the generatrix at 
the point considered is perpendicular to the radius vector. 
An important example of this case is a circle with the 
pole at its centre. 

Let BM=s be any arc 
of a circle, and BCM = v 
the subtended angle. Then, 
since the radius is always 
normal to the arc, we have 
ds ■= rdv. 

That is, the differential of 
an arc of a circle regarded as a function of the corresponding 
angle at the centre, is equal to its radius into the differential 
of the angle. 

To illustrate, assume MCQ — dv ; then will the arc MQ 
= rdv. The direction of the motion of the generatrix at 
any point is along the corresponding tangent to s ; hence, 
by laying off from J/^tipon the tangent at that point a dis- 
tance M T =: ds ^^ rdv, we have ds represented 
and direction. 
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In order to represent graphically the general case when 



ds = Vdr' + /dv', let BM be the given curve, JP the pole, 
M the assumed point, and MPM' — dv. If r were con- 
stant, as we have seen in the case of a circle, MT' := rdv 




would be ds ; but, in general, ds Is affected by a uniform 
change in r, in the direction PM, equal to dr. To deter- 
mine it we have 



^^^ limit Q'^ 
dv Ai-si^och. Q'M 



= r tan T'MT. 



At T' draw T' T parallel to PM; then T'T/T'M = 
tan T'MT = T'T/rdv. Hence, drjdv = rT'T/rdv = 
T'T/dv, and dr = T' T. MT^ fl'j=l'^M^'^'.there- 
fore, represents ds in measure and direction. 

In order to express ds in terms of a single variable and 
its differential, find expressions for r and dr in terms of v and 
dv, or an expression for dv in terms of r and dr, from the 
polar equation of the curve ; and substitute in the formula. 

93. Differential of a Plane Area in Terms of Polar 
Coordinates. — Let u represent the area of a varying portion 
of the surface generated by the radius vector PM revolving 
about the pole P. Regarding m as a function of v (§23), 
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let MPM' = A i>. The area MFM", represented by A u,_ 
will be the corresponding increment of u. Hence (§ 47), 



^u _ limit 



— = -, and du = - 

■o Av 2 



To illustrate, with J'M = r, describe the arc of a 
MQ = rdv corresponding to MPQ — dv ; then du = 
— area of the circular sector MPQ. 




du may be expressed in terms of v and dv, by substituting 
for r its value in terms of v, determined from the polar 
equation of the bounding curve. 

94. Motion.— When a point changes its position with re- 
spect to any origin it is said to be in motion with respect to 
that origin. 

In general, the distance from any origin to a point in 
motion continually changes, and is a continuous function 
of the time during which the point moves. 

When the distance changes so that any two increments 
01 it whatever are proportional to the corresponding inter- 
vals of time, the distance changes uniformly with the time. 

■* Motion, without regard to cause, is generally discussed under the 
head of Kinematics, but many Important applications of the Calculus 
involve motion, therefore some of the definitions and principles of 
Kinematics ate here and ds'iivherc introduced. 
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The point is then said to be moving uniformly, or with wni- 
form motion with respect to the origin. 

If the distance does not change uniformly with the time 
the point is said to be moving with varied motion with 
respect to the origin. 

A train of cars moves from a station with varied motion 
until it attains its greatest speed, after which its motion 
along the track is uniform while it maintains that speed. 

With uniform motion equal distances are passed over in 
any equal portions of time, and with varied motion unequal 
distances are passed over in equal portions of time. 

Let s in both figures represent the variable distance from 
any origin, as A, to a point moving on any line, as MNO\ 



and let t denote the number of units of time during which 
the point moves ; then s — f{f). 

\i f{f) is of the first degree with respect to t, the distance 
s will change uniformly ; otherwise the point approaches 
or recedes from the origin with varied motion. § 57. 

The rate of change of s, regarded as a function of /, cor- 
responding to any position of the moving point, is called 
the rate of motion of the moving point with respect to the 
origin ; and since uniform motion causes s to change uni- 
formly with t, the rate of motion, in such cases, is constant. 
§59- 
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III varied motion the rate varies with /, and is therefore 
a function of i. 

95. If the differential of the variable is assumed equal to 
the unit of the variable, the differential of a function and 
the corresponding differentia] coefficient will have the same 
numerical value. 



dx 






have ^ ilx 



inches. In such cases the differential of the function ex- 
presses the rate in terms of the unit of the variable ; and 
since it is more definite, it is frequently used instead of the 
differential coefficient. 

To illustrate, let j denote any variable distance regarded 
as a function of time, giving 
s=/{l). Assuming any con- 
venient length to represent 
the unit of i, we may, by sub- 
stituting s for y and / for x 
(§ 20), determine a line, as 
AJIf, whose ordinate repre- 
sents the given function. 

If I'Ji = di represents one hour, —di = Q£ represents 

the change that s would undergo in one hour, from the state 
represented by I'A, were it to retain its rate at that state ; 
and is more definite than the corresponding abstract value 
of ds/dt. 

96. Velocity — The differential coefficient of the variable 
distance from any origin to a point in motion, regarded as 
a function of the time of the motion, is called the velocity 
of the moving point with respect to that origin. 
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Representing the variable distance by s, and the velocity 
by V, we have v = ds/dt. 

For the reasons given above, velocity is measured by the 
product of ds/dl and the distance assumed to represent the 
unit of time. 

That is, the measure of the velocity of a point in motion 
at any instant, in any required direction, is the distance in 
thai direction thai the point would go in the next unit of time, 
were it to retain its rale at that instant. 

It should be noticed that the distance referred ',o above, 
and represented by s, may or 
may not be estimated along 
the line or path upon which the 
body moves. Thus, if a point 
moves from A towards £, and 
the velocity at any point, as C, 
in the direction A£ is required, 
the distance s is estimated along the path described ; but 
if the rate or velocity with which a point, moving from 
A to £, is approaching I) is required, s must represent the 
variable distance from the moving point to £), in order 
that ds/dl shall be the required velocity. 

Since velocity is a rate of motion, it is constant in uni- 
form motion, and a variable function of time in varied 
motion. 

97. Acceleration.— The differential coefficient of velocity 
regarded as a function of time is called acceleration. It is 
denoted by dv/di, in which v represents velocity. Since 
acceleration is the velocity of a velocity, it is generally 
expressed in terms of the distance which represents the 
unit of time. 
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98. Angular Motion.— Let C be a fixed point, CA a fixed 
right line, and B a point in motion so that the angle ACB. 




denoted by (9, is changing. Then the line CB is said to 
have an angular motion with respect to, or about, C. 

Let s represent the length of the varying arc, of any con- 
venient circle, subtending ^, giving B = s/r. 

Both 6 and s are functions of the time during which CB 
moves. 

Angular motion is uniform when any two increments of 
the angle, or arc subtending the angle, are proportional to 
the corresponding intervals of time ; otherwise it is varied. 

99. Angular Velocity, — The differential coefficient of 
any varying angle regarded as a function of the time is 
called angular velocity. 

Representing any varying angle by B, and its angular 
velocity by (W, we have go = dBfdt. 

If J denotes the varying arc of a circle whose radius is r, 
which subtends f, we have 

B = sjr; hence, w = dB/di = ds/rdf. 

That is, angular velocity is equal to the actual velocity 
of a point describing any convenient circle about the 
vertex of the angle as a centre, divided by its radius. 

It is customary in applied mathematics to consider the 
radius equal to the unit of distance used in any particular 
case. Angular velocity will then be measured by the 
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actual velocity of a point at the unit's distance from the 

100. Angular Acceleration. — The differential coefficient 
of angular velocity regarded as a function of time is called 
angular acceleration. It is denoted by doa/dt, when (a 
represents angular velocity, 

PROBLEMS. 

1. The side of a square increases uniformly 3 in. a 
minute ; find the rate per minute of its area when its side 
is 6 in. 

Let X = side of square in inches, and u = area = x^; then i&/aV = 
3 in. niin. and da/dx = 2x. Hence (§ 77). da/di = {duj dx-%_dx I dt) = 
3 X 2a: = fu^ sq. in. min. and (d-u/dl),,,^ = 36 sq, in. min. 

2. The radius of a circle increases uniformly ,01 in. per 
second ; find the rate of its area when the radius is i in. 

Let r = radius, and « = area = Wr"; then dr/dt = .01 in. sec. 
and dufdr = i%r. Hence (| 77), du/dl — .01 X 2Wr = .oinr sq. in. 
sec; and (du/dt)r.i = -olit sq. in. sec. 

3. Find the rate of the radius when the area of a circle 
increases uniformly at the rate of 27Tr sq. in. sec. 

Ans. I in. sec. 

4. The radius of a sphere increases uniformly .0491 in. 
sec; find the rate of its volume when the radius is 1.5 ft. 

5. The volume of a sphere increases uniformly 500 cu. 
in. sec; when its radius increases at the rate of 2 Jn. sec, 
find the radius. Ans. 4.45 in. 

6. The area of a rectangle increases uniformly 100 sq. in 
min. Its base and altitude are increasing at the rates of 
3 and 7 in. per min. respectively ; find the area when the 
altitude is double the base. Ans. 118.34 sq. in. - 
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7, The diameter of a circle increases UEiforra]y 3 in. 
sec; find the difference between the rates of the areas of 
the circle and its circumscribed square when the square 
is I sq. ft. Ans. 15.45 sq. in. sec. 

8.* A man 6 feet in height walks away from a light 10 feet 
above the ground at the rate of 3 mi. per hour. At what 
rate is the end of his shadow moving, and at what rate does 
his shadow increase in length ? 

Let « = /1, 1/= distance from foot of light to man, 7 = ^5 = dis- 
tance from foot of light to end of shadow, and s = MB = length of 
shadow. Let t = number of hours. 




Then wehave^/<^(=3ini.hr.; AL=i<,i\..; MC=bi\.; DL=i,li.\ 
and it is required to find dy/di and ds/dl. 

The similar triangles ABLani DCL give a: : j- :; 4 : 10; hence, 
y = ix/2. and df/dx = 5/2. Therefore (§ 77) 

dj'/dl = {dy/d:c)[dx/di) = (5/2)(3) = 7-5 mi. hr- 

Also, jr;j-4:6; hence, J = 3-r/2, and ds/dx^3/i, 

and ds/dt = (ds/dx)(dx/dl) =1.5X3 = 4-5 mi. hr. 

9.* A vessel sailing south at the rate of 8 mi. per hour is 
20 mi. north of a vessel sailing east at the rate of 10 mi. an 
hour. At what rate are they separating at the lime ? At 
the end of i^ hrs. ? At the end of 2^ hrs. ? When an 
neither separating from nor approaching each other ? 



they 



* Rice and Johns 
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Let t = time in hours from the given epoch. 

Let AB =y = 20— Si = distance of first ship 
from BC t hours after ihe given epoch. 

Let5C=i=l0i=distance of second ship from 
BA at ihe same time. 



Let ti = AC= Var^+y = ■(''400— 320i+l64f. 






dt ■V'400— 320(4- 164;'' 
idu\ mi. /rfaV I mi. idi,\ 

The following general outline of steps may assist the stu- 
dent in solving similar problems ; 

i". Dranr a figure representing the magnitudes and direc- 
tions under consideration ; and denote the variable parts 
by the final letters of the alphabet. 

2°. Write, with ijie proper symbols, all known data ; and 
indicate the symbols for the required rates. 

3". From the relations between the magnitudes find an 
expression for the function whose rate is required, in terms 
of the variable. 

4°. Differentiate and determine values or expressions for 
the required rates. 

In case an explicit function of a variable cannot be 
found, make use of the principles in § 77. 

10. :^ ■=. 2pz is the equation of 
a parabola OM. A point starting 
from O moves along the curve in 
such a manner that z ~ 16.1^'; in 
which s is expressed in feet, and t in 
seconds. Find the rate of x with 
respect to ('. 
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- 32- 2(. 



Hence, — = _ x - = Z. . X 32.2; = '/^^p. 

til its at V'\'i 2pt^ 

II. One ship was sailing south 6 mi, per hour, another 
east S mi. per hour. At 4 p.m. the second crossed the 
track of the first at a point where the first was 2 hrs. be- 
fore. How was the distance between the ships changing 
at 3 P.M. ? When was the distance between them not 
changing? Ans. 2.8 rai. hr.; 3 hr. 16 min. 48 sec. 

iz. A ship is sailing south 60° east, 8 mi. per hour ; find 
the rate of her latitude and longitude. 

Ans. 4 mi. hr.; 4V3 mi. hr. 

13. A point P moves in a straight line away from a point 
B at the rate of 8 mi. hr.; find its velocity with respect to 
a point C situated upon the perpendicular to the line £P 
through £ and at 100 ft. from B when BF = 50 ft.; when 
BP = 150 ft. Ans. 8/V's"mi. hr,; 2^/VTl mi, hr. 

14. If the diameter of a sphere increases uniformly at the 
rate of i/io inches per second, what is its diameter when 
the volume is increasing at the rate of 5 cubic inches per 
second ? Ans, lo/Vit in. 

15. If the diameter D of the base of a cone increases 
uniformly at the rate of i/io inch per second, at what rate 
is its volume increasing when D 
becomes ro inches, the height being 
constantly one foot ? 

Ans. 27t cu, in. sec. 

16. The base of a right triangle 
is 4 mi.; its altitude is variable and 
denoted by_j', and (j) is the variable 
angle opposite tojv- Corresponding t 




;. find the 
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rate of 0, first as a function of ^, then as a function of tan 
4>. Explain the difference between the two results. 

Ans. 1/5; 4/S. 

17. A train is running from A \a B at the rate of 20 mi. 
an hour. The distance from -4 to Con a perpendicular to 
AB is 2 mi. Find the rate of the angle at C included 
between CA and a right line from C to the train. 

Let 4) = variable angle at C, and y = ml. from A to train. 
Then CA = 2 mi., and dy/d/ = 20 mi. hr. 

^ ^ CA dy AC +f ■*+>" 

■J = id^/dy) X {dy/dt) = ^-^ X 2a = ^, 
{dpidC)^^^ = 10. (d^/dl)^=, = 5. (d<p/dl)^^„ = o. 

18. Find the rate of the surface and volume of a sphere 
when its radius decreases at the rate of 2 ft. per minute. 

Ans. - i6nr sq. ft. min.; - Sur' cu. ft. min. 

19. A ball of twine rolls along a floor in a right line at 
the rate of 4 mi. per hour. One end of it is 30 feet above 
the floor and is attached to the top of a pole. At what rate 
is the ball unwinding when it is 40 feet from the bottom of 
the pole on the floor ? Ans. 3.2 mi. hour. 

20. A ladder zo ft. in length leans against a wall ; if the 
bottom is drawn out at the rate of 2 ft. per second, at what 
rate will the top descend when the bottom is 8 ft. from the 
wall? Ans. 10.5 in. sec. 

21. The side of an equilateral triangle increases at the 
rate of 2 in, per minute. Find the rate of its altitude, and 
the rate of its area when the side is 10 in. 

Ans. ^3 in. mi. ; 10 -/g sq. in. min. 
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22. Two straight railways intersect at an angle of 60°, 
An engine approaches the intersection on one of the tracks 
at the rate of 25 mi. per hour, and on the other track an 
engine is leaving it at the rate of 30 mi. per hour. At what 
rate are the engines separating when each is 10 mi. from 
the intersection ? Ans. 3.5 mi. hr, 

23. A man walking on a horizontal plane approaches the 
foot of a pole 60 ft. in height, with a constant rate. When 
he is 40 feet from the foot how will the rate with which he 
approaches the top compare with that with which he ap- 
proaches the bottom ? How far will he be from the foot 
when he is approaching it twice as fast as he is the top ? 

Ans. 2 V1713, *'i2oo ft. 

FtJNCTIONS OF TWO OR MORE VARIABLES. 

loi. The Partial Differential of a Function of Two or 
more Variables, with respect to one of the variables, is the 
change that the function would undergo from any state, 
were it to retain its rate at that state, with respect to that 
variable, while that variable changed by its differential. 

The Total Differential of a Function of Two Variables 
is the change that the function would undergo from any 
state, were it to retain its rate at that state, with respect to 
each variable, while both variables changed by their differ- 
entials. 

Any function of two variables which changes uniformly 
with each variable has a constant rate with respect to each, 
and its form must be some particular case of the general 
expression Ax -\- By -\- Ci^ 64). 

Representing such a function by z, we have 

z=Ax-\-By-\-C. (i) 
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Increasing x and y by their differentials, and denoting 
the corresponding new state of the function by z' , we have 

^' = A{x-^dx]-^B{yJrdy)^C. . . . {2) 

Subtracting (i) from (2), member from member, we have 

z' — z~ Adx + Bdy. 

Since the function a changes uniformly with respect to 
each variable, the total differential of it, denoted by dz, is 
equal to the corresponding change in the function. 

Therefore, dz — Adx + Bdy. 

Adx is the corresponding partial differential of the func- 
tion z with respect to x \ and Bdy is the same with respect 
to y. 

HencB) the total differential of any function of two vari- 
ables, which changes uniformly with respect t& each, is equal to 
the^ sum of the corresponding partiql differentials. 

The total differential of any function of two variables 
which does not vary uniformly with each variable is not, in 
in genera], equal to the corresponding change in the func- 
tion, but it is equal to the corresponding change of a func- 
tion having a constant rate with respect to each variable, 
equal to that of the given function at the state considered. 
In other words, the total differentia] is equal to that of a 
function which changes uniformly with each variable, and 
which has at the state considered its partial differentials 
equal to the corresponding partial differentials of the given 
function. 

Hence, the total differential of any function of two vari- 
ables is equal to the sum of the corresponding partial differen- 
tial}- 
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In a similar manner it may be shown that t&e total differ- 
ential of any function of any number of variables is equal to 
the sum of the corresponding partial differentials. 

In order to distinguish between a total and a partial dif- 
ferential the symbol 3 is used to indicate a partial differen- 
tial. Thus having 3 — f{x, y), then 

da - {Zzidx)dx + is>^/dy)dy, 

in which dz represents the total, 9s a partial, differential. 

EXAMPLES. 
I. A.xy) = xdy-\-ydx. 

3. i^yix'^y — av" + 3*^' — 5) = iiaxydx + f^bx^dx -\- 3ax''dy — 4)'dy. 
3- dUx +y)/l.x -y)-] = l2(xdy - yd:,)y(x -yf. 

4. d{xy^) = iy'z'xdx + H^^ydy + ix^y'sda. 
5- dtA'ar\ylx) = (xdy-ydx)l[.x-'-^y\ 

6. 4sio W)] = cos (xy){ydx + xdy). 

7. d log {^) = ydx/x + log xdy. 

8 4^in=_v*^="[log/co8 xdx-i- (sin xdy/y)]. 



9. rfversin-VA) = iydx-^dyyiyV^xy-^'). 

10. d sin (x 4- j) = cos {X +yXdx + dy). 

1 1. Deduce the formula ds = ^/dr^ + r^di? (§ 92) from the formulas 

. ' \ [Anal. Geo.,] and ds = f^dx^ + dv^ (§87). 

la. One side of a rectangle increases at the rate of 3 [n. per second 
and the other decreases at the rate of 2 in. per second. Find the rate 
of the area when the first side is 10 in. and the second 8 in, in length. 

102. In order to represent</8=(3s/«'-*^)'^*+(9V4')<^-(i) 
graphically, let any state of the function z be represented 
by the ordinate NM of a surface. § 27. 
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Through NM^A%?. the planes MNR and MNP parallel, 
respectively, to ZX and ZY. Let MC be the intersec- 




tion of the surface by the plane MNR, and let MH be the 
tangent to it at M. Let ME be the intersection of the sur- 
face by the plane MNP, and let ML be its tangent at M. 
MH &T.A ML determine the tangent plane to the surface at 
M. 

Assume dx = NR, and dy = NP. Complete the par- 
allelogram NS and the parallelepiped on NQ. Produce 
RK. PA and SQ. 

Then, Iat^ KMH =dz/dx, and KH^ {dz/dx)dx. 

tan AML = dz/dy, and AL = {ds/dy)dy. 

Draw LfL> parallel to Ji^Q. Connect A and -D by AL), 
and draw ZT parallel to AD. 

Then, QD = KH, and DT=AL. 

Therefore, QT = {dz/dx)dx + {dz/dy)dy = dz. 
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Zr is parallel to vii?, which is parallel \.oMH. r there- 
fore lies in the tangent plane, and MT is the tangent to MB, 
the line of intersection of the surface by the plane MNS. 

While X and y are changing as assumed, the foot of the 
corresponding ordinate passes with uniform motion from A 
to S, and QT is the total differential required by definition. 

As in the case of a function of a single variable, the ex- 
pressions "dz/dx and Zz/dy are, respectively, independent of 
doc and dy, but for any state of a function of two variables 
there is no fixed total differential coefficient. In the figure. 



QT/QM=t3xi QMT=dz/Vdx' + d/ 

is the total rate of change of s, corresponding to the values 
assumed for dx and dy, but any change in the relative value 
of dx and dy will change this total rate. For any values 
assumed for dx and dy, the total rate of change of the func- 
tion, and therefore its total differential, will be the same as 
that of the ordinate of the line cut out of the tangent plane 
by the plane through NM, whose trace on XY makes with 
X an angle = tan"' dy/dx. 

It is now apparent that the function represented by the 
ordinate of the tangent plane at M \% the one with a constant 
rate with respect to each variable, whose total differential for 
the same values of dx and dy is the same as that of the 
given function at the state corresponding to M. 

dz/ )^dx' + d/ = tan QMT is the tangent of the angle 
which a tangent to MB makes with JCY, and (§65) its 
numerical value is the slope of the surface at ^ along MB. 

From (i), we write 

dz/dx = de/dx + {dz/dy){dy/dx), 1 
dz/dy = dz/dy + {dz/dx)idx/dy),y 
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the first members of which depend upon the relative value 
q{ dx and dy. 

Draw rj*' parallel to SR. Then MW is the projection 
of MT upon the plane MNR, dz/dx = tan KMW, and 
dz/'dy is the tangent of the angle which the projection of 
MTv.^on the plane MNP makes with Y. 

"dz/dx = tan KMH is tlie partial differential coefficient 
of the function with respect to x only, and is independent 
of dx and dy. It is equal to the tangent of the angle which 
the intersection of the tangent plane, and any plane parallel 
to ZX, makes with X or the plane XY. "Whereas dzjdx — 
tan KMW is dependent upon the quotient dx/dy (Eq. 2), 
which has no definite value because x and y are independ- 
ent, and their differentials arbitrary. 

If, however, by means of a second equation (p{x,y) = o, 
X and y are related, thus making one of them dependent 
upon the other and determining dy/dx, then z becomes a 
function of a single independent variable ; its graph becomes 
the line of intersection of the surface z=f{x,y) by the 
cylinder <p{x,y) — o, dz/dx becomes the differential coeffi- 
cient of s regarded as a function of x and is equal to tan 8, 
8 being the angle between the axis of X and the projection 
of the tangent to the graph on XZ. 

Similarly both members of Eq. 1 may be divided by df, 
t being any independent variable, giving 

dz/dt={dz/dx)[dx/dt) + {d^/dy){dy/dt). 
The values of both members will now depend upon the 
values assumed (§ 67) for dx, dy, and dt. 

But if we also write 0(jc, /) = o and i>(y, t) = o, thus 
relating x and y to i, and determining dx/dt and dy/di, 
then z becomes a function of one independent variable, 
and the first member becomes the differential coefficient of 
z regarded as a function of t. 
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CHAPTER VI. 

SUCCESSIVE DIFFERENTIATION. 

FUNCTIONS OF A SINGLE VARIABLE. 

103. In general the differential coefficient, and therefore 
the differential of any function of a variable, are functions 
of the variable and may be differentiated. 

Thus, having ax^, 

dax' ^^ yxx'dx, and dax^/dx = jiOx". 

Differentiating again, denoting d{dax') by d'ax", read 
"second differential of ax'" and representing {dxf by dx', 
we have 

d{dax') = d'ax' ~ ^axdx', and d''ax'/dx'' = (tax. 

6axdx^ is the differential of ^ax'dx, which is the differ- 
ential of ax', baxdx' is therefore called xh& first differential 
of ^ax'dx and the second differential of ax'. 

Similarly, 6ax is the first differential coefficient o( ^ax' 
and the second differential coefficient of ax'. 

Differentiating again and extending the notation, we 

did'ax^) =; d'ax'' ■= 6<idx', and d^ax'/dx' =■ 6a. 
6adx' is the first differential of 6axdx', the second differ- 
ential of $ax'dx, and the M!>i/ differential of ax'. 6a is the 
first differential coefficient of 6ax, the second of ^ax', and 
the lAird of ax'. 
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Representing the function x^ byj', we liave_j' = x^. 
Differentiating, we obtain 

dy = «^""V*, and dy/dx = nx^~^, 

for the jfri"/ differential and differential coefficient, respec- 
tively, of ^. 

Differentiating again, we have 

d'y = n{n - i)x''-''dx\ and d'y/dx"- = n{fi - i)x"-^ 

for the second differential and differential coefficient, 
respectively, of x". 

Again, d'y = n[n — i)(« — z)fl:"~Vx', 

and d'yidx' = n{n - ^){n ~ ^)x^\ 

for the third differential and differential coefficient 
respectively, of a:". 

Similarly, the fourth, fifth, etc., differentials may be 
derived in succession. 

It should be observed that the symbol d'y/dx'', which 
represents the second differential coefficient, is the differ- 
ential coefficient of the symbol dy/dx, which represents the 
first differential coefficient. 



Thus, 



Successive differential coefficients are also called derived 
functions or derivatives, and are frequently represented in 
order by accents on the functional letter. 
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Thus, \i fix) represents the primitive funclion, then 

/W, f\'). r"W, etc., 

denote respectively the first, second, third, etc., deriva- 
tives oi f{x). 

Other forms are also used. Thus, having^' ~f{x), 

D^y, D^y, Diy, etc., 

represent the successive derived functions in order. 

Each successive differential coefficient or derivative in 
order is the rate of change of the immediately preceding 
one, and d^^y/dx"^^ is an increasing or decreasing function 
of X, according as d"y/dx' is positive or negative. § 71. 

Let y ^ f{x) ^= x", n being entire and positive. 

Then dy/dx = f{x) ^ D^ ^ nx"''. 

d'y/dx' ^f'{x) = D^^y = n{n - 1)*-=. 
etc. etc. etc. 

^y/dx- = fix) = nj-y = n{n - i)(« - 2} . . . 2.1. 
^»«;'/rf.r''+' =/^\x) = D^^y = o. 

It should be observed that the symbols i/'j'/fiv", /"(a:), 
D^y, etc, serve only to represent expressions, and to 
indicate their relations to the primitive function. In the 
above d'y/dx^ denotes that n{n ~ i).t""° is the second differ- 
ential coefficient of :k". 

The differential of any order is the product of the cor- 
responding derivative and power of the differential of the 
variable. 

Thus, d"y = {d''y/dx")dx"=f'{x)dx» ... (a) 

represents a differential of the «"' order, and d''y/dx''=f''{x) 
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derivative of the 



represents a differentia.! coeffic 
n'^ order. 

Dividing both members of (a) by dx^^^, dx^''', etc., in 
succession, we have, in order, 

<^y/dx^-' = did^-'y/dx"-') = /"{x)dx. 
d"y/dx"-' = d\d^-y/dx''-^) =r>(x)dx\ 

etc. etc. etc. 

d^y/dx-"-^ ^ d'(d''-y/dx"-'-) =f{x)dx': 

etc. etc. etc. 

d^y/dx = d^-\dy/dx) = f{x)dx''-\ 
From which we see that the product of a derivative of 
any order by the first power of tlie differentia! of tlie 
variable is the first differential of the immediately preced- 
ing derivative, and its product by the second power of the 
differential of the variable is the J^i^iswi^ differential of the 
second preceding derivative, etc. The product of a deriv- 
ative of the «"■ order by the {« — i)"" power of the differ- 
ential of the variable is tlie (« — i)'" differential of the first 
derivative. 



dy = 4c^V^, 


J;, 


tPy = 24ax dx', 


d;-. 


/(,) = (« - ,)-'. 


r-w 


/»(«) = 3.3 . . . »(« 


- x)-"- 


n^ = col ., 


D,; 


D^'y = - cos X, 


D^'y 



The exponent of the power of a function is diminished by 
unity at each differentiation (§ 79), and when entire and 
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positive it will finally be reduced to zero. Hence, algebraic 
functions which do not contain fractional or negative ex- 
ponents affecting the variable have a limited number of 
derivatives. All others, including transcendental functions, 
have an unlimited number.. 

4. fi.^) = a^= + b^\ 

f(x) = 30x2 + 2dx, f"{x) = ftax + zb, f" (jt) = 6fl. 



D^'y = «« (log aY. 



dx'' \ ^ 2. r 



»■('+•# 



d^yfdx^ = {- i)"-'!" - 



dil>/du = - 1/ Vi - «\ <l><p/du^ = - «/(■ - 
.. /I,) = .in ««. 

/■(,) = „ CO, »x, /"W = -,•,„■ 

/■■W = (- .)■»'• ,i« »». /-+'M = (- ■)■« 



5? = 



dy_ 



n. .F = log (." + <-«). ^W'" = - s<<" - '-")/('" + '-') 
13. ;. = eos mi. d^y/dx' = ■>■ to, (», + »«A). 

U, 7 = cos" ;l^, (^y«'^" = 2-1 cos (2^ + «7C/2). 
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y = sin X. d'yldx' = sin (x + «jr/2). 

;v = (I + ^)/(i -x\ dy/d^ = 3^/(1 - x)"+>. 

y — tan a:. d'y/dx* = 6 sec' a; — 4 sec' X. 

y = l/'^x. d-y/dx^ = - p'/{ip^)'^ = - P'l'y'. 

fix) = x^d - X). /" (^) = 24/(1 - xf. 

y = ,^ cos X. d-y/dx'^ = 2-"^ COS (jt + «V4). 

- /:^i — 75 ^ - -^' _ _ _A^ 

> _ ± 1/^ ■ fl'j:' " ±"(A' - :rY'^ ± /' 

/1.x) = tan ^ + sec ^. /-(x) = cos^(l - sin^)"^. 

y=x''. d'y/dx' = x^(l -\-\og xf -\- ic" -'. 

Ax) = x'\ogx. /i-'(x) = 6x-K 

X = sin-V. -^-^/A' = (ly + Sy'j/d -/)™ . 

7 = log sin X. Bx^y = a cos j:/sin= x. 

y = Vsec ax. d'y/dx^ = 3(3ec ixf" - (sec 2^^)'''. 

;- = (^>+B')tan-i(Va). '^J'/^^' = 4« V(«= + ^r- 

d'y/dr^ = sec x tan J-(6 SCO :i: - l). 
y = x"-^ log X. dy/dx" = | h ~ l /x. 

J{X) = (3<^)«'*. /"(3) = 4(« - #)='"-^W'V*'- 

y=tan-'l.l/x), .: x=coty. 



%-T^—" 


V. ■■■ (,+,.j„. ^i""> 


d^y dsm'y 
dx' dx 


^^!!^^^?:?^ = sm2jsinV. 


d'y rf(sin2>.sm'<7) 


ill ly 2 sin 7 cos y dy ■\- sin' j cos ly 2dy 



■ 2(sin jv)(sin 2y cos >• + cos 2y sin y){dy/dx) 
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HUCCESSIVE DIFFEREN'frATlON. 
d^yjdx^ = |3 sin V sin ^, 



33. 



[ d^yfd^ = (- 1)" |« - 1 siii"j' sin »y. 

,i„ce un-i , = «/! - »..-■ (l/«), 

liave ^([an-' jryrfj;" = (- i)"- ^ -i sin" j- sin tiy, 

i-dsn-i iW»" = (- i)-'i» - I sin (• tan-"i)/(l + 1")""'. 



•»/(•• 



«•). 






,i.,= a'l^ + c'i+C'. dy/jx^a+c 

36., = * + <(»-")■". 

37./.= »^±«'". /-» = ».±!»">/2, /"» = il±lS»"'/4. 

38. /» = <"". fx = -, •'•/•', /"»=(u,+ iy'7«'. 
3,,/,=,-"'. /',«-"-A'. /'■» = . -'■(■-")A'. 

4 Th elation between the rime, denoted by ^, and the distance, 

p d by J, through which a body, stalling from rest, falls in 

a ra ear the earth's surface, is expressed very nearly by the 

q =l6.1(^; r being in feet and I in seconds. Construct a table 

g g h ntire distance fallen through in i second; in i seconds; 

3 d , and in 4 seconds; the distance passed over during each 
oi the above seconds; the velocity and acceleration at the end of each. 









Velocity. 


.. 








Second. 


" "* 


• 


16. 1 
64.4 


16.1 


64.'4 




32-2 






30.5 


g6.6 








357.6 


112-7 






32.2 
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41. Having j^ = 5^°, find the velocity and acceleration when < = i 
seconds; i = 3 seconds. Ans. Ki = 2 = 3V'io/2. Vt^-^ = 34^15/2. 
^/ = = = 34^5^/4- ■4*^? = 3Vy3/4- 
4a. ;'=sin(™5in-ij:). (^/a'a.=«i cos («,sin-i ^VVr^^^ Hence, 

(I - ^-'ji^y/^xr = ™' cos' (». Bin-i ^) = pi\i - j,'). 
Differentiating again and dividing by 2i/)f, we have 

43. A = sinh^. /"^^sinh^. 

44. /x — cosh 3;. /"j: = cosli X. 

104. Leibnitz's Theorem — Let ;■ = ;^?', in which u and jj 
are any functions of x ; then (§ 75) 

dy/dx = u dv/dx + V du/dx, 

d^y/dx" = u d'v/dx^ + 2{du/dx){dv/dx)-\-vdWiA 

d'y __ d^ ^^j. ^ ^ J. ^ 

dx' dx' ^dxdx' dx' dx dx* 

in which the numerical coefficients follow the law of those 
of the binomial formula. By a method similar to that used 
in deducing that formula for positive entire exponents it 
may be shown that 







dud"- 
'^"dxdx"- 


^,+ 


n{n - i) d-'u 
1.2 dx' 


dx--'^^--- 


«(»- 




n-r+t)d'u 
dx' 


■/"-■ 


^"+ n^ 


hi dv «-"« 




- + ---Vv" 


~ Tx^ "'dx-'- 






EXAMPLES. 




\. y = 


c''''x. 












« = 


i''", dtildx - 


^a^"" 


, . . . d'Hi/dx^ 


= a"e^. 




v = 


X, dv/dx = 


-■i. 


. . . d-vldx^ 


= 0. 






d'-y/^x'^ = 


■.na«- 


V.^ + „"(™^. 
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=. r = <""«■■ d'yid,' = .—,..[«%• + Jm» + «(» - I)]. 

dy/dx^ = zj:^ sec"jr(3 taii^ j: + i} + l8:c» sec' ic tan x 
+ i8-...c'« + 6tai.». 
4. J/ = e^i;. 



J = ^. ,., + ,..-.^+-i— J..-.^+ . . . + 



dx' 



rUNCTIONS OF TWO OR MORE VARIABLES. 

105. Successive Partial Differentiation.— A partial dif- 
ferential of a function of two or more variables is, in gen- 
eral, a function of each variable and may, therefore, be dif- 
ferentiated again with respect to each. 

Thus, if s =f(x,y) we write (§ loi) dz = -^dx + -.-dy, 

in which ds/dx and cn/dy are symbols for ike partial 
derivatives of the Jirsl ordervi\l\i reference to x and j' respec- 
tively. 

Differentiating d^/dx with respect to x, we write 

for the partial derivative of the second order taken twice 
with respect to x. 

Differentiating 'd^/dx with respect toy, we have 

dy\dxl dx dy 

for the partial derivative of the second order taken once 
with respect to x, and then with respect to j. 
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Similarly, we write 

A'§lj- '^t- and -?[^^ = — 
dx\dy I dy dx' dy \dy I df 

for the other partial derivatives of the second order. 

Each partial derivative of the second order will, in gen- 
eral, admit of differentiation with respect to each variable, 
and the differentiation may be continued, in general, to any 
required order. 

The notation adopted is as follows: 

dx \dx^l dx' ' 

3 /S^N _ 9°z 
dy\dx'i dx' d^ 



a 


\dxdy) 


3"« 
dx dy dx 


^[ 


•Vz\_ 


d'i 


dyUxdyl^ 


d^' 




etc. 


etc. 


^1 


■ 3"!. ' 


\ a-"» 


d,\ 


^x'^^df. 


\ - dx'-' df*^' 



which represents the partial derivative of the (« + i)*" order, 
taken [n — r) times with respect to x and {r + i) with re- 
spect to J. 

The numerator indicates the number of differentiations, 
and the denominator the order of the successive operations 
with respect to the variables. 

By multiplying the symbol for any partial derivative by 
its denominator we obtain the symbol for the corresponding 
partial differential. Thus, 'cf'^'^zdx"'dy'*/dx^dy'^ represents 
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a partial differential of the {m + «)*" order, taken m times 
with respect to x, and n times with respect to j'. 
Having u = /{x, y, z), 

dti/dx, ^u/dy, ^u/dz, 

represent, respectively, the partial derivatives of the first 
order, each being, in general, a function of x, y, and z. The 
differentiation may, therefore, be continued, and the suc- 
cessive operations indicated by extending the notation used 
above. Thus, 3"'"'"''+'"«/i/*"'i/fV3'' represents the partial de- 
rivative of the [fn -\- n + r)^ order, taken m times with 
respect to x, n times with respect to y, and r times with 
respect to z. 

In a similar manner, a partial derivative of any order of a 
function of any number of variables may be obtained and 
represented. 

106. Partial differentials and their corresponding deriva- 
tives are independent of the order of differentiation. 

Assume s = f(x, y), and increase x by k, giving (§ 70) 

9£^ limit r f{x+h,y)~f(x,y) -\ 
dx <^s»-^o|_ h J' 

In this expression increase y by k., and we have {§ 70) 

3 [^A ^ ^\ _ 

dy\dxj dx dy 
,- .r limit V f(x^h,y\k')^J\.x.y ^K)-i f(x^h,y)-f(:,.y) -\Y\ 

ki:. L ^^°^ — -TT^- — ~— — ^J 



^[^ 



-+i, ^4-i)-A«. j+t)-[/i»+.l, >■)- /(>. 7)11 
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Similarly, increasing^ in the primitive function by k, we 
write 

9f _ limit V Ax,y^k) ~Ax,y) ^ 
dy i^oL k J' 

from which, increasing x by h, we obtain 
9 pA _ 9\ _ 

dx \dy I dy dx 

li^it r limit r /r^+-^,.r+^)-/i:^+^.j')-[yi:^,-v+^)-;a-t.j')] ~|i 
^^^o H^^°L '^ J J 

-iw^oL ^'* J' 



which compared with (i) gives 






' 3a \ 3'a 
,dyl~ dydx 


From which we have 




3'i _ a ra (a2\1 _ 


' 7x\Jly\di)\ 


" ^L^Jv^Jj '' 


3"a 
dyd^' 


similarly, we derive 




a'2 3'2 


Vz 
dydx" 


and, in general, 

d-*'z/d!,-df = 3- 


^•Idfdx- 


Similariy, having u ~f{x,y, a), i 


it can be proved that 


Wu/d.dxdy = d'u/dydxdz, etc. 
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Hence we infer that the order of differentiation i 
cases does not affect the result. 





EXAMPLES. 


. = .,to/+;'iito» 


dxdy dydx 


. B = zxif + x^y. 


3"' 3"' ,=(.■+,). 


■ !=x)0gj)/. 


%'. _, 3'. 


^, = ^j + w: 




■'""-'(j)- 


a-. 3". «■-/ 


6. ^ = siiila^ + iy''). 


— = - ..s..'W-' "K l"*" + *")■ 


7- ==j^. 


ji -"<.+-«... =i^. 


B, K=^». 


2;, -(.+3...+-yfl^- ,2,1 


^■'~-m 




"■-"-(y)- 


3'. / 


rfa:i^ (Ji'^ — j:')i ■ 


^y 


3'« 2»'. 3'« " 
,«.ii ' If' - .')•■ i.* "• - ■*■ 




3'. vy 3'» V 

dxdz W - «y dxdydz (3* - s»}' 


" y' 


-^-^ = ^'"y+^ ™7- 
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9'= -c;n^. J.,A 3' 



14. ! = cos {.X - y). 



II. s = ioe{3^+>'). 



-C0S(^-J'> 4^=-sin(:<r-J'). 



107. Partial Diiferentials of a Surface.— Let ^TZ be 
any surface, and ABCD — u 3. portion of it included be- 




tween the coSrdinate planes XZ, YZ, and the planes JDQ^, 
BPS, parallel to them respectively. From § 26 we have 

« =f('.y)- 

Increase OF = * by PF' = k, giving (§ 70) 



9«_ 



lit V A^^^y)-Ax,yr ] 
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OQ =.y by QQ! = k, giving (§ 70) 

9'« _ limit r'""" [ /(■'+^'J'+^)--A^. y-Vk-)-U{x^K y)-A=^. y)] ]-i 
fllr dy k»^iA . „_„_^ — __ ^ — i I 

In which 

/(x + k,y + i) = AEGI, /{x, y+k)= ABHI, 
f{x -\- h,y) = AEFD, /{x.y) - ABCD. 

/{x+A, y + k) -/(x, y + k)- AEGI - ABBI = BEGH. 
fix + h,y') -f(x,y') = AEFD - ABCD = BEFC. 
f{x + k,y^k)- f{x, y + k)- {/{x + h,y)- /{x, y)] 

= BEGH - BEFC = CFGH. 
Therefore (§ 50) 

a'tf _ I'm" CFGH _ 1 

dx dy ^^° hk cos /! ' 

and 3'udx dy/dx dy = sec /S dx dy. 

108. Partial Differentials of a Volume Let ATL 

(figure § 107) be any surface, and ABCD-ON =■ ej a volume 
limited by it, the three coordinate planes, and the planes 
DQR and BPS parallel, respectively, to XZ and YZ. From 
§30 we havew =f{x,y). 

By the method used in the last Article, oonsidering the 
corresponding volumes instead of the surfaces, we obtain 

dxdy fs^oi hk \ 
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In which 

Ax\h.y-\-k-)-f{x,y\k-)-[f.x-\-k,y)-A^.y)\=''°'^-CFGH-NM. 

Hence (§ 49), 

3V limit CFGH - NM .„ 

■y—T = im^O TT = ^C=z, 

ax ay ^^^^ M 

and 3'vdx dy/dx dy = zdx dy. 

109. Successive Total Differentiation.— Having s = 
/(^.J). §101 gives 

de = -ydx + -T^y, ...;■. (i) 
in which the total differential of the first order dz, and the 
corresponding partial differentials -i-^x and -j-^y, are, in 

general, functions of x and j. 

Hence, the total differential of the second order, denoted 
by d''%, is obtained by differentiating each term in the sec- 
ond member of (i) with respect to each variable, and 
taking the sum of the partial differentials of the second 
order. 



Differentiating j-dx 


with respect to each variable 


,we 




'^^' 


=L>+&*'''* 




Similarly, 


^(l*)^ 


=|5/-''«+P*' 




Therefore 








d-z^ 


^pdx=+2^-dxdy + |^W. . . 
dx= ^ dx dy ■^ ^ dy^ -^ 


(^) 
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SUCCESSIVE. DIFFERENTIATION. 
Differentiating again, since 



we obtain 

d-z = |^,dx^ + 3-.4Vdx' dy + Z-^^t dx + P.dy'. 
dx' ^ ^dx' dy ' ' dy' dx ■" ' dy= ■' 

Similarly, formulas for the total differentials of the higher 
orders may be obtained, the numerical coefficients of which 
will be found to follow the same law as those of the bi- 
nomial formula. Thus the formula for the «"■ differen- 
tial is 



otherwise written for abbreviation 



which form is not to be interpreted as usual, but as fol- 
lows : Expand as indicated, regarding each term as a single 

quantity, and in the result replace each term, as (^''■'c 1 , 

by (3 "s/i/*" )(/*", and each combination, as 
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It is important to notice that in deriving eq. {2) from eq. 
(i) we write, in accordance with § 106, 

Z)'zdxdy/dx dy = "d^sdydx/dydx ; 

and it follows that having any expression in the form Pdx 
+ Qdy, in order that it may be a total differential, it is 
necessary and sufficient that 

dy ~ dxdy~ dydx~ dx' 

This is known as Euler's Test. It determines whether or 
not the given expression is the result of the complete differ- 
entiation with respect to bolh variables of some other ex- 
pression. Thus, having 

2x dx + ydx -\- xdy 4- 2ydy, 



dP d , , . 9 , , , dQ 
^=-i.x+y)=-ix+.y)=-.^, 

which shows that the given expression is a io/a/ differential 
of some function of x and y. 

Having 2xdx~\- ydx + zy dy, the test fails and the expres- 
sion is not a total differential of any function. By differ- 
entiating x' -\- xy -i- y', the student may confirm both 
results. 

The successive total differentials of any function of any 
number of variables maysbe determined in a similar man- 
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Thus, having u = /{x,y, s), then 



, 3 H J , 'd''u , , , (i a _, 

-r 2 i-^-ax ay -\- 2—— -dydz -i^ 2-7— ^ iii 
' dxdy ■' dydz-' ' dx dz 



Rule. Differentiate the function and obtain expressions for 
the several partial coefficients to the desired order. Substitute 
these in the proper formula for their respective symbols. 



EXAMPLES. 
- x^y'. d'z = dxy'dx' + lixyd^dy + 2x^dy'. 

= (^'+J'')/(^-/)- 

+ 4(i^* + y^'y')dy''}. 

x''yK dH = ZJ-Vj:' 4" ?txydx dy -\- ■ix'd;}^. 

d's = I2y rfjr' dy -\- 12^ dx dy^. 
* Extension of the symbolic iocm (a), § ioq. 
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'^'^ - (^vXywrt- 3xy'dj^ + 3y(2x^ - Y'')dx'dy 

-\- SJ^ay —x')dxd)i' — iyx'dy'). 

5, E = (H'"-l-'>t/). ^3 :^ i(i'^'*l[oVj;'' + aaidxdy + i'dy']. 

6. ! = j:y +_vV. 

i^s = {6xy^ -\- 2y')dx'' -\- I2(x'y + xy^)dx dy ■\- {fyx''y -\- 2x')dy'. 
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IMPLICIT FUNCTIONS. 



CHAPTER VII. 



IMPLICIT FUNCTIOKS AND DIFFERENTIAL EQUATIONS 
IMPLICIT FUNCTIONS. 

iio. With the exceptions considered in §73 and §77, 
differentiation hitherto has been limited to tfiV//(«V functions. 

Let>'' = ax, and assume x to be independent, then {§ 14) 
y is an implicit function of x. 

Solving with respect to y, we have y=±. Vax, which 
expresses y as an explicit function of x. 

Differentiating, we have 

dy= ± adxJ2'\fax. (i) 

Otherwise, we may write 

d{-f)=^adx, ."■ d(y')/dx = a, ... (2) 
in which if) =f{y), and y = 0(.t). Therefore (§ 77) 

Af) ^ 4/) ^ = 2y^, 
dx dy dx dx 

Substituting in first member of (2), we obtain 

2ydy — adx, . . {3) .", dy = ±.adx/2)fax, . (4) 

which result corresponds with (i). 

Examining (3) we see that it, and therefore (4), may be 
derived directly fromy = ax, by differentiating (y) as an 
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142 DIFFERENTIAL CALCULUS. 

explicit function of y, y, and in general dy^ being functions 
of*. 

That is, the equation may be solved with respect to y, 
aiid>' differentiated as an i^jc^/iV/V function, or we may differ- 
entiate, regarding y as an implicit function, and then solve 
the resulting differential equation with respect to dy. 

This principle is general; for, having any equation con- 
taining two variables, x and_)', it may be written 

and regarding jv as an implicit function of x, each member 
may be regarded as an explicit function of x, equal to the 
other for all values of x; therefore (§ 72) their differentials 
are equal. It is not essential that the value of the depend- 
ent variable shall be expressed in terms of the other, but 
it is necessary to remember which is assumed as the de- 
pendent and which the independent variable. 

The advantage of differentiating without solving with 
respect to the implicit function beforehand increases, in 
general, with the degree of that function. 





EXAMPLES. 


af-^^^bx = o. 


dy/dx = ± (3*' - *)/2 Va(a^ - bx) 


«y+*v = «'*'. 


dyldx = - 6-x/^^y. 


0- + a)» = 4#^. 


dyldx = ± {i/xf'\ 


cos7 = "cosx. 


dy/dx = tan x/lun y. 


cos(^+^)=o. 


dyldx = - I. 


^v -y- = 0. 


dyldx = {/-xy \ogy)l{x' — xy 1 


(j-^Y = ^^ 


dyldx = 2^ ± sx^-^/a. 


af - x'' -\- ix'' = 


dyldx = ± (3^ - ib)li ■faT^^^'). 
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. 3.^° -zx{h-c)- be 





■^ 24/«jr(^-^)(^ + <:)' 


. *" — -ix^y — 2x' — 3y = o. 


^^ ^(^' + 12^-16) 


dx 2{x- + i,f 


./^2>t/«^+^'+^'^0. 


dyldx = xl'^a'''\^. 


.,s,..-..n,+,=o. 


dy si^y-ycozx 


dx sin ^ - a: COS y 


.y-3J'^'+2*= = 0- 


dy/dx = 2x/{y + -V). 


.x^-y^^^o. 


dyldx~e''l(2- y). 


, « + ♦/«--/ ^+v«» 


-^r^^ dv y 




■ dx t/a-'-f 


y continuing the differentiation i 


■, a similar manner, expressions 



for d^y/dx", and derivatives of the higher orders, may be obtain 
16. ^* +/''= = fl"^'. dy/dx = -/'^/x'''\ 

dy/dx' = (r/3^V3)(,/j,i/3+//y^3). 
i^. x = r vers-i {y/>-) - V^ry - f. 

dy/dx = (zr/y - 1)'''=. d^/dx' = - r!f. 



III. Having u =f{x,y) = o, and regarding y as an im 
plicit function of x, we write (§ 102)* 

* Also « may be differen Haled with respect to x by differentiatin 
it as a functinn of r and j (g 101), and since j- is a function of , 
Za/dy must be multiplied by dy/dx (§ 77). 
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fi«_ _ 9w , 8« _^ _ ,, 

dx ~ dx'^ -dy dx ~ °' • ■ - • 10 

nee -r =— i- / tt (z) 

EXAMPLES. 
/ - 2-^ + fl= = O. dy/dx = y/(y - x). 



.< + 3fly . 



'^V-/ = 






^/a^ = 2x(x'' - a')lyiy(y + a). 
8. (4J' - ^)' - (^ - 4)'(^ - 3)' = o, 

^ _ 3X= 5(^ - 4)V - 3)' 3(j; - 4)^(jr - -if 
dx 4 "^ 8(4,--^=) "^ 4(4)--^') ■ 

Differentiating (i), remembering that 

^.* U* J ^^ </»; 'by dx' 
dx\dy} dydx'^df dx' 
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dx^ dx' dxdyilx~^\dydx df'^/'ix 'dy dx^ °' 



dx 3^ dx 9^' \dxl ■ dy dx^ 






dx dy dx sy \dx, 



"■^i J/ av' 



. (4) 
mplify- 



Substituting expression for dyjdx from (a), and '. 
ing, we have 

^ar' La'^Aa;'^ ■& 3^ ^a; 3^ ^ 9/ W^/ J ' \'dyl "' 



°. (4)siv=s^, = -^/g. 



:. ^— yixy -\-y^ -- 
9« - ,/^s 



?2. 
9;. ■ 



9/ 



If ■^;'/3':t = o, (6) gives 
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2. x' \y'' — idxy — a' = o. 

dy/dx ^ {;>: - by)/{ix - y), 
d'y/dx-' = {&'' - ly/iy-bxf. 
If dy/dx = Q, d'y/dx'' = — l/a Vl — b\ 

3. 2xy—y-> — d' = 0. 

dy/dx = y/(y - x), 
d''y/dx'' =y{y- a-t)/0 - xf. 

4. ^ + 3iiry -\-y' = O- 

dy/dx =-{x^ + ayyij^-i^ ax), 
d^/dx' = 2«?xy/{y'' -ir axf. 

5. _j. _ xyi^a -x) = o. 

dy/dx = ± (3a - ^) V^/(,2<, - x)% 
d^y/dx' = ± 3aV(2a ~ x)^ ¥F. 

Differentiating {3), we obtain 

4. r 3'« , d'udyyy, du ^y _ ^ ,, 

Similarly, it may be shown that 
- j^» -1- ... -1- P 



i/a:" i^:i:" ' ' ' Qy lix" 



in which the intermediate terms involve differential coeffi- 
cients of _v with respect to x of orders less than the n'-^. 
112. Having any equation containing three variables 
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x,y and s, one must be an implicit function of the other 
two (§ 9), Each member may, therefore, be regarded as a 
function of but two independent variables. 

The differential of each member is equal to the sum of 
its partial differentials; and since the partial differentials of 
the two members are respectively equal to each other, the 
total differentials are equal. 

It is not necessary to express the implicit function or 
dependent variable in terras of the others, but it is always 
important to distinguish it. 

In a similar manner it may be shown that the total dif- 
ferentials of the members of any equation are equal, re- 
membering that the number of independent variables is one 
less than the number of variables. 

DIFFERENTIAL EQUATIONS. 

113. An equation which contains differential coefficients 
is called a differential equation. 

A differential equation obtained by one differentiation 
may, in general, be differentiated again, giving a differential 
equation of the second order, and so on to differential equa- 
tions of the third, etc., orders. 

Thus, having y' — imxy -\- x^ ■:= «', regarding x as the 
independent variable, differentiating, equating the results, 
and reducing, we have 

ydy — mx dy — my dx -\- x dx ^= o, 
or dyjdx = (my - x)/(y - mx). 

Differentiating again,* we have 

* The importance of distinguishing between the independent and 
dependent variahles becomes apparent at the second operation of 
i in above <ix is a constant, whereas dy =/(£). 
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dy^ •\- y d'y ~ mxd'y — 2mdxdy-\- dx" = o, 

or, dividing by dx', 

{y - mx) d'yf-dx' + dy^dx' - 2m dyfdx -\-i = o. 

The order of a differential equation is the same as that 
of the highest derivative it contains, and its degree is de- 
noted by the greatest exponent of the derivative of the high- 
est order in any term; provided that all such exponents are 
entire and positive- Thus, 

{dy/dx)' — a/x = o is of the ist order and ad degree. 

d'y/dx" -j-a'y =0 is of ihe 2d order and ist degree. 

{dy)/dx'')"' + Mid^'-^y/dx'-y-' + . . . = o is of the «"> 
order and i^^*" degree. 



EXAMPLES, 

_v' + -c' = »''. dyjdx = - xjy. d^ylix-' = -r''lf. 

y^ = 2px. dy/dx = f/y, d "y/dx'' = — p'^jy*. 

a'y'' + b^x'= a'b''. dy/dx =— fx/d'y. d'y/dx''=:—li'/d'y^. 

y' =; o'j:. dy/dx == a^/yji. d^y/dx^=—2a'/iff': 



=y{^-a)\ 


dy_ a'(a + x) d^y 2«V -|- 2fl) 
dx (j^-a)'' dx^ {x-aY 


bx\ : 


dy/dx = zhxy^y. rfV^"=3*Vy4,. 


2fx+^x^ 


dy (p-^^x) d-'y p' 
dx y ' dx^ y" 


-4^'(2fl-J'). 


dy/dx = ^^xy/(x> + ia^). 




d >y/d^' = iy(3-^' - 4''')/(^= -1- 4"=)'. 
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ro. \o%(xy)-\-^-'y = ii. (x- xy)^\y-\-xy = o. 

12. y' — ixy-\-a^ = 0. d''y/dx'' — y(y — ixyiy — xf. 

13. -c' + 3axy +y = o. Wy/dx^ = 2a> J^A/ + <^)'- 



14. x^y = ia\za-y). ^ 



— - (^^ + 4«)^ ■ 



15. ji3 = aajc* — x^. d^yjdx^ ■=. — Za'/':p: (2a — a;) , 

16. j:^ — J3' + r=o, rf'v/"^' =2(1+ lA')- 



18. . 



dy_ _ —x' + 6r' + i2x-~S 
' dx^ ~ (J^' + tf 



It is important to notice the difference between the suc- 
cessive differentials of an independent expression which 
contains variables and those of the same expression limited 
to a constant value. Thus, suppose we have (x'' +y) un- 
limited, and (a:" +y) = »"■ 

Then, 

i^(-*'+/) =zxc^x-\-2y dy, and d{x'-{-j'')=2x ifx-l-zy {fy=o. 

d^{x'+y')=2dx'+2dy',a.ndd\x'+f)=2dx''+2d/-{-2ydy=o, 

ti'[x^+y^)=o, and d'(x'-\-y')=4dy d'y-\-2ciy ii'y-\-2y ii'y=o. 

etc. etc. etc. 
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In the first case both variables are independent, but in 
the stjcond only one. The difference becomes apparent 
at the second differentiation. 

Equations derived by differentiating primitive equations 
or other differential equations are called immediate differ- 
eniial equations. 

114. Differential equations also arise by combining suc- 
cessive immediate differential equations with each other 
and the primitive equation in such a manner as to elimi- 
nate certain constants, or particular functions which enter 
the primitive equation. Thus, from 

y=,ax -\-b we obtain dy/dx ^ a. 

Eliminating a, dy/dx = (_ji — li)/x, 

which is independent of a. 

Differentiating again, we have d'y/dx' = o, which is in- 
dependent of both a and k 

As another example, take the equation of a circle 

(*-»r + (j-*)'=^' (>) 

Differentiating three times, we have 

2{x - a)dx + 2{y - ^)dy = o. . . . {2) 
dx' + df + {y - d)d'y ~ o. .... (3) 
2dydy + dydy+{y- d)dy = o. . . (4) 

Dividing (3) by {4), member by member, we have 

[dx' + dy')/^dydy = dy/dy, which gives 



y Google 



DIFFERENTIAL EQUATIONS. 15' 

dx^ -^ dy^ ld''y dy d'y I d'y 
dx I dx dxax / ax 

S[(i)+-]-(a'i- 

which is independent of a, b and R. 

And, in general, by differentiating an equation n times we 
obtain n differential equations between which and the prim- 
itive equation n constants or particular functions may be 
eliminated, giving a differential equation of the «'" order, 

EXAMPLES. 

1. Eliminate e* and sin x from y =l c" ^\-a x. 

dy/dx = fsin x->i-t' cos x =y-\-e'casx, 
iPy/dx' = dy/dx -\- e'' cos x ~ e" sin x; 
and since e' cos x = dy/dx — y, 

d'y/dx^ = zdy'jdx — 2y, 

2. J" = fl sin X -[- * sin ^x. 

dy/dx = a COS x-\-2& cos 2x, 
d'y/dx^ = — IT sin ;(■ — 4* sin zr, 
d^y/d%^ - - a cos ^ - a* cos 3*, 
dy/dx'' = a sin j-]- i6* sin 2x, 
Hence, ^V!"*' + ^d'y/'ix'' + 4r = <>■ 

3. J'' — aoLt' = ~ a', qy\dy/dxf — 2nx^ dy/dx = — iCjw', 

4. xy — ai-^ — b = o. x'dy/dx^ - xdy/dx = 3y. 

5. (I + x'){, +/) = <ix'. (I + x')xy dy/dx r= i +j,>. 
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6. J' =v a sin J^ — i cos x. dy'/dx' := — y. 



-,., = ..+.-*. 


(» + .»/i-«./i,)-=,. 


8. jv = (« + *^)(«. 


^'j./rf^' - 2^-fj./fl'^ = - c^y. 


9,7 = sin r. 


»/i,)' +y = 1. 


,o., = ^co,,. 


d.yld^ = ^,ld. - 2,. 


II. ^ = sin log *. 


.VV&'+«*/"i + J' = 0. 


12. .r = log sin X. 


JV/i,' + (dyld,)' = - I. 


13. y = Z/.v + rV. 


-•s+-(i)--i+^ 


!,.;,= » CO. (*« + ,). 


^;//rfjc= - — *y.. 


15. J- = Sin-' j;. 


(l-:tVW«':^'-^4'/«'^ = 


16. :f = ^^ + Vi + ^. 


;). = xdyld:c + Vl + (rf//rfjr)'. 


17. r = (» + 'V- 


^jr/rf^ - «r = <^. 


18. Jt'=cs-'«n-'^+tan-l^- 


I. (i + ^'yj./<iv+jv = tan-', 


I9.J>.=(a+logx+I)- 


'. xdji/dx -\-y = y' log a:. 


20. / - .,» - ,■ = 0. 


K4'/'^^)' + 2^^7/'^^- = > 


U=<cos«,+^.in 


'^" ,;=//rf'j:' + m'y - O. 



22. J- = * log {{c + /x)/x]. xH^yjdx' -\-iy- xdy/dxf = o 

d^yjdx^ + «'7 ^ cos w;. 

24. y sin" j: -(- 2av + fl' = o. {dyjdxf -]- qy cot xdy/dx =f. 

25. ^ = <^" + :t-'')/(^« - *-«). y - I + -/Va'^ = O. 

26. e^y-\-2ax& ■\-a'=ti. (Jr' - i){dy/dxf = I. 
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27. y~a^-\-be-™. d''y/(lx' = ey 

28. y=at^-\-bi~^-\-c^. dyjdx' — -jdy/dx = — by. 

29. y={a-^bx-\'X'l^)^-\-c. d'yfdx' - -id'y/dx' -\- dy/dx ^s^. 

30. y={a-\-ix-\-c.x^)e^-\-d. d*y/dx*—-id'y/dx'-\-5d'y/dx''—dy/dx= 
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DIFFERENTIAL CALCULUS. 



CHAPTER VIII. 
CHANGE OF THE INDEPENDENT VARIABLE. 

115. Having any expression or equation containing dif- 
ferentials, or derivatives, of y regarded as a function of x, 
it is sonnetimes desirable to obtain a corresponding expres- 
sion or equation, in which ^, or some other variable upon 
which y and x depend, is the independent one. This oper- 
ation is called changing the independent variable. 

The principle deduced in § 73 enables us to make the 
change in cases involving the first derivative only. 

When differentials of a higher order are involved it must 
be remembered that we have written 

dx \dx I dx dx \dx I dx 

in which X is the independent variable, and dx is a con- 
Regarding both dy and dx as variable, we have 

d {dy\ _ dx d^y — dy d'x , . 



d d fdy\ _ d I dx d'^y — dy d'x\ 
dx ' dx \dxl "" dx\ dx^ I 

_ {dxd'y-dyd'x)dx-\-${dyd'x-dxd'y)d'x . , 
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CHANGE OF THE INDEPENDENT VARIABLE. 155 

which should be substituted for d''y/dx' and d'y/i/x", re- 
spectively, in order that the results may be general, that is, 
in which neither x nor y is independent. 

If then y is made independent, we have dy = constant, 
iPy=o, d'y = a, and (i) and {2) reduce to 



d^y — dy d'x 






d'y __ 3dy{d'xy — dydxd'x 
dx' ~ dx' 

[_Ady'l df dy \l \i 






which may be used when the independent variable is 
changed from x to y. 

EXAMPLES. 
Change the independent variable from jt to j- in the following: 

'" dx^ + tej ~ °' if/ "*" fllf ~ "' 

d^y , /rfyl" -d'x dx 

^4-^4- - ij'-t dx^ dx _ 

^dx"" "'" o'j;' "^ ' ~ "■ ^df dy' dy °' 

J^<i±Y^^=r, :.^ 4- i'^V - , = o. 

dx^ ~^ \dxf dx ' a>' "^ \dy' 

(dy-' + ^'j'-^ -1- fl ^ (f"j = O. (I + dx-'ldy-'f'^ - a d^xfdf = O. 

If a; or J' is given as a function of a. third variable, 8, which we 
wish to make the independent one, we first transform the given ex- 
pression, by means of (l> and (2), into its general form in whicli 
neither x nor y is independent, and then substitute for x. dx, ifx. 
eFx, or y, dy, d'y, d^y, their values in terms of Q and its differential. 
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156 DIFFERENTIAL CALCULUS. 

6. Having ( = j^-l-j:'', show that 

Change the independent variable from j^ to 8 in the following 
equations : 

' dx^ I - x^dx ' I - x^ 

dH' ^^ 

dc ^ ^ 

■»■ '•&+"!+'-' = '>■"■«"-- -'■ 

II. Having j; = ^ cos 0, and j; = r sin 8, change the independent 
variable from jt to 8 in the equation 

*=(.+£)7S <»i 



^j' = COS 8 fl-c - f sin 8 ^, 

rfv =s\aQdr-\-r cos 8 oB, 

a"^ = CDS 9 rf'r - 2 sin 8 drdG — r 

d'y = sin e rf'f- + 2 cos bilrdb - r 



y Google 



CHAMGE OF THE INDEPENDENT VARIABLE. 157 
dx" + dy' - dr' + r"ofl', 
iPxdy — d^ydx = rd^rM — idr'd^ — t'dQ\ 
Substiluling these values, we have 

12. Having X = ii(0 — sin 0) and j = n(i — cos 0), change the 

Ans, /> = - 4« sin (<0/2). 

13. Having j^ — ?■ cos 8, and j = r sin S, transform 

J = (xi/i' — ydx)ji^ydy -j- ai/j^) 
so tliat r will be independent. Ans. s = rd<i/d>-. 

14. Having dy/dx = 3(3; — 2)', show Chat d''xfdy* = ~ 2/9(j — 2) '. 

^'y ... ^ ^y -r, when ^- sin 8- 
= ■ dx' I - x^ dx ' 

d*y _ 

,6. ^•r+_^,^ = o, when. = «tane; 
fl^f!' ' a' + Jr' fl"^ ' 
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PART n. 

ANALYTIC APPLICATIONS. 

CHAPTER IX. 

LIMITS OF FUNCTIONS WHICH ASSUME INDETERMI- 
NATE FORMS. 

ii6- The symbols 

are indeterminate forms. 

When for a particular value of the variable a function of 
the variable assumes any one of the above forms its corre- 
sponding value is indeterminate. 

The limit of such a function, under the law that the 
variable approaches the particular value, is determinate. 
(§ 39-) 

In many Cases this limit may be found by simple alge- 
braic methods, otherwise a method of the Calculus is gen- 
erally used.* 

117. Form 0/0. 

Let fx/<px be a fraction such that both terms vanish 

when X =: a. It is required to find -7-. 

* Any operation by which this limit is determined is generally 
called ihe evaluation of the corresponding indelei 
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INDETEEMINAl'E FORMS. 
From eq. (i), § 6z, we write 

0(.r J^h) = <Px^ k<p\x + e'h). 
Hence 

from which, as A s»-t o, we have 



limit A _ ijj^ /^ ^ /f 
*s»-^a; 0;k 0'iv 0'(!;' 



Similarly we may deduce 



<p"x 0"a ' 



and 



limit /■« _ /"" 



/*'a: and 4'"^ representing, respectively, the derivatives of 
the numerator and denominator of the same and lowest 
order, hoth of which do not vanish when ^ — a. 

lifa and 4>''a are both finite, the Hmit is finite, 

\ifa is zero, and 0"ij is not zero, the limit is zero. 

If /"a is not zero, and ^V, is, the limit is infinite. 

If/'« and <lPa are both infinite, the limit is undeter- 
mined- 

Therefore the required limit is the ratio, corresponding 
to the particular value of the variable, of the derivatives of 
the numerator and denominator, of the same and lowest 
order, both of which do not vanish or become infinite. 
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Each ratio as obtained should be carefully inspected and 
factors common to both terms should be cancelled it pos- 
sible before proceeding to the next ratio. 

EXAMPLES. 

(.to .A).., = t™ «].= ■.• 

(--■)/'].= '■].= ■■ 

— A], = "=■']. = ■■ 

(,' - •■)/(«• - .")]. = 3«7"]. = 3II/2. 
(.' - »')/<" -»>']. = 2»/"(« -■■)]. = ». 

(. _ „)•/./„ _ ,)■,«]_ = |(, _ „,vy|,. _ „</.]_ = „. 

(I _ ,1„ .)/co, ,],^ = »s V.to .].„ = c 
(^-,-.)/.to.].= (^ + ,-.)A.s .]. = =. 
»y.ln»], = 2i/m»»],= o. 

»• Jd 3»' J. fcj. 6 J. 6- 

■* Hereafier, for abbrevialion, the forms f{x)^_^ and /tl„ will fre- 
quently be used to express (/i). 
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_ ^+ 2... ,+--■ "! ^^ 

Limits of factors of the given or any derived ratio may be deter- 
mined separately (§ 36). 

The given or any derived ralio may be separated into parls {§ 35), 

.8. t^- vi+y:^-] = (^+ _4^\ / _i 1 



_ )/,■-.■ , y: 



wj/j 



;JL+J 



g. 



~ (, - i)x"'"J," (. - ■)(. -a)i"-'J,~ "■ 

= 1. log (. +!)/»], .!/(.+ »)], = I. 

In some cases it is advisable to transform the terms before apply- 
ing the above rule. Thus — 
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iiS. Form oo/oo , 

If /a = 00 = 0a, we raay write 



^=^/y; = ;, and (§ ..7) 

"::'r;f/^i='"r=v^i 



rf=^^rf^)]. 



Hei 






and since limits of equimultiples of two variables with 
equal limits are equal, we have, multiplying by 

tpxf'x/fx <p'x,* 

limit fx .. f'x 



Similarly, we may deduce 






The method is therefore the same as in the preceding 
article; but by §71 we havs /"a/<p"a = ^ /ao, when 
/a/<pa = 00/co for a finite value of a. Hence for finite 
values of a this method will fail to determine the limit un- 
less factors common to both terras of some derived ratio 
become apparent or the limit o( /"x/4>"x becomes otherwise 

* Taylot's Calculus, §79. 
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EXAMPLES. 



in which H is a positive integer. If n is fractional, tlie exponentof 
X ultimately becomes negative, giving the same result. 
7. Puttingy = x/x, whence _)■ :t*-> o as j; :»-» «j, we have 



(-1/J' 



■/y], - ^"/^]„ = o. 



In some cases we may with advantage place x =^ a -\- h and siib- 
sequenlly make h = a. Thus ^x — a/ y'-c" — a* reduces to 0/0, and 
the ratios of all derivatives of both lerms become a>/» when x = a; 
but putting X = a -\- h,-vie obtain 



/,V'(2« + i]V'J_^^„ (a^ + A)V*J 
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iig. Form o.eo . 

If /(! — o and 0(? ~ «J , we write 

which takes the forra 0/0 or =0 /w when x^ a, and the 
limit may be determined by the method of §§117, 118 
with the same limitations. 



sin X log cot x\ = (sin V^) ^ log cot x\ = log cot V<lA)]o 
= (,Vsta'»XlAot»l],=o. 

sec I (j. sill x- 1ll'!.)\,^ = (x sm x - ff/aj/cos jr]„/, 

'-(-:-)"»s].=-(-3/"i]. 

«(!i-lAl/sl"'("/"«)J. « 
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10. «'(l.j..r]._ «' 1 ■"* "' 1 , 

l/(loS »)"Jo - -Allog »)"'J. 
which remains indeterminate under the method; but placing x = £~', 
whence x"{log xf = (— ify"!™' and yw^t> as xm-^o, we have 
<example 7, § 118) o for the limit. 

120. Form 00 — 00 . 

If/a — 0a = CO — 00, we write 

/-«>'=fe-7y/(*i5)' 

which becoiBes 0/0 when .r = a, and the rule of | 117 will 
apply after the given expression is placed under the form 
indicated in the second member. 

EXAMPLES. 

■■^-»-].=fe-')/^>'?^]. 

In some cases the desired form may be obwined by a more simple 
transformation. 

3, Un , - „= ,],/.= (.in .-.)/=.. '\,. = -""/.to «]„. =»• 

5. , m « - « sec »A]«. = <' .i" » - «/")/"■ »]./. 

= (, CO., + .!.»)/-. to x]„.= -,. 
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121. Forms o", eo**, i*. 

If {fa)^'^ = o" or =0° or I", we write 

log {fxy>-^ = (l}x log A, whence (A)*-^ = «*-^ '"e/-^, 
and 

in which 0a log /« — o . m in each of the above cases, and 
the method of § 119 will apply after the given expression 
is placed in the form indicated. 

EXAMPLES. 

--1 = .""■"]. = '-]. = . ■ 

„_.«■"-]. = ."?»'(-3].=i. 
""""-]. = '•"■■•"'-]. = ■■ 

..(a-" log a + 3"' Log ^ + ... -1 
_^ «'« + *'" + ... J _,log(flJ...H)^^3 _ „_ 

122. Evaluation of Derivatives of Implicit Functions. 

Derivatives which for particular values of the variables as- 
sume indeterminate forms may be evaluated as in the pre- 
ceding cases. 
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EXAMPLES. 



167 



When 



dy 



Hence, (dyldx)\^ = 

Z. ar' -f- J'' = s^xy. 
3. y' -(" S'y' — mxy = *t' 
4- (^+/)' = aV-A 



and <^/(fvJj II — ± CO 

fl>/^]i,„= lai 
dy/dx"]^ ^= ± I. 



Qu/dx = — 4a?y — ao'j;. Zu/dy = 4;^' + (M^y — 40'a;. 
"^ Jo. a aj-' + 3" V - 2°*^ J . (6/ + Za^dy/dx) - 30' J „ _ ^ 
-^W^Lhil H ,-e f^T-^^l -' 

nd rff/'^](,_o^(»± V7)/3. 

= «y - «'.^' - ^' ^ o. 'iy/dx\ „ = ± r. 

= ^' + «A -";-' = « 



l=:X* —a'xy + y^ = 0. 
(-a-'+/ + a= - 3335' = 
i = ys- 3axy + i' = O. 






r± 1/^ 



* dy/dx\ I, has two limiting values for the same value of the v. 
able, hence it is discontinuous at ihe corresponding slate. 
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MISCELLANEOUS EXAMPLES. 

'■jrij, = '- I- ^ — J.-'- 

x' ~i cos-'(i - xr\ 

^ («„.)—].=.. ■'■ 'i.?r" ].°-i- 
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Jii ' log J^ logJ;Ji 

t.n»/tog(.-«/2)],^, = -«. 

Vcot »-«/"»■ »],„=- ■■ 

(. - ,) 1,0 («,/=)], = v- 

(«,■ - 2«, + «!■)/('»■ - »fa + «<■)], = •/». 

(1 - .in » + CO, i)/(,m , + CO, » - l)],„ = I. 

(o - I - . log, +, log i)/(, - ^2^ - I")], = - I. 

(,,to.-«A)Ao,«].„ = -l. 

(,»-,-»_«„„/,.],= ,. 

( (/i"- ,m , - CO. ,)/log sm ,].,. = - ./a VJ. 

\_{f- t-'f - 2»V + <-)]/*'], = - =/3. 

[(j^ - aj'/IC — ^")]a = o or C-" or CO, according as » > I, 

H = r, » < I. 
•/(I + cV") + <VA(I + rV")'], = o. 

1/(1 +<-'/•) - <-v><i + <-/.)■], = I. 
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CHAPTER X. 
DEVELOPMENTS. 

123. The development of a function is the operation of 
determining an equivalent ^n/Vf or convergent-infinite series. 
When this can be done, the function will be the sum of the 
series, which, in the case of a convergent-infinite series, is, 
also, the limit of the sum of n terms as « increases without 
limit. 

A convergent series having a given function as a limit 
may be used to determine approximate values of the func- 
tion, the degree of approximation depending upon the ra- 
pidity of convergence and the number of terms considered. 
A divergent series should not be employed in finding ap- 
proximate values of a function, or in the deduction of a 
general principle or formula. 

Let S represent a function giving 

.9 = I., +«, + ^., + ... + ;.« + etc. 

Denote the sum of the first n terms by S„, and the sum 
of the following terms by J?, called the remainder; then 
S=S.+ R. 

The series is convergent if J? is an infinitesimal as n in- 
creases without limit, in which case S is the limit of S„. 

When S is the limit of S„ as n increases, it is also the 
limit of ^„_i, and we have 



:[..-.„.]= 
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That is, in a convergent series the «'" term is an infini- 
tesimal as n increases, but tlie converse is not necessa- 
rily true unless St has a finite limit under the law; for 
lim ;i„ := o = lim [6'„ — ■S'b-i] may occur when S -= '^ . 
Therefore a series is not necessarily convergent when 
the n'" term is an infinitesimal as n increases, 

124. Taylor's Formula has for its object the development 
of a function, of the sum of two variables into a series arranged 
according to the ascending powers of one of the variables with 
coefficients which are functions of the other. 

Assuming an expansion of the proposed form, we write 

/(^ + /6)=X. +^,A + ^/'+ . . . +J^„4.i^"+^, {b) 

in which X^, X,, etc., are functions of x to be determined, 
and R the remainder after « + i terms, 

h=- a gives fx = X,. 

Placing x-\- h = s, and differentiating, first with respect 
to X and then with respect to A, we have 

df{x + h)/dx = {dfs/ds){ds/dx), {§ 77). 

df{x + h)/dh = {dfs/ds){ds/dh). 

But ds/dx = ds/dh, hence 

df{x + h)/dx ^ df{x + h)/dh. 
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Hence, differentiating the second member of (S) first 
with respect to x and then with respect to h, we have 

dX^ , dX,, , dX,,, . dX,^, . , ^X,,^. . 

^ + ^^ + ^^ + ^'^ + ^^^- + -^''" + «<^- 

= X, + 2X,A + 3^/' + 4XJ1' + etc. + K^^+i-^^-'H- etc., 

which is an identical equation, and by the principle of in- 
determinate coefficients we have 



dX, 



dX, 



dX, _ 



dx 



$X. ,.. . ——- =nX„.i, etc. 
dx 

Since X, =fx, dXJdx =fx, .". A', =f'x. 

= f"x = 2X„ and X, = i/"x. 

= i/"'x ~ 3X. , and X, = —f"x. 
etc. etc. 

/" jc=fflX„+i, and -fa+i = r /"x. 



dx 



etc. 



Substituting these expressions for ATi , X, , Jf, , etc., in 
[b), we have Taylor's formula * : 

f(x + h) = fz + f X h + f'x hy2 + f "X hy|3 + . . . 

+ f"xliV|n + R, ....(<-) 

in which fx represents what the given function becomes 
when ^ = o, /*;«, /"a-, etc., represent ihe first, second, 

* Formula published in 171 5 by Dr. Bcook Tavlor. 
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etc., derivatives of fx, and R the sum of all of the terms 
after the [n + i)'''. 

The second member of {c) is also known as the develop- 
ment of the second state of a function of a single variable 

(8 s)- 

Designating f{^x + fi) by y' , and fx by y, we have 

which is another form of (<;). 

To apply Taylor's formula, cause the variable with refer- 
ence to which the development is to be arranged, to vanish. 
Differentiate the result and its derivatives in succession until 
one of the highest order desired is obtained, and substitute 
them, respectively, for their corresponding symbols in (he 
formula. 

Thus, to develop {x -\- y)", place j" = o, and differentiate 
x"*, whence 

f{x) = X", fix) = mx"'-\ etc. 
fix) = ^(^ - i) . . . . (^ - « + j)x--«. 
Substituting in (f), we iiave 
-««—,+ ! 



(» +,)- = «- + «,— , + 5(2__£) ,. J,. + . 



-r + x. 



125. Lagrange's Expression for the Remainder In 

Taylor's formula put a; + A — X, whence ^ = A' — jc, 
giving 

/AT =/« +/'«(X - x) +f"MX - *)"A + . . . 

+/-,(x -«)■/[» + a . . (.) 



y Google 



174 DIFFERENTIAL CALCULUS. 

Assume R = P{X — jc)" + '/] « + i , in which P is an un- 
known function of X and x, which will make (i) exact for 
all values of x and X, giving 

fX-Jx-fx{X-x)~ ... 

-rx{X ~ xY/\n ~ F{X ~ xY^y\n + i = o. . (2) 

Substitute s for x (except in P), and let Fs represent 
the result which in general will not be equal to iero, 
giving 

Fz =/X-fz -f'z{X ^z)~ ... 

- rz{x - zr/\n ~ p{x - .)» -^ ■/ !« + 1 . (3) 

From {3) and (3) we see that Fx = o, and from (3) we 
have Ji'X = o. As s varies from x to X, Fz increases and 
then decreases or the reverse, and F's, if continuous, must 
change its sign by vanishing for some value of 2 between X 
andX (§16, §63.) 

Differentiating (3) with respect to s and reducing, we 
have, since the terms with the exception of the last two 
cancel in pairs, 

F'z = - /" + h{X ~ zY/\^ + P{X - s)Vl«- 

Let x-\-i)^{X — x), in which 0^ is a positive number less 
than unity, represent the value of z for which F'e ^ o. 
Then 

p=r^\x + 6^{X - x)) =/''+^(^ + vo> 
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and R = f-^\x + ff„h)h"'-y\ n + i *, 

in which o <0„<i. 

This expression for Ji enables us to determine the condi- 
tions of applicability of Taylor's formula. 

When as «i»->os, Ji is an infinitesimal, the formula gives 
a finite or convergent-infinite series for the function. 

This condition is fulfilled when as nm-txi^/x and /'jc 
remain continuous between states corresponding to all values 
of X from any assumed value oi x to x-l- A, for then 
/''*'(x-\-0„A) is always real and finite, and {§41) -^""^'/j^+i 
approaches zero as a limit. 

With any assumed value of x which fulfils the above 
condition, /i will frequently have limiting values. They are 
the numerically least positive and negative values of // that 
cause /^ or any of its derivatives to become discontinuous 
when a: + A is substituted for x. 

If, for any. assumed value of x, fx or any of its deriva- 
tives becomes imaginary or infinite, the corresponding limit- 
ing value of h inust be zero, and the formula is inapplicable. 
It may, however, develop the function for other values of 

To illustrate the use of R, take the example 
{x^yy := ^^ + mx"'-'y + ^^^-^^^--y + . . . 



which fx ^Mm~i)....{m-n + 1)^""", 



yGoosle 



1^6 DIFFERENTIAL CALCULUS. 

When m is fractional or negative, n may increase without 
limit, the series will have an unlimited number of terms, 
and m — n will become negative when n>m numerically, 
giving 

rx = m{m-,)...{m~n+iyx'-" 

If X <o, Che development fails when the exponent n — m 
is a fraction with an even denominator. 

\l x-=^ o,f''x ultimately becomes w and the formula is 
inapplicable- 

If jc > o, we have the ratio of R to the (« + a)th term 
equal to 

(«/(« + «.;.))"", 

which vanishes as n »-> oo ; and R, therefore, diminishes 
indefinitely when the successive terms in order likewise 
decrease. 
The ratio of the {n + i)th term to the «th is 

» - « + 1 ^ ^ »./»-■ + ./« > 

n X I y 

the limit of which, as « :«-^ oo, is —{yjx). 

Hence, when x is numerically greater than y the succes- 
sive terms in order will ultimately decrease indefinitely. 

In which case R will be an infinitesimal; and we conclude 
that when m is fractional or negative, the binomial formula 
develops {x -\-ff for all positive values of x numerically 
greater than y. 

EXAMPLES. 
1. Develop (.r+7)V^ 

f{x) ^ V^ fix) = 1/2 V^. /"{^) = - 1/4 V^. etc. 

(x + y)'^ = V^+ 1-/2 V^- //e V^' + s. 

which fails for :v = or < o. 
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i. Develop cos {x +J'). 

/(i) = CO, «,/■(.) = - sin X, /"(») = - CO. X, 
/"•(x) = .In X, etc. 
CO. (X +>■> = CO. X -7 .to X - y CO. x/! +/ .io x/|3^ 

+rco,x/|4 + /;, 

which ia true for all values of j and^. 
Making j- = o, me have 

CO. , = I - /■/!. +7'/|i- y|^+ it. 
3. slo (X +7) = .in X +7 CO. X - y .in x/z - y co. x/|3_ 

+ /.in«/|4_+/cc.x/[s^+X. 
Whence .in 7 = 7 - 7VI3 +y/|5^- y/l7^+ ^. 

*"° '"+-"^"" '' + (/(TrSij- + V(7^r^ ^ 

I-J-2X* y . 3x(3 + gx'l 7' ^y 
(/(. -x')'|3. VCT^^'lt^ ■ 
which fails when J- = i or > i iiiinierically. 
For values of a- < i numerically, limiting value ofy = i — x. 
Making x ^ o, we have 

Ein-'j. =^-]-y/|3^+ 3V/|5_+ ^. 

....-.(x+.,=„.-.x+^,-jji^,^+|f^:iV. 

which is true for all values of x andy. 

Whence tan-^j- =y ~ y'/3 +y/5 + R. 

5. Develop logafjr + _!'). 

fx = \os^. f'x = Ma/x, f"x = - Males', etc., 
f«x - {-^ i)"-'Af„[ « - -i /x". Hence, 

log=(^ +7) - log^ + M.[l ^ g + ^ _ . . . +(_i)«-i£LJ^_ff. 

In which J? = ± iI?«7"+V(« + iX>* + V)"'''^ is an infiiiitesimal, 
as « as-* a> when x = or > y numerically. 
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If T = o, the formula fails. \l x = \, we have 

IOE.(i +^) = M.{y-fll + . . . -I- (- i)-.^V«) + ^. 

log { I + jv) = jv - Wa + y/3 - //4 + -ff . 
7. a^'ry = fl«(i + ioga;.+ logVV^ + - - . + Iog«^j^/|») + ^. 

;^ = «''+«"'! ioe''+"«/+y|«+j 

is an infinilesimal as »«»->», since logo is a constant, while 
\y/{" 4" ')\ ^^~* "- Making jt = o, we have 

.'= I + log«7 + log'.y/s + . . . + lo8"»r/l« + ft- 
8. D.vdop (»'''+/)". 

The variables are 4/j^anil _v. 

When the variables considered are not represented by the first 
powers of tetters, substitute the first powers of other letters for the 
variables, develop the result, and resubstitme the variables for the 
auxiliary letters. 

Thus, placing x^^ =r,aud>' = j,wehave 

(,'/■+,■)■ = (,• + ,)•, A'-)'!'. /«=!•', /'W.!<»J,etc. 

fjf +ff = (, + ,)' = ,-. + 5 A + toA- + roA- + sr,' + ,• 

= «•'-+ S»V + .<»''V+ .0:r/+ 5,Vy+y.. 



which fails when j^ = — a or < — a. 

* = a gEves /<" = isS'^/^Vs, .■. 6 ^ 64/225; 

.but the development would fail with more terms. 

U X < a, the formula fails, 

11. tan (:.+y)= tan :K + sef' x;- + 2 sec- :f tan :.yA 

+ 2 sec' ^{I + 5 tan' j:)^'/ [3^+ A 

Inapplicable wljen j; = 7t/z. 
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cos' (jr-j') — cos' jr+^sin 2a; —j-' cos ar — a/ sin 2j;/3 
+7' cos 2^3 + ^J-" Sin it/is + ff. 

+ (Kj." - ^J;- + 3(2^ - i.)y- + zy. 



«^ 


-^"r- 


+3i^' 


+# 


= ¥ + 


,»■, 




(». + ,/7')- = 


flV + 3^ 


/7' + 3 


V/ + 


// 




logs 


• {»+j') 


= log sin 


,+j.e 






ec-,/ 








+yc 


osVJ 


■m'xJtR. 


<»- 


,,)V=,v_£:p: 


~ 9 


/_5J^ 


-IJ, 


+ A'. 


(^ 


-tr 


'"=(i 


"^ 


f(=i) 


'"■( 





22. ( - jV + x)-^ = y-" ~ 2xy-> + ix^^r-^ - 4J:2j'-» + H. 

23. sinh (J^ + J-) — sinh J<i+j'y|2_+y/|4 +-ff) 

+ cosh^(j+//l3.+ Ji"). 

24. cosh (^ + j) ^ cosh ^l +J.V3 +JVV|4 + -ff) 

+ sinh a:(j + //|3_+J'V|5_+^). 
126, Stirling's Formula.— In Taylor's formula inter- 
change the symbols x and /;, and place A = o, giving 

fe = fo + f '01 4- f "o~ + . . . + f -oi' + R, . (») 
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which is Stirling's* formula for developing a function of a 
single variable into a series arranged according to the ascend- 
ing powers of the variable, with constant coefficients. 

fo,f'o, etc., represent what the given function and its 
successive derivatives respectively become when the vari- 
able vanishes. 

Placing/^ =^ u, we write 



-I , du-\ .d'u^\ w' ,^''(1 ^^ 



+ Ji. 



To apply the formula, differentiate the function and its 
derivatives in succession until one of the highest order desired 
is obtained. In the function and its derivatives make the vari- 
able equal to zero, and substitute the results, respectively, for 
their corresponding symbols in the formula. 

Thus, develop {i + xy". 

/w = (, + x)-, rw = »(.+«)—,... 

/•(x) = ™(» -.)...(». ^ « + .)(. + «)". 
/(») = ., no) = m. /"(o) = »(«-.), ac, 

/.(o) = »(«-.)...(»-»+. )• 

(, + «)-=,+«, + «(™-.)«y2 + ... 

+ m(m-,)...t.„-nJri)=c-/\« + £- 

127. From § 125 we have, by interchanging x and h and 
making ^ = o, 

* This formula is generally known as Maclaurin's, but it was pub- 
lished by Stirling in 1717; and not by Madaurin till 1742. Ic is a 
particular case of Taylor's formula which was published in 1715. 
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in which x^ + ^ /\ n-\- i m-^ o as » p-» to (§41). 

Ji is therefore an infinitesimal as « 3»-> =0, provided/":* 
is continuous for all values of x from zero to the value 
assumed. 

The limiting values of x in any case are the numerically 
least negative and positive values of x that causeyir or any 
of its derivatives to become discontinuous. 

It is important to note that if/" o is imaginary or infinite 
for any value of n, the formula is inapplicable for al! values 
otx. 

To illustrate the use of ./?, take the example in §126, 
whence 



When m is fractional or negative, and n is increased with- 
out limit, m — n will become negative, giving 

(,+»)■- = ,/(,+,)—. 

/"{x) will remain continuous for all positive values of x, 
but will become unlimited (ox x — — i. Therefore — i is 
the limiting value of x, for which the compbte formula 
gives exact results. 

Writing 



Ji = ~ 



[ "+■ (. + «.«)"- 



it may be shown, in a manner similar to that employed 
in § 125, that R is infinitesimal provided ^ < i numerically, 
and the series will be converging ; otherwise not. 
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EXAMPLES. 
I. Develop logs (l -f- x). 

y(i) = tog. (■+»). .-. m = o. 

/'■w = - ,T$^- •■• /"<») = - "»■- 



<! + »)■■ 






h! - I J?a 






log.<l+») = «.(i-^+ J-. . . ± -) + ". 



in which /?' = (— I)" 
the iaw that h increases without limit, provided x — or < I nu- 
merically. 
2. (I - J^'l'^ = I - ^/2 - WS - etc. + /?. 

, J. .in , = , _ ^/|3_ + »y|s_ - «'/ 12_ + i', 

itr which ^ = sin [(« + l)ff/3 + e,^]37"+r/|«^j-_, is an infinitesi- 
mal. 

4. CO. X = . - «•/!! -I- ii/li - iy[6. -f S 

in which ,? = cos ((« -[- i)*/^ -f ^-^'+71 " + J . 
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Since cos a- = i/siti ^/i/a', the development of cos ^ may be 
oblained by differentiating that of sin x 

The radian measure of i' iso.oooagi — , for which value the develop- 
ments of sin l' and cos \' converge rapidly, giving their values with 
great accuracy. 

5. a== t+loga.^+loe'«^ + ... + log"«^+ff, 

in which R = o*"^ log""^^ a x'^^j \n + 1 diminishes a 
without limit. 

Placing fl = f, we have 



f-=i+:r+^ 


r+- 


■ ■ + 


E+' 


!« + ■ 


= I gives 












'=■+ 


' + i 


r+1 


i+i 


i+-. 


•+t 


.ra=,+. 


■:(/- 


-_ 


x' 


,v= 


^ + P 



=(.-?+g'— )+('-i+-)''-^ 



Substituting — a- for . 






,1 



which are known as Euler's expressions for the sine and cosine. 
From (c) we obtain 
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In (a) and (b) put x = mx, then 



,— •■-■ = CO! m 


, i 4/:r7 ,ta , 


»x, 


= (,"•-=-.)■■ = (. 


:o> , ± (/^i 


.in »). 


y— ,,i„,« = (. 


=0! X ± V^ , 


,io ,). 



which is De Moivre's formula. 

Expanding the second member by the binomial formula, and equat- 
ing separately the real and imaginary parts, we obtain, m being a 
positive integer, finite expansions for cos nix and sin mx in terms oi 

Thus, m = 3 gives 
cos 33^ ± V^^ sin 3J^ - cos'^ + 3 cosM± t^^^sin :v) 



In (f) place y - i = t, giving 

cos ;f = (^ + ^-^)/2, sin x = {6'^- e"^/2i. 

From which, putting xi Sat x, and multiplying boih members of the 
second by i*, we have 

cos xi = i,' + ,-')/a, sin xi = ,V - '-*)/2. 

If /(~ ;c) = —/(a;), the development of /(x) will con- 
tain powers of x of an odd degree only. Such functions 
are called odd functions.* Entire functions all terms of 
which are of an odd degree with respect to the variable are 
examples, also sin *, tan x, cot x, cosec x, sin^^a:, and 

If/(— x) ~/{x), the development of /{x) will contain 
powers of x of an even degree only. Such functions are 

* Rice and Johnson's Calculus, §^169. 
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called even functions, of which cos x, sec x, vers x, and all 
entire functions containing powers of the variable of an 
even degree only, are examples. 

6. Develop sec x. 

A') = sec -.tan a:, .-. /'(o) = o. 

fix) = sec :. (I + 2 tan'j;), .-, /"(o) = i. 

/"■(^) = sec ^ lan j: (5 + 6 lao'jr), .-. /'"(o) := o. 

/'■(^) = sec ^ (5 + 28 tan'x + 24 (an'^), .-. /''(o) = 5. 

Hence, sec j- - i +a^/a + 5-*V'z4 + bix'/jzo + R. 

7, Develop cos'*. 

/(,) =3!inx(.m'«-l), .-. r(o)=o. 

/■V) ^3cos^(3sm'^-i), .-. /'(o)=-3. 

/'■(») = 3Bmi(i-3!lii"» + 6"="»), •■• /»=o- 

/■■H = 3co=.(l-9.[n'i-.!..to'» + 6cos'i), .-. /"(o) = 21. 

Hence, cos'jr = l - ^^/^ + 7^V8 - etc. 

3. Develop (l + e*)". 
/'(»)= -(I + <^"''<', .-. /'(o) = «2-'. 

Z'V) == "(I + ^)""' e^[(i + ^) + ^(« - I)], 

.-. /"(o) = «(« + ,)!—. 

,-■ pi +'')" + <»-"X> +'•)'• "I 

.-. /'» = .■(» + 3)2"-'. 



(I + rt" : 



■■[--■ 



■ ■(. + »■ , «■(. + ;) J 



13. 
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Q. Develop /" "" ■* with respect to sin" !c. 
,- """'-■=,+ „ ,ln- 1 + ..'(•■=-'«)■/» + ».'(.m->i)"/|3.+ Jt. 
lo. Develop e^^^" "with reference to j:. 

The general rule ma.y be applied, but the following method * is 
perhaps simpler in this case. 

Place emf&a'-^ X = y, then dyjdx r=nie™^^~^ "/ ^i — x^, 

and d^yfdx' = «' «'" ^'' '/(i - x') + mx>"''>'^-' "/(i - x'f^. 

Hence {, - x'')d'j'/dx' - x dy/Jx = m'y (i) 

Assume y = A^ + AiX + A^^ -\- As^r^ + . . . +A,^ + ff. 

Then dy/dx = A, + 2A,X + . - . + nA«:<^-' -f H'. 

d'y/dx^ = 2^, + ... + «(» - 1)4,^-2 + ff'. 

Substituting in (i) and equating the coefficients of x" in the two 
members, we find 

^»+2 --*«('«'+«')/(« +!)(«+ 2) (2) 

from which ^J] , A3, A,, etc., maybe determined in order when ..^o 
and Ai are known, 

Hinct (2), ,4, = ,»Vfc •<. = '»("' + >)/& Mc, and 

^■a •=l + »i + -^ + ^^ ^ ^ h*. 

Comparing this result with that of example 9, we have, by equating 
the coefHcients of m, 

■■•■'"-" = ' + f+f+T + ^- 
Similarly, by equating the coeflieienls of "i", 

* Todhunter's Calculus. 
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187 


..,„„-..,■ -.- + 3 > 3:,,;:. +3.', 


ri^^1^+- 


Equaling the coefficients of m", we have 




.3.(sin-'^)= = ^» + 3'(i + ^)'|^' + 3-.5' 


(-j+yi-- 


Dividing both members of example 12 by 2 
have 


and differentiating, we 


-7S = '+f+ff^+¥i 


f+- 




r-ar', we obtain 


■=■ '■-•'"'='"-" = '-?-?? -5 


-K-H- 


in which, putting X — sin 9, we have 




,6. »cot» = .- !i!!^_i!!£l^_ilt 


?^' + ^. 



3 5 3 5 7 



When the determination of the successive derivatives of a higher 
order is laborious, a sitnpier method may be employed provided the 
development of/V) 'S known. 

Thus, since sin^' x is an odd function, which vanishes with x, we 

/(jc) = s!n-i j: = Ax-\- Bi^ + Cx'- + Dx' + etc. 
Differentiating, we have 



Developing i/ ^i — x^, we have, provided x < 



y Google 



l88 DIFFERENTIAL CALCULUS. 

(i) and (2) are idenlkal Hence, 

A = \, B = -^. C= — ^- - . D = —^ 
2.3 3.4.5 2.i 

3 S-7- • ■ (2"- 



\aA coefficient of « -f- i 



, ^ 316 3.5^'' 



3 . 5 . 7 ■ ■ . (g" - r)^+' 

2.4.6...2H(2« + I) 



which is convergent for * < r, since each term is less than the < 
responding term in the geometrical progression 3: + j' + jr" + etc 



From which jt— 3.i4r5g . . . 

17. Develop ran-'jr. 

Since lan~'j; is an odd function which vanishes with x, w 

fix) = tan-i x = Ax + £x'+ Cx' + Dx' + etc. 
Differentiating, we have 

/■W = 1/(1 +»■) = /! +35»'+ !&' + 7i>i'+ o 
Developing 1/(1 + ^''), ™e have, provided x <. l, 

(o) and (li) are identical. Hence, 

A^l, B = -lh, C=i/z. D = -\h, etc 



7 + -?. 



in which R is an infinitesimal as n >fe-^ m provided x 
numerically. 
If J- = I = tan fK/4), we have 

^/4 = I - 1/3 + 1/5 - 1/7 + R. 
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To obt^n a development which converges more rapidly, let 
= taD-l{l/s), and B = A(p\ ihen 8 = 4 tan"' (t/s). Hence, 



'^" " ~ I - 6 tan' + tan' (& 119" 




We also have 




tan (6 - 45°) = da" e - >)/(! + tan fl) = 


i/23g. 


Therefore 




e - 45' = tan-l (1M9). and 45" = - tan 


' (1/239). 


V4 = 4lan-'C/5)-tan-'(i/23g)» 





Developing tan-' (1/5) and tan-' (1/239), 2"^ substiluljng 



^5 3(5)' 5(5y 7(5)' 



\239 3(239)' 5(239)' 



which converges rapidly. Seven terms of the first set and three i. 
the second give Tt — 3>'4I5926S35897Q3 . . .f 

^-^^ + iog(i+^) = ar-3^ + ^_^ + ^. 

^ cos X = T -r ^ - Ti^yjS - 4^/11 + J?- 

log {x + vr+^) - 0. - ^y|3 + f^y\i_+ ^■ 
.'^' = ^' + x^ + x'/\i + ^yi3 + ^. 

(I + ^)/(t - ^) = r + 2;r + 2^" + 2^> + S. 

* Known as Machin's Formula, 
t Haddon'B Differential Calculus. 
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[Suggestion, — Put xj^x — 1) — I — i, and in development of (i — s) 
pu( . = r/(i - *).] 

25- (1 + 2i= + 3^')-^/= = 1 - J^ + 24^ - 7->^V4 + 3i^V2 + ^. 

■^ _ ^) = ^. ^ ^./3 _ ^y|3_+ ^. 
- j:')-= = I + 2^' + 3^' + 4^" + R- 
,. ^-/cos ^ = I + ;. + ^" + 2^V3 + ^"h + 3^/10 + R. 

. v'lH- 4^^ + 13^" := I + 2^ + 4^= + ^■ 
^-i/a;' = I _ i/^! + i/2^« _ i/6j:e 4- R, 
,--' = . - ^' + ^/2 + ^. 

. (I -{-x'ff' = I + 5^'/3 + 5^/9 - S-v'/Sl + A 
.~>^ = I + ^ + ^y, _ ^/6 _ 7^724 + A-. 
> ^ = *' - J^Va + 2j:V3' -5 + -ff- 
sec X ^ *V2 + -^V" + ^/45 + -ff- 

- log (I + ^) = :. + ^ys + a^/]3.+ 9*715. + ^. 
i,nx = x-\- xy3 + 2^/15 + 17^^7315 + JP- 
og (I + sin *) = * - ^V2 + ^/6 - x'/i2 + ff. 

;. log (t + ^"^ = iog 2 + ^/2 + *V2' - j:Va'|4_ + i?. 

,. {^ + e-'Y = 2"{i + «^V2 + "{3» - aK/|i) + -?. 

x=\tx~ x/3 - x'/i" . 5 - lur>/35. 5 . 7 + -ff- (By method 



of Indeterminate CoeiEcients.) 

45. tan' x = x' + 4^73 + 6^/5 + ^■ 

46. By means of Taylor's and Stirling's forniulas deduce the fol- 

lowing : 

sin (x ±y) = sin xcosy ± cos * sin y, 
cos(* ±>.) = eos^cosj' T sinxsiny. 

47. sinh ^ = ((^ - ^"^j/s = X + xy 3_ + ^y|5_ + J- 
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48. cosh ^ = (^ + t-'M^ = I + :rV2 + ^7 14_ + R. 

49. COSh"j: = I + nx^[-i + »<3n - 2>V|4 + R- 

50. Iog(smhi/x) = j:'/6-:c'/iao+^. 

51. tanh-J x = ;r 4-^/3 + aV; + -^- 

52. sinh-l W) = =^h - ^h ■ 3"' + 3^V2 . 4 . 5^'^ + ^. 

53. Given 7' — jji -]-■■* =^ 0| ils^slop J' i" terms of the ascending 

y^fx, /o = o or iV? 
jj'" !^/(£t: — yiyldx +1 = gives 

dyjiL^^ = - l/(V - 3)\ = 1/3. for J' = o. 

2y(dy/dxy + y\d-'y/d^-') - d'^jdx' = o gives 

d^vidx'\ = - CAdy/dxr/isv' - 3)]„ = o. 

^'r/'^^'Jo = 2/27. 

Hence, > = ^3 + ^Vs' + -ff- 

54. Given aj'' — j/jc — a — o; show tliat 

55. Given y^ — 8/_|' = &r; show that 

_,. = 2 + ^-^y3'3 + ^V2-3-4 + A 
;6. Given y^^ — Sj' — 8a^ = o; show Chat 

y = -^-xys~ 3-^72' + ^. 

57. Given 4j^jr — / — 4 = 0; show that 

y= -4—4'x - 3(4)''a:" + Ji. 

58. Given y — o'_c -\- ayx — j;^ = o; show chat 

, = -,•/■■-,./•■-"/■'+* 
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59- Given s\a ip = x sin (a + 0); show that 
^a = «ff+siiJ«.^ + sin2a.^Va + 3Mna.(3-4siii"a)^/|3 + ^- 

6o. Develop — ^ ■* 

By Stirling's formula we write 

Since /x = /(—«), the development contains no power of j; of an 
odd degree. 

Writing {e': + i)/U'= - i) = i + 2/(^ - i), we have 



Differentiating, we have 

''(/(^)+/'W)=/'W + ^ + ^^ (0 

^(/i:^)+2/w+/"w)=/"w+'-^^^^' (2) 

^ (A^) + 3/'(^) + 3/"(^) + /-"M ) = /"'(^) + -^T^- (3) 

Making a: = o in (i), {3), etc., we find 

/(o)=., /'(o)=./6, /"(o) = -,/3o, /■i(o) = ./4^, 
/«"(o) = - ./30, etc. 
Hence, 

2.- -I ^62 30[4 4=|6 30 li ' 

* Edward's Differential Calculus. 
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; placing 



The coefficients represented by j?;, £,, B^, etc., ave 
used in the higher branches of analysis, and are called 
Bernoulli's numbers. 

128. Extension of Taylor's Formula to functions of two 
or more sums of two variables each. 

Let u—f{x, y), x and y being independent variables ; and 
let it be required to develop /(3^+A,_>' -J- i), in which h and 
k are variable increments of x and >• respectively. 

If, in/(.c, j), X be increased by h, and/(jc ■\'h,y) be de- 
veloped by Taylor's formula ; then if, in each term of the 
result, jv be increased by k and developed in a similar man- 
ner as a function of_l' + k, we shall have /(.»; + ^,j + i) — 
sum of the latter developments. 

Otherwise, develop 0(/) = f(x + M J + kt) as a func- 
tion of t, by Stirling's formula, and in the result make 
^= I. 

m -/(■* -^ht,y^ kt\ .: 0(0) =/{x,y) = u. 

In order to express conveniently the successive deriva 
tives with respect to t, place x ~\- kt ~ w, and y -{- kt = s. 
giving 0(^1 ^ /(w, s). 

Hence (§ 102), 



^0W. 
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Also ^w/dt = h, 



Hence, 



dm _ 



dy ■ 

dl\ dx I dx'dw dt dxZs dt dx' dx dy ' 

Similarly, g^— -J - -^i + ^^/,, 



,^«.(;) = 3-«0(()i"+Vi«-+' + (, + i)c,-*-4,(l)h-l,/dx-dy 
+ ... + 3"«0(()i""/*"*"- 
Therefore 

./.'(o) = 0»/i«)4 + @«/dy)t, 

etc. etc. 

^-(«4=[?5:g^'-+(« + .)^« + e.c. 
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Substituting in Stirling's formula, and making t=- i 
have 









■*"*' J<.>. 



It should be noticed that 

<pf'^'{t) is, in general, a function of * + ^^ and y -\- kt\ 

<^"+'(o) is the same function of x and;* ; 

<p"*^(H„t) is the same function of j; + kd„l and y + •^^^^ " 

^''*'{^a) is the same function of j; + (i«h and _)< + ^.■■*- 

Therefore the remainder term in [a), which is equivalent 

to -^— 0"-^"(&„), is the same function of a^ + O^h and 

y -\- d„k that I 0""^'(o) is of ^ and j. Hence, the re- 

mainder term, denoted by Ji, may be written 
^^r4-r?S'^°^'+(«+^)|^'*'''^+etc.+|^V+n. 

From § 125 and § 127 we see that formula [a) develops 
the given function provided that, as n increases without 
limit, 0''(o) is real and finite and R is an infinitesimal or. 
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what is equivalent, provided tliat u and all of its successive 
partial derivatives of the «"" order are continuous between 
all slates, corresponding to values of x and y from any 
assumed values ia x ^ h z.r^&y + K under the same law. 

Having u — f(x, y, z), vic may, in a manner analogous 
to above, deduce 

2 \_dx 4" "^ 

+ etc. etc. 



the remainder term being indicated by the symbolic form 
described in § 109. 

In a similar manner, a formula for the development of a 
function of any number of sums of two variables each may 
be deduced. 

129. Extension of Stirling's Formula. — In {a), % 128, 
put * = o and j — o; then write x and y for k and k re- 
spectively, giving 

«=/(«,,)=/(o,o) + [|\ + |,X_, 
+ etc. 

, I ra , 3_T*' 
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which is a formula for the development of any function of 
two variables in which /(o, o), i^du/dx)^, ^^uldf\, etc, 
denote constants resulting from making ^ = o andjv = o in 
u, "du/dx, 'd'u/dy', etc., respectively. 

The conditions of applicability, for any assumed values 
of X and y, are that u and all of its successive partial deriva- 
tives shall be continuous for all values of x andj from o to 
those assumed. 

In a similar manner we may deduce from {b). § iz8, and 
its extension, corresponding formulas for the development 
of any function of three or more variables. 

EXAMPLES. 
I. Develop {x + ky(,y + k)". 

a = f{x, y) = x"'y. ~ = mx'»-'f, -^ = nx'^y-*. 






Subslitutmg in formula («), g rz8, 

(x + hYi.y + ky* = *™ji^ + mx-'-^fh + nxiif~'^k 

+ «(b - rK^y-aiy^ + i?. 
2. Develop (.IT + *)'[(« +jl')-l-ip. 
9« 



., 


=/!» 


-.7)^^ 


'(•+* J 


; = "( 


" +rf, 


* 


= 3''(. 


. + «■ 




^2<a 


'+7)". 


dxdy 


+ 7)', 


a'. 


= &rv 


'+)'). 




3'-. 




3'» 


= 6(. +,)■■ 


3"« 


= „,(> 


.+»). 




^6^'. 






a'a 


= i2(« + r). 


S'h 


= .». 




3'» 


^ 12. 
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Hence, substituting in formula (a), § 128, 

+ 3(« +:f)4'^ + 2a^'5^3 _|_ ^!^!, 

3. Develop » = if'' sin y. 



/(o.o) = 



\dxdyjv 



\dx^dyja \dxdy'l \ dy' jo 

Hence, e-^\n y = y + xy + ""^ "i' + T^ - f^ ^ R. 

130. Theorems of Lagrange and Laplace. 

Suppose y=z-{- x(p{y), (i) 

in which x and z are independent, and let it be required to 
develop /(^) according to the ascending powers of *. 

Placing a =f{y), in which case u will also be a function 
of X and s, then developing by Stirling's formula, we have 



m.£- 



r + 



+m .^+^. 



in which the coefficients of the different powers of ^ 
functions of z. In order to determine their values 

transform — , -j-;, etc., before making * = o. 
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Differentiating (i) with respect to x, we obtain 

Tiyldx = <p{y) + xld0{j')/dy'\{df/^x), 
whence dy/dx - (piy)/[i - xd4>iy)/dy]. 

Differentiating (i) with respect to s, we have 
dy/dz = I + x[d<P(y)/dy]{dy/dz), 
giving dy/dz - i/[i - xd(f>(y)/dy]. 

Hence dy/dx = ^iy)(dy/dz). 



Since 



_3«§j' 9«_3»^ 



lix dy dx' dz dy dz^ 
ve have 

^u/dx = 4■{y){^u|dz) {3) 

Observing that 



;(*w|) = |-(.w|) 



/■i*y)-&_^_^.^,Wy 



ciy dx dz 

= Ay) gives 

'du ^ 'df(y) 'dy 3^^§A2)§Z 
dz ?iy dz' dx 'dy dx' 



+'^(j')£fc. • • (4) 



we have, differentiating (3), 

dx- dxV"'dtl dxV^-" ^y dz) 



dz V^^ ^y dx) dz V^^'dx I 
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He„ce,by(3), |^ = |(^W; 



Hence, by (3), |? = |(?G)'?^). 



which shows that the law of formation is general. 
» = o gt.es , = z, »=/W, and ^- = ^ A 






Sttbstituting these expressions in (2}, we have 



+ff(*)'^V- 



which is called Lagrmige' s Theorsi 
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Suppose t^F{z-^x(t>{f)). 
Placing^ = 3 + x<p{t), we have 

i = Hy), u=Ai)=/(ny)). "<i j^^ + M-FM). 

to which Lagrange's theorem is applicable provided we 
write /{J') for /, and 0{-^) in place of 0; therefore we 
have 

, x" 3""' \^r x" 9/(^(2)) 1 

+ ..., 
which is called Laplace's Theorem. 

Since the theorems of Lagrange and Laplace depend upon 
that of Stirling's, they hold only when x is small enough to 
make the developments convergent. 

EXAMPLES. 
I. Develop^ = j + j:e^. 

In this case f[y) = y, /{z) = z, 

<p{y) = i', and 0(s) = c", 

5i(«^l^) = ^<-> = ""-'"• 

Hence, from Lagrange's theorem, we obtain 
. + ,<' = . + ,.» + 2,!.^ +3W.^+... + ,.-l,-.ei + ^, 
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2. Given logjv = -cj', develop y. 

We may write j = ?^, and putting xy = y'-,vie have y = le* t 
which may be developed by mailing a = o and y — y in example I, 
giving 

Replacingy by xy and dividing by x, we have 

'""'-+ if. 



■*""'" "'"^2 "^' 


' e; 


3- Develop>• = ^ + J^^ 




Here 0(7) =JV'', 


<P{%) = e". 


Hence, 




z-\-xy = z^i>'x^2H'^''- 


-'- + 3«(3" - 


■}. Developj^s+^siii 7- 




Here x = i, ^(>-) - 


.sinj^, 0W: 



, = . + t .In I + J .ir. 2« + -j-(3 <lii 3> - sio") + A 

5- Having_)' — s + ^sm_f, develop ain^. 
Here Ay) = .m/, /(.) = «.) = sin ,4 

3/I.)/ii = co> ., , = ,, 
*W aA'V* = Bill ■ to, • = .In !./=■ 

|-(«5' ^"') = il.ln- . cos .) = (3 .In 3. - .in •)/* 
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■ + 7r<3«»3» -•"•)+''■ 



6. Having _^ = £ + (310/, develop sin 2f. 
Here /(,) = sin jj, /(.) = .in 2>, *(.) = sin., 

a/(.)/,a = a eos «., I = <. 

«.)afl.)/J. = ,ln . I col 2. = sin 3. - .in i 
■ in », = .in 21 + (.In 3. - sin ,), + ^(.in' . 2 cos 2,|i + R. 
7- Similarly, develop sin •^y. 

In this case Aj-) = sin ar, A^) = sin 3=, 0(s) = sin s, 
aA')M = 3 cos 3!, x = i. 

sin aj' == sin 3? + f sin 3 3 cos 3a + ^(s'"' = 3 cos 32)^ + R. 
3. Similarly, develop cos/. 
Here />■) - cos j, /(,) = cos a, 0^ = sin s, 

a/{^)/^3=-sini., ^ = .. 
Hence, 

cos;- = cos ! - * sin' 3 - 3 sin' s cos '-^ + ,ff. 

9. Having H^ ut -\- esiri «, develop «, sin b, sin z«, sin 3a, and 
cos Ji in terms o( t and e. By comparison with examples 4, 5, 6, 7. 

« = «; + (sin«0'+ sin 2«'7 + (3 sin 3"' - sin «/)'^ + -ff. 

sin w = sin H/ + sin 2»(^ + (3 sin 3«( - sin B/)y + Ji. 

sin 2» - sin 2ni + (sin 3k; - sin nt)^ + -ff. 
sin 3» = sifl 3«/+ Ji. 
cos « = cos «( - (t - cos 2H/)^ + (3 cos 3«/ - 3 cos n/)j + R. 
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if,. Kepler's Problem.* 
Having »/ := a — e sin « (i) 

»■; = &:)'"" J "■) 

find 9 and r in terms of t. 

First develop ill terms of «. In (3)pul(~t|)'^^ = w, and since 
from {d). Ex, 5, % 127, 



V- ^^ . 



/ ■ 
we have ■ — ;= 



Hence, e = 7^ 

Placing ■ ■ = i, and ^/— 1 — i, we have 



Taking the logarithms of bolli members, 
■a = m+ log (I - A.!-"') - log (I - Af'") 

= ,, + J(,« -,-<) + ^ <<>■' - '-'••) + ^ (.»"■-.->-)+. . . 
= m + 2Ai sin « H- 2 — s sin 2« + a—i sin 3« + . . . 
^Price's Calculus, Vol. 111. pp. 561^564. 
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e = « + 2(AsLn« + ^ sin 2« + ^sin3«-}-...), . (4) 

In (4) and {3) substitute for u, sin «, sin 2h, sin 31*, and cos a their 
respective values in terms of / from example 9, replace X by its value 
in terms of e, omit terms involving powers of e liigher than tlie lliird, 

9 =B/+2esin«(+^— sin int \ ^(13 sin jnt ~ 3 sin Hi) +. . ., 



_ 6 cos «/ + - (I - cos 2«/) - ^(cos 3«( - cos «0+- . . 
; impOTlanl equations in Astronomy. 
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CHAPTER XI. 
MAXIMUM AND MINIMUM STATES. 
FUNCTIONS OF A SINGLE VARIABLE. 

131. A Maximum state of a continuous function of a 
single variable is a state greater than adjacent states wliich 
precede or follow it. Thus, fx has a maximum state 
corresponding to x = a, provided that as h vanishes we 
haVe ultimately and continuously /a > f(a ± h). 

A maximum state is, therefore, a state through which, as 
the variable increases continuously, the function changes 
from an increasing to a decreasing function, and its first 
differential coefficient changes its sign from plus to minus 

(1 63).^ . 

A Minimum state is one less than adjacent states which 
precede or foilow it. Thus, fa is a minimum provided 
that, as h vanishes, we have ultimately and continuously 
/a <f(a ± h). 

A minimum state is, therefore, a state through which, 
as the variable increases continuously, the function changes 
from a decreasing to an increasing function, and its first 
differential coefficient changes its sign from minus to plus. 

A maximum is not necessarily the greatest, nor a mini- 
mum the least, state of a function. 

A function may have several maximum and minimum 
states. 
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To illustrate, let ABCD-IJ be the graph of ; 
tion (§ .0). 




The ordinates PA, EC, - TE, and If/ represent maxima 
states of the function, and QB, - SD, ~ ZF, and - VM 
represent minima states. 

QB > //f illustrates the fact that a minimum state may 
be greater than a maximum. 

The ordinate at 6^ represents a zero maximum, at\d the 
ordinate at ya zero minimum. 

The point /at which two branches of a curve terminate 
with separate tangents is called a salient point, and the 
points C and F at which two branches of a curve terminate 
with a common tangent are called cusps. 

132. A continuous function must have at least one 
maximum or minimum state between any two equal states; 
for. if, in passing through any state, the function is increasing 
it must change to decreasing, and if decreasing it must 
ciiange to increasing, at least once before it can again 
arrive at that state. The maximum ordinate PA, between 
the equal ordinates ML and M'L', illustrates the principle. 

Similarly, it may be shown that a continuous function 
has at least one raiuiraiim state between any two maxima, 
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and one or more maxima between any two minima. That 
is, as the variable increases, maxima and minima of a con- 
tinuous function occur alternately. 

133- The general definition given for maxima and 
minima assumes that the function is continuous, and 
that as the variable increases adjacent states precede 
and follow those considered. Some exceptional cases arise 
which are illustrated in the following figure. 





As X increases, the function represented by the ordinate 
of the curve ABC in passing through PA has no adjacent 
preceding ^ia.tt's. /"^ does not change its sign, and is neither 
zero nor infinite; yet as PA is smaller than adjacent states 
it is generally considered a minimum. 

At Q the positive ordinate is an asymptote to both 
branches of the curve ; and although the unlimited value of 
the ordinate does not represent a possible value of the 
function, ytt fx changes its sign; therefore the ordinate 
QB\% said to be an infinite maximum. 

At R the positive ordinate is an asymptote to one branch 
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of the curve, and the negative ordinate to the other, 
fx does not change its, ^ign , therefore neither of the 
ordinates ± RC, respectively, is considered as a maximum 



E is called a terminating point, and the corresponding 
ordinate SE is generally considered as a maximum although 
fx does not change its sign. 

METHODS OF DETERMINIKG MAXIMA AND MINIMA. 

134. Any particular state oi fx, as fa, may be examined 
directly by determining whether, as A vanishes from any 
definite value, we have ultimately and continuously 

fa > /{a ± h) or fa < f(a ± h). 

Thus, let fx = c + {x- a)\ 

x = a gives fa = c, and f(a±h) = c-^ h\ 

Hence, fa <f(a ± h) as h vanishes from any value, and 
/« - :: is a minimum. 

Agam, let fx = {x - x){x- 2)\ 

x= 2 gives /2 = o, and /(z ± A) =.(i ± /;)*'. 

Hence, /a < /(a ± tt) as A vanishes, and fz = o is a /.ero 
minimum. 
^=4/3 gives /(4/3) = 4/27, and /(4/3±^) = ±<4'-/iH 4/27- 

Hence, /(4/3) > /U/S ± ^') -^s /( vanishes, 
and 7(4/3) = 4/27 is a maximum. 

Let fx = sin x. 
X = 7t/2 gives f{7t/2) = I, aod /( V^ ± h) = sin (tt/^ ± .-,). 
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Hence, /{^/a) > /{nji ± k) as k vanishes, 
and /(ff/a) = i is maximum, 

X = o gives /o = o, and /{o ± Z;) = sm (± h). 

Hence,/o</(o + '^}, and/o>/(o-^),as/; vanishes; 
therefore /o = o is neither a maxmium nor a minimum. 

135, In general, maxima and minima are determined by 
finding those values of x corresponding to which, as the 
variable increases,/'.*: changes its sign. 

Assuming that x ineteases continuously, that /a: is continu- 
ous, and that every state considered has adjacent preceding 
and following states, a maximum stale is characterized by a 
change of sign from plus to minus in the first differential co- 
efficient, and a minimum state by a corresponding change from 
minus to plus. 

Conversely, if, in passing through fa, f'x changes from plus 
to minus, fa Is a maximum, and if f'x changes from minus to 

fx, if discontinuous, may change its sign by passing 
through a double value, gne positive and the other negative, 
as illustrated by a salient point or by passing through infin- 
ity as illustrated by a cusp with common tangent perpendic- 
ular to the axis of X. 

fx, if continuous, can change its sign only by passing 
through zero. 

A maximum or minimum ai fx corresponding to a salient 
point is an exceptional case distinguished by a double value 
for/;c. 

Hence, in general, values of x corresponding to which 
f'x changes its sign as x increases, are real roots of one or 
the other of the two equations 
/■, = o, . . . (.) .nd /■«=«. . . . (.) 
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The figure, p. 207, illustrates the fact indicated by (i) and 
(2), that, in general, tlie tangent corresponding to a maxi- 
mum or minimum ordinate of a curve is parallel or per- 
pendicular to the axis of abscissas. 

fx does not necessarily change its sign as x passes 
through roots of (i) and (2), as may be seen in the cases 
represented by particular ordinates of the following curves. 




At the points A and B, where the tangents are parallel to 
X,f'x = o; and at C and D, where the tangents are per- 
pendicular to X,fx = CO, but/'jc does not change its sign 
as /{a:) passes through the corresponding states. 

The points^, £, C, and .O are csWtd. points of inflexion. 

The real roots of (i) and (2) are, therefore, called critical 
values, and the next step is to determine which of them 
correspond to states at which f'x changes its sign as x in- 
creases, and, therefore, correspond to maxima or minima of 
fx. 

The general method, for any critical value, as a, is to 
determine whether, as h vanishes, /'(a — k) and/'(B + /;) 
ultimately have and retain different signs If so, a cor- 
responds to a maximum or a minimum, according as the 
sign o(f'(a — h) is plus or minus. 
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EXAMPLES. 

1. \j:t.fx = b-\-{x-afl\ 

Then f'x = 2/3{x — a)i/= = to gives the critical value a. 
As ;4 vanishes, /■(« - ^) is negative and/'(n + /<) is positiv 
Hence, > - * is a mininmm. 

2. fx = 6x + 3x' - 4x'. 

f'x = 6(1 + J- — ai') = o gives the critical values i and — i 
/'(l — k) = bMs — 2^). which is positive when ft < 3/2. 
/'(i ^ A) = th{— 3 — 2h), which is negative when A > o. 

/'(- i/a - h) is negative when ft > o. 
/'(- 1/2 + ft) is positive when ft < 2/3- 
Hence, /(- l/a) = - 7/4 is a mininmm. 

3. /v = a + (:t - bf/^. 

/V = l/3(^ - if/' = « gives ^ = J. 

/'(b T ft) are both positive for all values of ft. 

Hence, f{b) = a is 

4. /t = (^ ~ i)'(a: + 2)». 
/':<r = (^ - i)'(^ + 2)'(7^ 4- 5) = o gives 

^=1, ^=-2, ^^- 5/7. 
/I = o is a minimum. 
/(-2) = is neither a 
/(- 5/7) = 124-93/77 if 

5. fx = {x-\- 2)V(^ - 3)"- 
fx = (^ + 2)'(^ - i3)/(.« - 3)' = o and « gives 

X = - 2. ^=13, J^ = 3- 
/I3 = 135/4 is a minimum. 
/3 = cc is a maximum. 

6. /x^ia- xma - 2^). /(a/4), mio. 
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8. A = ^/^^'^ - '^fl^- fO' ■"">■ /(4''/3), max. 

136. The preceding method, or that indicated in § 134, 
must be employed for testing critical values from the equa- 
tion f'x = 00 ; but vrhtn yx, /"x, f'x, etc., are continu- 
ous for values of x adjacent to critical values, those derived 
from the equation fx — o may be examined by another 
method. 

In Taylor's formula (| 124) put ^ = a, and write ± /i 
for A; then, since fa = o, we have 

/{a ± A) -fa = hr'al2 ± hr"a/\ifr ■ ■ • 

which form is exact for continuous values of A from zero to 
certain limits, provided _/«,_/'«, etc., to include /"+'«, are 
real and finite. 

In order that /a may be a maximum, we must have ulti- 
mately, as /i vanishes, 

fa>fa±k); 
a.nd fa a minimum requires, under the same law, 

/»</(<.±/.). 

That is, fa a maximum requires that, as // vanishes, 

Aa±i)-fa, 

and therefore that the second member of (i) shall ulti- 
mately become and remain negative ; and /a a minimum re- 
quires that the second member of (i) shall, under the same 
law, ultimately become and remain positive. 
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As h vanishes, the sign of the second member of {0 will 
ultimately become and remain the same as that of h'/"a/2- 
and since k'/2 is always positive, 

/a a maximum requires/''^ < o, and 
fa a minimum requires/''^ > o. 

In the exceptional case when /"a = o, the sign of the 
second member of ( i ) will, under the law, ultimately depend 
upon that of ± ky"a/W, which changes with that of /(. fa 
cannot, therefore, be a maximum or a minimum unless 
± h'f"'a/h = o, which requires /'"« — o. 

If aIso/"'a — o, the sign of the second member of (i) 
will, under the law, ultimately depend upon that of 
A'/'^^/\±< and since AV|4 is always positive, 

fa a maximum requires / '"a < o, and 
fa a minimum requires /'"a > o. 

By continuing the same method of reasoning it may be 
shown that, if/"<i: is the first derivative in order which does 
not reduce to o, /« is neither a maximum nor a minimum if 
w is odd, and that it is a maximum or a minimum if >i is even, 
according as /"a is negative or positive. Hence, we have 
the following rule: 

Having fa = o, substitute a for x in the successive deriva- 
tives of fx in order, until a result other than o is obtained. If 
the corresponding derivative is of an odd order, fa is neither a 
maximt/m nor a minimum ; but if it is of an even order, fa is 
a maximum or a minimum according as the result is negative 
or positive. If a result m is obtained, the method of § 135 
should lie employed. 

The relations between the corresponding states oi fx,f'x, 



y Google 



MAX/MUM AND MINIMUM STATES. 215 

and/"^, in a case where ABODE is tlie graph of fx, are 
siiown graphically in the following figure,* 



r 




y^ 


|-^ 










/ 




^ 


E 




S'l 






\oJ 


^ 






f'x-~-~^ 




«■ i 


..•-1^; 












X- 


t---' 


\.... 


'^N 



/^ 



Find the values of the variable which correspond to maxima 
or minima of the following functions : 
1. fx =x<'-lx*-\-l^-\-\. 

fx = s^t* - aiw'H- i5j:':=: o gives the critical values o, i, j. 
f'x = 2(w' — eojc" + sot. 
/"o =0. /"r^-io. /"3 = 90. 
Hence, 

/i = 3, maximum, /s = — 25, minimum. 
/"'a:i=6ar'- 120^ + 30, .-. /'"o = so, and 

a. /a: = 31= — 9r' + 24^ - ?. 

/"^ = 3(2:^^6), .-. /"2<o, /"4>o- 
Therefore /2, maximum. /4, minimum. 



* Calcul, par P. Haag, f 
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3. A = sln=^ cos X. 






/'l = 3 Sin'jT COS'JT 


-sin'^- 


0, gives ^ = 60°, etc. 


/'■^ = -iOsm=-tco 


^ + 6s. 


n X cos=x. 


Since sin 60°= +/V2. 


and c 


s 60° = 1/2, 


/"6o' = -j4/V2 


.-. /6o° = 3V37i6, maximum. 


4. ^'-8^s + aa^»~24^+i3. 


j; = 3, min. 






J- = 3, max. 






X = I, min. 


5- JT'-ia^ + g. 




^ = 2, min. 


6. xV3 + a^=-3«'.*. 




X ~-~ ■i.a, max. 


7. :.>-&v' + 9:^+10. 






8. 3-'V-i^x + .=. 




X ^ V'ha. min. 
x = - b-'Iza. max. 


x»-^+i 




^ = - r, max. 



2. sec 


^ + cos 


C J 






X = ir/4. 


min. 


3./» 


= <• + 


,--+= 


CO! I 




3^ = S«/4 




/« 


= c'- 


c-'-3 


sin^. 


/ 


^-c* + c-" 


-2 


/" 


,^r- 


-+2 


sin,, 


/' 


, = c- + c- 


^ + 


/■o 
Hence 


=/"» = 
70 = 41 


=/™o = 


.1. 


/' 


0.4. 
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137- The following principles frequently facilitate the 
determination of maxima and minima: 

If Flf{x)\ is an increasing function of/(^), i^[/(«)] is 
a maximum or a minimum of F\^f{pi)\ according a.s/{a) is 
a maximum or a minimum oi/{x). 

If Fyixy] is a decreasing function off(x), F[f(a)'\ is a 
maximum or a minimum according as f{a) is a minimum 
or a maximum. Hence — 

1°. C/{a), in which C is a positive constant, is a maxi- 
mum or a minimum of C/{x) according as /(a) is a maximum 
or a minimum of /(^). 

a", C-{-/(a) is a maximum or a minimum according as 
f{a) is a maximum or a minimum. 

3°, C — f{a) is a minimum or a maximum according as 
f{a) is a maximum or a minimum. 

4°. The base being greater than unity, log /{a) is a 
maximum or a minimum according as f{a) is a maximum 
or a minimum ; also any value of x that makes a''^' a maxi- 
mum or a minimum makes /(a:) a maximum or a minimum. 

5°. ilf{a) is a maximum or a minimum according as 
f(d) is a minimum or a maximum. 

6°. n being any positive odd integer, [/(a)]' is a maxi- 
mum or a minimum according as f{a) is a maximum or a 
minimum. 

n being any positive even integer, \f{a)Y is a maximum 
or a minimum, according as /(t) positive is a maximum or 
a minimum or /(a) negative is a minimum or a maximum. 

[/(a)]" may, however, be a maximum' or a minimum 
when /(a) is neither. Thus, (a' — »')/ is a minimum, 
whereas {«' — x^)^ is neither a minimum nor a maximum. 

A radical sign which affects the entire function may 
therefore be omitted, provided critical values which corre- 
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spond to maximum and minimum states of the power only 
are rejected. 

Thus, having /{x) = ± Vzaa:'' — x', we write 

0W = [/(*)]• = "">«•-*■• 

Then 0'(x) = 4;!!^ — ■>,x' = o gives x= o and 40/3. 

^(o) is a minimum and 0(4<t/3) is a maximum of <p(x). 

But/'(*) -= ± (4fl - 3;c)/2V2a ^ * -^ o gives ^ = 4^1/3 

only, and /(o) is neither a maximum nor a minimum o£ 

Similarly, (;i; — 2<i)V(;«' - a') is a minimum when x=2a, 
but {x — 2a)/ ^x' — b" is not. 

To illustrate the use of the foregoing principles : 



/(^) = i/(S + log V4^V - 2bx'). 



By 5° we take 5 + log V^b'x' — 2bx''. 



By 2° and 4° we take V'^l/'x" — zbx". 
By 6° and 1° we take si^jt' — x" = *IA?^- 
4>'[x) = 4^* - sx" ^ o gives x-^o, x = 4V3. 
0"(o) = 4*, <l>"{^bli) = - 4A 

Hence, 

/(o) is a maximum and /(4V3) is a minimum. 

138. In certain cases it is not necessary to determine the 
second derivative, 

1°, In case of one critical value only, and it is known 
that the function has a maximum state or that it has a 
state. 
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2°. If a is the only critical value, /(rt) is a maximum or a 
minimum, provided f{a) is greater tlian or less tliaii both 
/{a ± h) for any assumed value of h. 

3°. When f'{x) is composed of two or more factors, one 
of which reduces to o, for x = a, /"{a) may be determined 
without using/"(je). 

Thus, let /'{.x) = >Pix)<p{x). 
Then f"{x) = i:{x)<p'{x) + <l>(x)i^' {x). 

Supposing that V'('0 = 0, we have 
f"{a) = <l>{aW{a). 

Hence, to obtain /"{a), multiply the differential coefficient 
of tkat factor off'{x) which reduces to o by the other factors, 
and substitute a. 

To illustrate, let 

/{*) = {x~ arx\ 

/'{x) = 2x{x - a){2X -a) = o gives 

f"{o) = 2{x — a)(2x — a)„— za', indicating a minimum. 
f"{a) — 2x{2x — a)a = 20^, indicating a minimum, 
f"{a/2) = 4x{x - fl)„^3 = - «', indicating a ma; 

EXAMPLES. 

J^ind the values of the variable which correspond tc 
or -minima of the following functions : 

' {x + 2)'' a; = — 2, mas. 

{y - 1)3 y=i. mln. 
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3 ^.-V^^. . = o,o,in.cf, 

a; = ± fl/ j/?, n 

-jc'. r-3«/:i,max. 



«-. 










* = lA, 


{^^ 


+ " 


ia:)/fl 




« = 


- al-i. min. 


-:.+ 


(^- 


~ 




,= 


,^,r 


!'«+ V"' 


sin 


+ 


lie- 




fl = 


t.n-1 pbh. n 


A = 


V 


-»• 


.in <.A)/2 






/, = 


i/j 


+ C0 


(!/«)/= - 


:csir 


(<A). 



H™.,/'»=co.j^.(„s-^-«..n^)=og 
f'C/t) = — 4/T^ indicating a maximum. 
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PROBLEMS. 

I. Divide a number II inlo two such parts that the product of the 
Bjtli poiver of one and tlie h"' power of the other shali be a maximum. 

fx = x"ia - X)-. fx = ^"'-\a - xY-'Vma - (^ + «V] ^ o 
gives x = o, x = a, x = m^/^m + „), 

/"««/('« + «) = - !■" + ")'■ inJicaling a maximum. 

a. Divide a number a into tviro such factors that the sum of their 
squares shall be a minimum. 

3. Into how many equal parts must a number a be divided that 
their continued product may be a maximum ? 

Let X = the number of equal parts, then 

fx ={alxY, .-. loe/r = :r(log.i-logJ:). 

fx = fx(- I + log a - log x) = <, gives X = aj,. 
f"x{ale) = ,"A(- ./«), indicating a maximum, 

4. Let & be the hypothenuse of a right triangle ; find the lengths ot 
the other sides when the area is a maximum. 

Let X = one side, then ^4" — j;" = the other. 

/^ = area = x VF^T^V^- /'-= "= 2 S'"^^ ^' - 2^' = ». 

wh.'nee x = /,/ fl, /'V'/ l'^' = - 4'''- 

5. What fraction exceeds its «"■ power by the greatest number 

Let X := fraction, then fx = x — x^. 

fx=l— nJT"-' = o gives x=\/ ^n. 

/"(i/°''k^) = -»(»- i)/«^ indicating 

6. Of all isoperi metrical rectangles which has the greatest 
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7, On the righl line A c B joining 

the iwo lights A and B, find the point between the lights ot least 



Lei c = number of miles Jrom A to B. 

Let X = nurabei of miles from A to required point. 

Let n = intensity ot the light A at I mile from A. 

Let b = intensity of the light £ a.t i mile from B. 

Then 

/x — — -{- -j = intensity of light at point required. 

_ 2A 2^ _ . c j/a 

8. Find the relation between the radius of the base and the alti- 
tude of a cylinder, open at the lop, which shall just hold a given 
quantity of water and have its surlace a minimum. 

Let X = radius of base, and y = altitude. Then 
Ttyx^ = volume = v. .: y = vjitx*. 



fx = ittx - iv/x' = o gives X = yvl% and y == yvjlt. 
/"( ■V'"/^) = &"• indicating a minimum. 
9. Find the maximum rectangle that can be inscribed in a given 

Take the origin at the centre, and let 3X and !v respectively equal 

the sides of the required rectangle. Then xy = 1/4 area of rectangle. 

J-' -^-y'' = H^, in which R represents the radius of the circle, gives 

y= i V'A" - x'. 
Hence, /i= ±jr|^A''-j^^- 

/■x= ±{2S'x-4:i') = o gives x = o and x = Kl\f%. 
/''(a'/ ya ) = — 4,?', indicating a 
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10. Determine the maximum rectangle which can be inscribed in 
triangle of given base and altitude, 

11. Show that the difference between the sine and the versed sine 
p a maximum when the angle is 45°. 

12. The base and ihe vertical angle of a triangle being given, show 

13. Of all i so peri metrical plane triangles which has the 



14, Divide a triangle whose sides are a, b, and c, respectively, ii 
;wo equal parts by the minimum right line. 



Ans, V(-;~« + *X' 

15. Through a given point («, ijdtaw 
the shortest straight line terminating in 
Xand Y. 

Let 9 = angle required line CB makes 
withX. 

Then 

CS=C/'+/'^ = «Aose + VsinO, 

which is a minimum when fl tan-^ f V°. giving CB =W^ ■¥ ^^^f^ 
Similarly, show that 

OS + OC is a minimum when 9 = tan"' ^i/ai 

OB X OCis a minimum when 6 = tzn->{i/a); 




0B+ 0C+ CB is nm 



n when 8 - 



, i-\- >/^b _ 



OBy. OCX CB is a minimum when 

2« tan* 6 - d tan" 6 + a tan - ai = o. 

ight cone which can be inscribed in 



16. Di 
I sphere whOE 
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Let a; = AP, and y = PB. 
Then 



vol. = V ■ 









= 2Rx - 



Therefore o = {-i/iTCx^ - 
dv/dx = ffx(4^ - 31) 




17. Find the radius of 3 circle such that ihe segment corresponding 
to an arc of a given length shall be a maji 
Let 20 = length of arc, and r = radius 
Draw CI) bisecting the arc, then 
ADCA ^n/2 = a/r. and fl = la/y. 
Segment = sector BCAD - aBCA 
= r'e/2 - r^ sin S/tj 
= fa ^ ^ sm ha/^}/2. 
which is a maximum when i = aa/ff, an 
the segment is a semi circle 

iS. With a given penmetei find the radius ivhich makes the cor- 
responding circular =ector a maximum. Ans. radius = 1/4 perimeter, 
ig. Find the ruaMmura right cjlinder which can be inscribed in a 
given right cone. 

Let FA = a, BA=b, AC = x, 
CD =y. CV = ,i — x. 

Hence, vol. cylinder = 7: =: ny^x. 
VA -.AB:: VC: DC, .-. y=l'{a - x)/a. 
Therefore v = nb\i! - x)'x/a'. 
Omitting Tii'/a', we have 
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fix) = a= - 4«^ + 3^^ = o giv. 
/"(«/3) = — 20, iherelore & = ^nai'/i-j is i 

20. Circumscribe the 
celes triangle about the parabola j'''=4iw. 

"Leix = OP =^ AO, :y ^ FM, h =0D. 
Then 
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27. Through a given point P within an 
BAC draw a right line so that the ttiansli 
lotmed shall be a minimum. 

Draw PD parallel to AC, and let AD = a 
PD = 'i. AX = X. .: DX = x-a, 



AXR = xAR iixi ^/2, which is a minimum lai x =■. 2a. .: XP^PP. 
28. The ijolume of a cylinder being constant, find its form when the 
Ans, Altitude = diameter ol base. 

29. Find the height of a light A above the 
raight line OB when ils intensity at ^ is a 

Let a — intensity of light at 1 foot from the 
light. 
i OA = y. OP - d, Z OPA - 8. 

sity varies directly as sin 0, and inversely as Ba\ 
Intensity at 5 = sy/{6^ - ff^, which is a maximum when 

y ^ b V^A. 
30. Having 7 = r lan a — x^l\h cos" o: ; 1°. Find the 
value of y. 2°. Considering j' — o and 1^ as varying, find 
value oi X. 

t ist. y - li sin' a, 
Ans. 1 J _. , 
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Let CP = X. .: PQ = a - X. 

Area zone AS//B = ZitR X HS. 

x: Rv. R: CS. .: CS = R'/x and HS= R— R'/x. 
Hence, zone AS8H = 2T[R(R - R-'jx). 
Similiirly, zone DEF ^ ■ntr{r - r^i^a - x)). 
Visible surface = 2i[A'' + r' - (^y^ + r»/(fl - ^))], which is 
X = a-^'Vi^'^ + '■''")- 

32. Find ihe path of a ray of light from 
a point A in one medium to a point B in 
anoiiier medium, sucli that a minimum 
lime will be required for ligtit to pass 
) B; the velocity of light in the 
first medium being V, and in the second 
v. [Fermat's Problem.] 

It is assumed that the required path is 
in a plane through A and B perpondicu- 
lar to the plane separatine 'he media. 

Let ACS be the required path. Through A, C, and B draw per- 
pendiculars to Zi£. 

Let a = AE. i = DB, d - DE. 

Then AC = b/cos 0, BC = ^/cos 0', 
CE = a tan 0. CD - b tan 0'. 
a tan + b tan 0' = d. .-. /lip'/d<t> = — a cos= ^I'/b cos' <p. 




B = - 



.s<t> 



+ 7 



i _ ''{v cos J "'(f'cos 07 /^V 
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iportant law, which is known as Snell's 
ight .one wk 



Equation (u) ex press i 
law of refraction. 

33. To inscribe in a given sphi 



Let ^ = radius /J C, 

s = 'inPBAB/2 
Then AB = VzJix, and 



= AP. 



ivhich is a ma 
34. From t 



mum for ^=4^/3. 
> points A and B dra 




) right lines to a point P 
in a given right line OX, so that 
AP + BP shall be a minimum. 

Let x=OP, a=OC, b = CA, 
a' -OD,e = DB. 
Ans. lAPC-DPB, or = ip'. 
In some cases the general 
lethod ( §135) apparently falls when it is obvious that maxima and 



distances fcom a given e 





Let A be the point, r = radius, a — AO, OB = x. 
Then PA = f r" + a' - lax, and dPA/dx = ~ ia. 

It Is obvious, however, that AM is a minimum and AN a maxi- 
mum. The method of § 13; depends upon the assumption that the 
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changes from increasing to decreasing, or vue versa, as PA passes 
llirough AM and AN. 
Let e = angle ^0/=. Tiien ^ = r cos 8, and 

PA = V^ + fl" - 2ar cos 0, 

dPAjdli = 2ar sin e = o. = n mix 

Olherwise P^ may be expressed in terms of y and the problem 
solved. 

36. Find those conjugate diameters in an ellipse whose sum is a 



Let y and / be any two semi-conjugate diameters, and let s=x'-\-y 
and 3' + #' = (*. Then [Anal. Geom.] x'^ 4-y — ''. 

.-. ds/dic' = I — x"/ Vis — x'' = o gives x"=i:'/2—y'. 
That is, equal conjugate diameters are those whose sum is a maxi- 

Expressing ^' and / in terras of the inclination of x' to the trans- 
verse axis, denoted by fl, we liave rfi/rfO = {ds/dx')[dx' /db). 

a and b are, respectively, maximum and minimum stales of x', 
giving dx'/d^ — o, and therefore ds/dO = o. Hence ihe sum of the 

37. ''A rectangular hall 80 feet long, 40 feet wide, and la feet high 

has a spider in one corner of the ceiling. How long will it take the 

spider to crawl to the opposite corner on the floor if he crawls a foot 

in one second on the wall and two feet in a second on the floor?"* 

Ans. 55-4754 seconds, minimum. 

I39> To find the maximum and minimum distances from 
a given plane curve to a given point in its plane. 

Let y —fx be the equation of any plane curve, {a, />) 
the coordinates of any point in its plane, and Ji the dis- 
tance from (a, 6) to the point (■«', j') on the curve. 

* Problem proposed by Professor H. C. Wbitaker in Amenion 
Mathematical Monthly, Vol. L No, 8. 
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If {x',y') move along the curve, R in general becomes a 
varying distance measured on the radius vector joining {a, b) 
with the moving point {x',y') and 2i' =(x' — a)' + {y'—b}'. 
We wish to find the maximum and minimum values of J?. 

Placing the first derivative of {x' — «)" + (/ — &)' equal 



x' - a + {/ ~ i)id//^x'} = o. ... (1) 
The equation of the normal to y = fx at {x',y') is 
y — y' = — [dx'/iiy'){x — x'). Hence (i) expresses the 
condition that (x',y') is on the normal through (o, b). 

The required value of R is therefore estimated along the 
normal through {a, b), is a maximum or a minimum accord- 
ing as the second derivative, 

I + {dy/dxy + {jK - l>)(d-y/dx% 

is negative or positive, and, in general, is neither a maxi- 
mum nor a minimum when the second derivative reduces 
to zero (§ 136). 

As {a, b) may be any point upon any normal, we con- 
clude that the radial distance of each point of a normal 
from the curve is, in general, a maximum or a minimum 
when measured upon the normal, (See figure, page 232.) 

Thus, let BAM be a normal to the curve NMO at M. 
With A and S as centres, and with the radii AM axiA BM 
respectively, describe the circumferences rMr and RMR, 
The figure shows that the radial distance of A from NMO 
is a minimum when measured upon the normal AM, and 
that the corresponding distance of the point .5 is a maxi- 
mum. This is evident from the fact that the circumference 
rMr, in the vicinity of and on both sides of M, lies within 
the curve NMO, while the corresponding part of the cir- 
cumference RMR lies without. 
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Consider the point {a, I) to move upon the normal, and 
let (a:,^) be its variable coordinaies. When the normal 




distance of \x,y) from the curve is neither a maximum nor 
a minimum, we have 

I + {dy/dxY + {y -~y^{d^yldx') = o, 
whence by combination with (i) we obtain 



y = y + 



V^ dx'jdx f dx'' 1 

r ^ dxvl dx' J 



for the coordinates of a point on the normal whose distance 
from the curve measured along the normal is, in genera!, 
neither a maximum nor a minimum. Representing this dis- 
tance by p, we have 

p==r (x-xj -I- (j-yY, 
which combined with (2) gives 

dy^ y/* / //y 



f + 



d£' / 



I dx'' 



(3) 
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In the figure, page 232, (*, y ) lies somewhere between A 
and B. It separates those points of the normal each of 
which has a minimum radial distance from the curve lying 
on the normal, from those points of the normal each of 
which has a corresponding maximum distance on the same 
line. 

It is important to observe that a circumference described 
with \x, y) as a centre and with a radius equal to p will, 
in general, intersect the curve NMO at M. 

This circle is important in the discussion of curves, and 
equations (2) and (3) will be referred to hereafter. 

IMPLICIT FUNCTIONS. 

140. Having,}' given as an implicit function of x, by an 
equation fipt^y) = o not readily solved with respect to^ 
we may differentiate as indicated in § no and obtain an 
expression for dyjdx. Placing it equal to o, we may com- 
bine the resulting equation with the given, and find critical 
values ai X. 

Otherwise, let u =f{x,y) = o {i) 

Then (i),(§ III), 

du/dx = du/dx + {^u/-dy){dyldx) = o. . {2) 

Maxima and minima values of y in general require 
dy/dx = o. Hence, 

u =/{x,y) — o, combined with 'bujdx = o, 
gives critical values of x. 

Eq. (6) (§111) gives 

d'yldx^ = ~ 0W^x')/(du/dy), 
which, if not zero or infinity, is positive for a minimum and 
negative for a maximum oiy. 
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Having y ^ fz, z= <px, 

dy/dx = (dy/ds) X {dzjdx) = o, 
will give critical values of x. 

EXAMPLES. 
1, u = x' +^3 — 3a'x - O. 

'dHJdx = 3jr' - 3a= = o. .-. x= ±a. 

Substitming in given equaiion, we have 7 = ± a Y2, 
?>\/dx^ = tx, du/Zy = 3/- 

^1 = =-:-^!!=. ■ y^a^J 



-^'Xz^y. 3"' IT 



-■ 3axy +y = 0. X ^O, y = 0. 



5- Jt^ - 3 = - Myx + 2). x= - 1/2, y = i,3. maximum. 
t.y = x\fa/^, E = (^ + x'')/x, x = k makes >- a minimum. 

141. Having v given as an implicit function of x, by two 
equations v = <p(x,y) and u =/[x,y) = o, from which _)» 
is not readily eliminated, we may proceed as follows : 

dv _'dv div dy 
<ix ~ dx ' dy dx' 

dy du /di( 
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■dv^^t^ rdu_ 
~ 'dy dx I "df 



■by' 

dv . dv 3m dv du - , 

dx ° dx dy dy ax 

which combined with u =f{x,y) = o gives critical values 
of X. The sign of the corresponding value of d^v/dx' will, 
in general, determine whether w is a maximum o 



EXAMPLES. 

'dv/dx = 23:, 'dv/'dy = 2y, 

du/dx = 2{x - a), du/dy = 2(y - i). 

Substituting in (l), we have ayz^ix; which combined with ;« = o 

The positive sign gives a maximum, and the negative a minimum, 
tori'. 

2. Find the points in the circumference of a given circle which are 
at a maximum or minimum distance from a given point. 

3 Given the four sides of a quadrilateral, to find when its area is a 

Let ti, i, c, d be the lengths of the sides, ip 'iie angle between a and 
h. ij) that between c and d. 

Then area = v = ali sin 0/2 + €d sin ip/a, 

and «> + *' — 2ali cos i/i — f" -f 1/' — 2cd cos ^, 

each member being the square of the same diagonal. 

'^ = '!^ a, — = - cos !6 

^^_2o sin0, g^ 2^ sinV. 
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Substituting in (r), we have 

tan = — tan ^fr. .'. <p — 180' — ^. 

That is, the quadrilateral is inscribable in a circle. 

dv ad , . id .d^ 

— = ■ — cos d) A cos lb—- = o. 

d<}> 3 ^ ^ 2 ^dip ^ 

ai sin 4i = cd sin -^{df/dij}) ; 

from which dip/dip = ab sia <p/idsintfi. 

Substituting in above, we have 

dT//d<l> = a6 sin (0+(*)/2 sin ^. 

d^vl -ad i , ai\ . ^. . 

T-r: = — : — :li + —I, indicating a maximum. 

'^(*J«+^ = ,2sin?&V idf 

142. Having w given as an implicit function of x, by 

three equations 

«, = F(x,,,,), ,, = ^^,,,,) = o, and » = /(*, j, 2) = o, 

and placing dwfdx = o for a maximum or a minimum, we 

dw _ dw dw dy dw dz _ 

dx dx 'dy dx 'dz dx 

dv _'dv 3ff dy dv dz_ 

dx ~ dx dy dx 33 dx 

:/a: ~ ^ "'' Sj* i^;v "'" Sz rtli; ~ 
Eliminating dy/dx and dz/dx, we have a single equation 
which, combined with w = i^{a^, _j', s), v = o, and u = o, 
gives critical values of a^ and the corresponding values of _j', 
2, and iv. 

By differentiating equations (i), and eliminating 
dy/dx, ds/dx, d'y/dx', d'z/dx', 
an expression for d'w/dx'' may be determined. 
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Example. * A Norman window consists of a rectangle 
surmounted by a semicircle. With a given perimeter, find 
the height and width of the window when its area is a 
maximnm. 

Let y =^ height, •s.x ■=. width, w = area, P = perimeter. 

Then w——--^ z.vy, v = 2(x +y) -\-nx — P =-o. 
dwjdx ^ iix -\- 2y -{- zxdy/dx = o, ) 

2^n^ 2dyldx^t,\ ' 
Eliminating dy/dx, and combining result with v =-o, 

x=y=P/{4+^)- 
Differentiating equation (i), we have 

d'w/dx' = n ■j-4dy/dx-\- 2xd'y/dx', 

2dy/dx' -o. 

Hence, d'w/dx'j^^^ ~ — n: — 4, indicating a maximum. 

FUNCTIONS OF TWO OR MORE VARIABLES. 

143. A Maximum state of a continuous function of two 
independent variables is one greater than any adjacent 
state. Thus, ^=/ix,y) is a maximum corresponding to 
X ~a,y=:d, provided as A and k vanish from any values, 
we have ultimately and continuously /{a, i) > /{a±/i, b ± k). 

A maximum state is, therefore, one through which, as 
either or both variables increase continuously, the function 
changes from an tnitcasing to a decreasing function, and its 
partial differential coefficients 0/ the first order change their 
signs from plus lo minus. (I?'-) 

*' Todhunfi •. Difl. Calc, p. 214. 
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A Minimum state is one less than adjacent states. Thus, 
f[a, b) is a minimiim, provided as h and k vanish from any 
values, we have ultimately and continuously 

Aa, b) <f{a±h,b± k). 

A minimum state is, therefore, one through which, as 
either or both variables increase continuously, the function 
changes from a decreasing to an increasing function, and its 
partial differential coefficients of the first order change their 
signs from minus to plus. (§ 71.) 

Any particular state of s =/(.«,^)j asA", S), may be ex- 
amined directly by determining whether as h and k vanish 
from any assumed values, we have ultimately 

f{a,b)>f(a±h,b±k), or f[.a,b)<f{a±h,b±k). 

144. In general, however, maxima and minima are deter- 
mined by testing those values of the variables correspond- 
ing to which, as the variables increase, both partial 
derivatives of the first order change their signs from plus 
to minus, or minus to plus. 
Sets of roots of the equations 

9V</^ = o, ....(.) 

, ^z!dy = =0 , . . . . {%) 

I Zz/dx = o, ^z/dy -= CO , . . 

[dz/dy = cc, dz/dx = o, . . 



dz/dx = c 



, therefore, critical, and may be 



?sted i 



§ '43- 

A maximum or minimum state of a function of two v 
riables is illustrated by an ordinate of a surface which 
either greater or less than all adjacent ordinates, T 
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conditions 'ds/dx — o and 'dsjdy — o indicate, in general, 
that the corresponding tangent plane is parallel to XY. 

145. Lagrange's Condition. — When the successive partial 
differential coefficients to include those of the « + i order 
are real and finite for a set of critical values, as [a, l>), de- 
rived from equations (1), § 144, a condition for a maximum 
or a minimum may be deduced from (a), % 128. 

Placing 



'3'^\ - . (^±\ - « i^ 



wJ( 



= c, 



\iixdy}^^,s\ ' \dy'/ 
we have 
/(« ±^,^±A) -/{a, b)={Ak' ± 2Bhk-\- C^)/s + R. (i) 

In general, as h and Evanish, the sign of the second mem- 
ber will ultimately depend upon that of Ah* ± 2Bhk -\- Ck'', 
and when .^ t^ o it may be written 

\XAh ± BkY + {AC - B-')k^yA. 
A maximum or a minimum state will then require that the 
sign of this expression shall ultimately become fixed and 
remain so, while h and k change their signs by passing 
through zero. 

If (AC — B') < o, the numerator of the above expression 
will be positive when & = o, and it will be negative for 
values of h and k other than zero which make Ah ± Bk =0. 
Hence, a condition for a maximum or a minimum state is 

{AC- B')> o, or AC> B^; 

«"'"' lr-],..,x|?],.,,>(ii)'],...,- ■ • <-' 
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This condition being satisfied, f(a, f) it 
minimum according as A and C are both negative or both 
positive, 

If AC<£', there is neither a maximum nor a minimum. 

If ^ — o and -5 51^ o, we have the same result, for the 
sign of 2Bkk -\- Ck\ in the second member of eq (1), varies 
for a fixed value of :^ as ^ passes through the value 
— Ck/'^B. 

\i A = B = o, then 

AC - B' ^ o, and Ah' ± 2Bhk + Ck^ ~ Ck\ 
which vanishes when h = o, for all values of h leaving 
the question in doubt. The same result follows when 
A ^ B = C=-o. 

EXAMPLES. 

Find sets of values of the variables which correspond to 
maxima or minima of ike following fundions : 

I. « = :r' + ^>+y + «'A + «V/. 

d^/d;i: = 2x+y - a'/x' = O, 'dt/dy = 2y + X - a'//' = o. 
From which we obtain x =_)< = a/ f'3, 

dW'/:'' = 2 + 2^7^', 9'^^/ = 2 + 2»V/, dWdx dy = I. 
In which substituling values of x and y, condition {2) is satisfieil and 

S. a = co5^cosa + EinA:sma:cos(y-;8). 

Z^liy = - s!n « sin x sin {y - /3) =0, 
give x^a., y= 0. 

\dx' !{«.,§) ' \dy' j,a,?) ' \dx,ir) (_„,Bi 
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Hence j is a maximum. 

4. j:^ +/ - Za:cy. x=y = a, miD. 

5. J' -\-y* — x-' + x;y-yi. x = y = o, max. 

.t-j-^ ±i, min. 

X = ± H^3,y= ^ W3, mln. 

6. :^/(6-^-J.). j^ = 3;max. 

7. .t* +jf^ -2x^ + 4ry-3f. ■< _v = T +/3, """■ 

( X = o = ^, max. 

8. (2«^ - X') (2by ~yy Yy^t •"^■ 

g, t-'''-y\aii^ + -^yj- 3; = ji ::^ o, min. 

X = o.y= ± i,a <fi, max. 
x= ± i,y = o,i!> », max. 

10. sin * 4- sin j^ + cos {x + y). x =y= 3^2, min- 

11. Divide a number a into three parts, such that the Hi"' power of 
the first, by the h"" power of the second, by the ?"■ power of the third 
shall b 



Ans, 



,« + «+/ m + H + r' « + « + r 



la. Find the minimum distan efron a g ven po nl to agiven plane. 

13. The volume of a rectangi lar pa allelop pedon being given, find 
its edges when the surface is a n n m n Each edge = ^vol. 

14. An open tanli to contain ti g ve lolume of water is to be con- 
structed in the form of a rectangular parallelop pedon. Determine its 
edges so that the surface to be lined shall be a minimum. 

Each edge of base = i/2 vol. ; altitude = -Ca vol. /h. 

15. Determine the maximum rectangular parallel op i pedon which 
can be inscribed in a given sphere. Each edge = 2^/ 4/3. 
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146. Functions of Three Variables — Let u =f{x,y,z). 
Reasoning as in tlie preceding cases, it may be shown that 
sets of roots of the ei^nations 

■du/dx=.o, ?,u/dy^o, ■du/dz = o, . . (1) 
and du/dx = w , du/dy - =0 , du/dz = co , . . (2) 

are critical. 

Denoting a set of critical values from (i) by a, b, and c, 
we have, [b), § 128, 
Aa ±h,b± k,c ± I) -f{a, b, c) ^ [A// + B^ + Cf\/% 

± Dhk ± Ehl ± Fkl + R, 
in which A, B, C, D, E, F, represent the values of 
S^ 9^ 5^ _3^ _5%^ 9^ 
dx" dy" dz" dxdy' dxdz' dy dz' 

respectively, when x = a,y = b, z = c. 

In order that/(o^, b, c) may be a maximum or a minimum, 
^A/i' + Bk' + C^) ± Dhk ±Ehl± Fhl, 
if not zero, should be either always negative or always posi- 
tive, as /;, k, and I vary through zero between certain positive 
and negative limits. 

147. Functions of n Variables- — By extending the above 
method of reasoning, it may be shown that the sets of roots 
nf the equations formed by placing the partial derivatives 
of the first order separately equal to zero are. critical. 
Each set of critical values when substituted in the corre- 
sponding expansion should render the quadratic function of 
h, k, /, etc., always negative for a raaxiraum, or always posi- 
tive for a minimum, as /;, k, /, etc., vary through zero 
between certain limits. 
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PART III. 

GEOMETRIC APPLICATIONS. 



CHAPTER XII. 

TANGENTS AND NORMALS. 
RECTANGULAR COORDINATES. 

148. Equations of a Tangent and Normal.— The equa- 
tion of a straight line passing through (x' , y'') on the curve 
y =fx is (Anal, Geom.) y — y' = m{x — x'). 

Placing m ^f'x' = dy'/dx', we have for the tangent line 

•t (*',/) (§71) 

and for the corresponding normal 

J -/ = -(<&'/<?/)(«-»'). ...(») 

Thus, having _/ — i)x, then f'x = 9/2I'. /'4 = 3/4- 
Hence, _f — 6 = {3/4){x — 4) is the tangent, and 

y - 6=-(4/3)(x-4) is the norraal at (4. 6). 

If the equation of a Hne is in the form u — 0(a^, j) — o, 
we have (§ iir) 

fW = dy'/dx' = - {du/dx')/(du/dy'y 
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Substituting in above, we have 
^uldy'){y -/) = - {:bu/dx'){x - x') for the tangent, 
0u/dx'){y - /) = [^u/dy'){x — x') for the normal. 
Thus, having u= y' ~ ijx =• o, 

(du/dy) ^ 2y, (du/dx) = - 9, 
and at the point (4, 6) 

{du/dy') = 12, idu/dx')=-^. 
Therefore, we have 

i2{y — 6) — q(x — 4) for the tangent, 
and — 9(7 — 6) = i2{x — 4) for the normal. 

EXAMPLES. 
Find the equations of the tangent and normal at the point {x', /) 

y' ^ 2px. i 

tj,_y=-(j,'/;V)(x-^). 

y' = 2Rx-x^. y-y = {s- x%x ~ x-)/y. 

(7-y = -cot(y/a)(^-A 

7 - a log sec {x a). \ 

(j'-y=:tan(yAK-r-y). 

,. /-9^». (1,3)] w I / 

:rvers-'^-t/20'-y- J--/ = — ?^===(j; - A 
r ^2ry' - y' 
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= k \ogV^-'+r 



_^^'+y. 



■X^-x'). 



y = at'/'. y - y = t/Mix - x'). 

ax^ + lix^' -i-ty' -{- 2dx + 2ty -\- f= o, 

' ' (,■ + ,/ + /' 

^ = .. ,-/=(,-,■)/:,'. 



= 2#, + r" 



,■+» 



— ,. 0' = «/4) 



I + 27 = 4.. 



y^ ±3f3^/8-V8. 



= 6:t — 5, 



(7=4: 8^3 V3+4in/36. 
,.X-^-lX^-2) = ^-3- (^' = 3±V2) 

T= Vi/(4 + 3l'z). 1 = 0/0. 
>■ 3/ + 4^' = 5- (^' = I) 7 = T -294; ± r.44, 

(7 = [3(« + i')-5]//. 

1,= _/(x_y)/3+y. 

(7= ± (« + .)/=. 

I7 = T zj; ± 3. 

= » log [(. +{/•• - /)//) - V^^r- 

y-y = - [y/("' - y-mc* - «■)■ 

25. Find the angle at which 4;" =y+ 5 intersects 84^'+ tS/ = 144. 

An.. »/2. 

26. Find the equation of the tangent to the curve j-'(4: + 7) = 
3'(4r - y) at the origin. Ans. 7 = 4:. 



«•. (4'=.) 



y Google 



DIFFERENTIAL CALCULUS. 



1.1, Find the angle of incersecdon made by ihe two curves 
j:«_|_j,.= (2«)=, and/ - ^' = - a\ Ans. lan-ifii. 

2S. Find ihe angle at which the curve {y' + x^f = 2n'(:t" - y') 

ag. Find that point on an ellipse at which the angle between the 

30. Find the point on a parabola where the angle between a straight 
line to the vertex and the curve is a maximum. Ans. x' = p. 

To find the equation of ihe tangent to y =^/[x) which titakes 
a given angle, <p, with X: 

Let a = tan 0; then dy'/dx' = a, which combined with 
y =/(«) will determine {x',y') for the point of tangency. 

Thus, to find the equation of the tangent to y^ = 6x 
which makes an angle of 45° with X: 

dy'/dx' = 3/y' = 1 ; .-.y' = 3. 
Substituting in y = 6x, we have x' = 3/2, and the required 
equation is >< — 3 = x ~ 3/2, 



I, Find the equation of the tangent to y = a -]- {i: — x)' which is 
parallel to X. Ans. y = a, x = o/o. 

3. Find the equation of the tangent to x' -\-y' = r' which is 
parallel to J = ix + 7. Ans. j^ ± r/Vl = !i{x T. 2^/4^5)- 

3. Find the equation of the normal to >^/4 + x'/g =^ I which is 
parallel to 2X ~ y = j, Ans. y = ax T 2. 

4. Find the equation of a tangent 10 l8y' + Sx' = 72 which is 
perpendicular to the right line passing through the positive ends of 
the axes. Ans, zy = yc ^ V97' 

g. Find the equations of the tangents to gy^ ~ 25a;' = — 225 
which makes an angle of 60° with the transverse a.:;ig. 

6. Find the points on y = x' — 31' ~- 243; -\- 85 where the tan- 
gents are parallel to X. Atis. (4, 5) and {— 2, H3). . 

7. Find the equation of the perpendicular through the focus of a 
parabola to a tangent at (x', y'), Ans. y = ~ y'(x — //2)//. 
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8. y' = 4ai + 4a'; find [he locus of the points of intersection of 
tangents, and perpendiculars upon thera from the focus. 

Ans, :^ = - a; :y ^- v/o. 

Q. J — 2 = {x — ij-fiT — 2; find the angle at which the curve 
cuts X, and the point where the langent is perpendicular to X. 

Ans. Tan-' 2; {2, 2). 
10. Show that normal to y' = 4ax is tangent to y — ni^ — 20)7(270). 

With oblique axes, inclined at an angle /?, dy' /dx' repre- 
sents the ratio of the sines of the angles which the tangent 
and curve at {x',y') make with the axes. The equation of 
the tangent remains unchanged in form, while that of the 
normal becomes 

,-/ = [-(.+c„,|:,)„-,o]/[c„M+|:,].- 

149. Let TM, PM, and NM, respectively, be the tan- 
gent, ordinate, and nor- 
mal at any point M 
ivhose coordinates are 

LetC(2=/and(?i?-j' 
be perpendiculars from -r-. 
the origin to the tan- 
gent and normal respectively. 

Let XTM = 0. Then, since d:/fdx' = tan 0, we have 
Subtangent := PT=y' cot ^y'dx'ldy'. 




Subnormal — Pn —y' \ 
Normal =NM = 



Tangent ^ TM = y' < 



* Tod hunter's Calcu 



1 4>=y'dy'/dx'. 



^ —y \/i Jf- tan' 
= y' Vr + jdy'/d^ '' 

=y Vi -(-cot' <p 



^/Vi + {dx'/dy'y. 
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Also, from figure, or equations (i) and (z) (§ 148), 
OT = Intercept of tangent on X — x' — /dx'/d/. 
OS — Intercept of tangent on Y =/ — x'dy'/dx'. 
ON = Intercept of normal on X = ^' -\- y' dy' / dx' . 
Hence, 

p = OQ = Perpendicular to tangent = OS cos 9 



= os- 



- x'dy'/dx' _ j'dx'—x'dy' 



t'l+tan"^ '^^-^{dy^ldx'f Vdx^' + dy" 
q = OR = Perpendicular to normal = ON cos 

x' -\- y'dy' /dx' x' dx' -\- y' dy' 

~ \'i.-k-WMx'f ~ Vdx" + dy'"' 
To apply these formulas, obtain general expression for 
dy/dx' from the equation of the curve, and substitute 
values oi x' andy. 

EXAMPLES. 

I, f/s' + x'/a' =1, p = a'y/[^'x" + ^y^f/^. 

Subl = - a'y"'/(6''x') = (x" - a=)/x'. Subn = - i'x'/a'. 

It a = b, we have for the circle r = a, p = a, Subt =: — y"'/x' , 
Subn = — x'. 

Subt = ay V{*V) = {x-^ + a'>)lx. Subn = h-x'/a". 

If a =b, we have for an equilateral hyperbola ;« = a^l»/x"' -j-/', 
Siibt=y'A', Subn = *'. 
:. jf' = 2fx + r'i". 

Subt = {fipx' + >^'^'')/(/ + rV); Subn =p-\- ^V, 



= ^2/:.' + rV=+(: 



'2£fl+£ 



p^r'x' /■ 
Nor = >/2P^ + rV" + (j^ + r-'x')\ 
— o, we have, for the parabola referred to axis and tangent a 

Subt = ix', Subn = p. Tan =yf*/p'' +y''/p. 
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Nor = j/y^^, Perp. \a lan=j^V2t6''"+/', ? =y(^' +/)/*//' +/■ 



Subi = - y, Siibn - -yv^'= _ yy«, 

Nor = yyA^'s+yV-*'. Tan = fy~ + ^'. 
11 = B^, Subt = i/log fl = ^ 

c = r vera-'CV'-) " V^'J "V- 
Subt - y/^iry' - y, Subn = i'arv' -y 

Tan ^ y^'^'/^2ry — y, Nor = 4/217', 




Since the subnormal /W = MD, ihe normal at any poLnt passes 
through the fool of the vertical diameter of the corresponding posi- 
tion of the generating circle, and the tangent passes through the 
other extremity. 

The tangent and normal at any point of a cycloid are therefore 
icted when the corresponding position of the generating 



Otherwise, when the circle AB. upon the greatest ordinate as a 
diameter, is drawn, through the given point ^draw MC parallel to 
the base OX; from C where it cuts the circle draw the chords CB 
and CA to the ends of its vertical diameter; through M draw the 
tangent MM parallel to CB, and the normal MN parallel to CA. 

To construct a tangent parallel 10 any right line as RS, draiv the 
chord BC parallel lo it, through C draw CM parallel 10 OX, and 
through M draw ME parallel to SS. 

7. y = a^-'x. Subn =.y"'/i!x', Subt = nx' . 
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8. / = »^= + ^= 

Intercept of lan on F = Ix' l{,a + AV{''h)- 
■ g. _v' = 2J-, y = 8, Tan = 4 \fyi. 

ID. ^ - sec 2j. ;> = [(^i^ - I)"' sec-' x - i]/[, + ^x\:>? - i)"^]. 

SubC = ^{-ia - ^')/(3a -x'), Subn = :c"(3a - x')l{.Za - s.')^. 
13. ;l^ = ^W' + <:-'A)/2. 

Nor =y"'lc, Subn = ;(tS^A) - r-=*'A)/4. 

Tan =yVV'y-t'. Subt=<:y/^y' — £'. 

13. j^ +y = t". / = ^vf ^'M^. 

14. :k' - %ary ■\-y^ — o. 

Eq. of lan J' = - ^(^" - a/)/(jl^" - <2x') + (a-.>')/(y' ^ «-t'), 

subt = {y'-^y)/(V-^"). 

15.//'+/'' = //=. 

Eq. of un ^ = -^^/(TT^ + f A". 

Intercept on ^ = l/iv", on F = f^. 

Area between axes and tan = ya'x'y'/z. 

16, y = fW". Subt = a, Subn = fja. 

'' = 2n' iog X. Subn = n'/j^'. 

^' = a\a — x). Subt = - 2(flx' - *")/"■ 

)■ Snr' -f 11' = ax'. Subn = x'^/ii. 

J. y = 33-" — 12. j^' = 4. Subt = 3, 

I. y ^ «*'. Subt = 2^:73, Subn = lax'-'/z. 
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POLAR COORDINATES. 

150. Polar Tangent, Subtangent, Normal, and Sub- 
normal. 

Let PM = r, correspouding to the point of tangency M 
of any tangent as TM. From the pole P draw PT per- 




pendicular to PM. Draw PQ and MP perpendicular to 
TM. 

PT, the part of the perpendicular to r, from P to its 
intersection with the corresponding tangent TM, is the 
polar subtangent corresponding to M.. PP is the polar 
subnormal, and PMis the normal. 

Let <p = PMT, the angle made by r with TM. 

Then (| 55, § 7°) 

From Trigonometry, 
sin = tan 4>( Vi + tan'' <p, cos <p — Vi/(i + tan' 0). 



Therefore, since V'fr' + ^Vf''== ds, [% 92,) 
sin — rdB/ds, cos = dr/ds, cot — i^/-/»-(i 
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PT= Subt ^ rtan ^ r^dd^dr, 

TM = Tan = !-¥i + {rdB/dPf = rds/dr. 



RM ^ Nor = V'r' + {dr/dtif = ds/dd, 
PQ~ P — perpendicular to tafigent 



V(dr/dOy + r* ' 

Since ris/M is assumed to be positive, positive values only of ^ are 
;onsidered. 

,// = ,/r= + {dr/dB)yr'. 
Putting i/r ^= Uf from which dr' = r'du', we have 

i// = u' + {du/d&r (0 

/"iV = ? = perpendicular to normal = r cos (f> 

= rdrlds = — = >^r' — j?. 

Vi + {rdO/dry ^ 

Since ds — dr/{dr/ds) = ?-i^^/r cos = rdr/q, 

dsldr — r/q — r/ Vr' — /'; .', i/j = rdr/Vr' ~ p'. 

But / = r'dB/ds, :. ds = r'dD/p. 

Therefore r'dd =prdr/ V^'— /'. 
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EXAMPLES. 

1. r = fifl; find the ariRld 4> between r and [he tangent, die sub- 
tangent, the subnormal, the normal, and p. 

Npr = V"' + r\ t = '■Vt/«-' + !■'. 

2. ,- = «(i+cose). 

Subt - - r'An sin S), Subn = - a sin 6, / = fj-yaa. 

3. )- = cfl. Subt = Mar, Subn = r/^". Tan tp = Jt/a. 
Tan = r ^T+m7', Nor = r \/T+1Jm/, p = M^r/v'Mj+7. 

4. r'^flVO. Subt =Z« V0!/ = 2"VV'-' + 40* =2a v'e/4^1 + 40''. 

5. <■ = hBi/s. Subt = 2rya\ p = 2!-V4/«-+4)-'. 



Subt = - 2a cot cos 0, Subn = - zn sin fl, 

Tan = 2.i coi fl, Nor = 2^. 

7. r = a8 -'. Subt = - a. Tan = - 8, Subn = - s'Vn 

= V= + 2e, Subt^z-^^A-'siiizO), Tan=r^Vt^a"nr 

Subn = - ui^ sin 3fl/^, Nor .-3: «V^, 

p = rS/fl', Perp. to Nor = r sin 28. 

10. r = aO/sin S. Subt = nO'Asin - fl eos 9) 

11. r = abl{ai^ + bt-^). Subt = - "///(fli-S - bs-% 

12. rr=a(i-cose). 

gi = S/3. Subt = 3fl sin' (0/2) tan (H/2), / = 2a sin^ (O/2) 
13- '■=a.''cota. /.= rsinQ. 



2alr 
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151. Polar Equation of a Tangent.— Let /"J/ = /, and 
XPM = 8', be the coordi- 
nates of M, the point of 
tangency of any tangent, as 
NM, and !et FJV = r, and 
XPJSf == 6, be the coordi- 
nates of any other point of 
NM',a5J^. l.etFMN=(p; whence (§150) tan 0=^Vi''/^/. 

Triangle FMN gives 

^ _ sin MNP ^ sin [(1^' - ^) + 0] 
r ^ sin FMN ~ sin 

= sin (^ - ^) cot + cos {(9' - 0) 
= sm{e' -e)dr'/r'de'+ cos {(>'-&). . . (i) 
Putting i/r = ;< and i/r' = u', whence 

du'/dd' = - dr'lr'''dd', 
we have, dividing both members of (i) by r', 

u = u' cos ((f -d)~ sin {6' - 0) du'ldB' {2) 

for the tangent. 

Otherwise it may be obtained from eq. (1) (| 148) by 
changing the reference to a system of polav coordinates. 

.nd f be the polar coordinates of the point of 



tangency {x' ,y'), and r and C those of all 
the tangent. Taking the pole at the origin 
ence line to coincide with the axis of X, w 



thei 



ndth 



points of 
refer- 
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y=. r sm P, y = r sin <3 , 

d/_ _ sin B'dr' + r' cos ^V^' 
a'a:' cos O'dr' — r' sin O'dO'' 

Substituting in (i) (§ 148), we may write 

■ a f ■ fl/ sin d'dr'/dS'-^r' cos ^', ^ / ni\ 

cos odr/do'—r%vau'^ 

Whence 



or, clianging signs of terms, 

^'(Sin e' cos - sin fl cos fl') + rr-Ccos 0' cos 9 + sin 8' sin H) = ^', 

or ^m{fi' -6)dr'lr'dB' ■\-<io^[B' ~b')=r'jr. . (i) 
Putting i/r = «, and !/»■' ~ u' , whence, 

du'jdd' = -dr'/(r"de'), 
we liave, dividing both members of (i) by r', 

u = u' cos [I)' -ff)~ sin {(?' - 0)du'/dff', 
Representing the polar coordinates of all points of a nor- 
mal except the point of tangency {x',y'y by r and ^, we 
deduce in a similar manner from (2) (§ 148) 

u ^ u' cos (6 - 0') - u'" sin (0 - eyd'/du' 
for the normal. 
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CHAPTER XIII. 

ASYMPTOTES. 
RECTANGULAR COORDINATES. 

152. An Asymptote to a curve is a definite limiting posi- 
tion of a tangent to the curve, under the law that the point 
of tangency recedes from the origin without limit. 

Unless otherwise mentioned rectilinear asymptotes only 
will be considered. 

Asymptotes Parallel to the Coordinate Axes. 

153. If in the equation of a curve j'»->oo as .tb-»o, then 
{dy/dx)i, =«> (§71), and x=a is the equation of an asymp- 
tote parallel to Y. If, otherwise, y»^a as ^:»-»co, then 
> = a is an asymptote parallel to X. 

EXAMPLES. 
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ASYMPTOTE!^ 
2, /l/i=_v-i. _v»-»i as . 

Hence J' = I is an asymptote to both branches. 

Hence Fis an asymptote to the left.hanil branch. 




Hence, X and x= ± « are asymptotes, 

CURVES. ASYMPTOTES. 

5. / = (^ + «.•)/(»-•)■ ' = •- 

xy — o|' — ix = o. X ^ a. y = b. 

!.;■ = '/(>+»■)■ 7 = 0. 

). * = « log [(« + (/irryOA] - (/<~-^ f. = o. 

log j;. j; = o. 

h «*7 = iMj'. ^ =; *. 

1. J. = .•«/(•' + »). J'=o. 

V = 4a'(2(I -~X\ 3= o. 
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IS. xy^a'y = <fi. /-o. 

= ± (> + *) Vb' -y/j-. ji- = o. 

t. a:y = a'(^ -/). JJ = ± a, 

). X''' + '') = ''V-^)- >■ = <>■ 

ASYMPTOTES OBLIQUE TO THE COORDINATE AXES. 

154. Let IMhc a tangent and SP an asymptote to any 
plane curve, as NM. 




The equation of TM\i (§ 148) 

ind its intercepts are 

OR ^ x' -/{dx'/d/). 0T = / -x'(dv'/<ix'). 
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As the point of tangency M recedes from the origin 
without limit, the tangent TM approaches the asymptote 
SF, and the intercepts OR and T approach OS and OP, 
respectively, as limits. 

Assuming that in the equation of the curves' at-^ co as 
V ss^ ^ , and placing 

tan OSP = K, OP = Y,, and 05= X^, 

we have, omitting the dashes, 



I V'^x\ 



:[-'f} 



:[«-l^l 



any two of which will serve to determine in regard to an 
asymptote. 

If ^ = o or 03 , or if F„ = X„ - w , or if either y„ or 
X^ is imaginary, there is no corresponding real asymptote 
within a finite distance from the origin ; otherwise there is 
and its equation is 

y= Kx+ y,, or x= y/K + X, , 

or xlX,^ylY,.^i.. 

If either K, or X, is zero, the corresponding asymptote 
passes through the origin and its equation is 
y^ Kx. 
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I-lence, a parabola has no asymptote. 

Hence, y = — x -]- an/3 '^ ^^ asymptote. 

j:=:±oj,i'=T». i/y/iix = — x'/y. 

^= [- '•//].= - [Co -/)//E'= -[■«//■ - or- - ■• 

Hence, ^ = — j- is an asymptote. 

When ;-' < o, Ya is imaginary. Hence, an ellipse lias no asymp- 

When r' = o, both results are unlimited, showing that a parabola 
has no asymptote. 

When r' > o, both results are finite, and since n has two vakie'- 
an hyperbola has two asymptotes 

Pniting/ = ^Y" ^"'i '"' = ''"/n'. we have 
Xi~ - a. y„ - ± 6. 
5. y - ^> = ax'' 

X = a, =y. dyldx - {liix + 3x5)73/11. 

-^- = [' - ;=feij.= [sTTii]." [(177^)].= - r 
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Hence, j- = ar + 3/3 is an asympiore 

6. _»-' -J- = -t" - 4^- ''^'/'^'^ = (3^' - 4)/(aJ'' - l). 

Put X = ty, giving jfi — y = fif — ^/y. 



Hence, y =: ± 4/(4* — i)/l'' - i) and ( = i give j( = ± =0 = a:. 

= [-3/(3»-4A)].. =<>■ 

Hence, j- = j: is an asymptote. 

7. a:" - yixy +/ = o. ^j^/fl^ = {ay - j^)/(7= - ax). 

Put j: = O'l divide by /, and ive find y = yit/(i + t% in which 

Hence, 7 = — a: — a is an asymptote. 

CUKVKS. ASYMPTOTES. 

8, ay - i»j:t = _ aV. y=± bxla. 

9. 7= = ^\a -x\ y=-x-\. n/3. 

I,) y-'-^ax^ 6^. y= j/Sx + a/li/?: 

„.f = xyix~l). x^I. 

13. / + *= = 3j;'. J, = _ ^ -j_ 1, 

ij. y =xy{x' + 3a^). y = X. 
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15. / = B»* - x\ y= - X. 

l5, V — 6j;' -j- j:'. J' = s + 2. 

17. 3:''y = x' ^x-Yy. X = — i.±y = X. 

18. Find ihe perpend[cular distance from [lie focus of an hyperbola 
CO an asymptote. Ans. Semi -conjugate axi?. 

19. Find a langent 10 a given curve which forms witli ihe toOrdi- 



Let !(/2 = area of triangle. Then 

"^y ., ■ <'^^' ... u ■_ 

1 ""W . .'0'' I r . , ,'fy' , 

genera], - — = o requires * tt ^J* = <>> whencey — ^ ji — '^y ■ 

Therefore, in general, when the triangle is a maximum or a min- 
imum, the portion of the tangent between Ihe axes is bisected at the 
point of tangency. 
Let tiie equation of the curve be x'' -j-y^ = H^, 

lix' " y ' dx' ~ y' ' 

Hence, "——^V = o gives j-' = x*, 

y 

and «/2 = A" is a minimum, 

155. The equation of any algebraic curve of tlie «th 
liegree may be arranged in sets of homogeneous terms and 
written in the form 

^"/.(^A) + -^"-'/.(jvA) + x'-^nylcc) + . . . = o. (r) 
Thus, having 

/ — x^y + 2v° + 4;' + * = o. 
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then (/ — x'y) + 2/ -\- {.^sj -\- x) = o, 

and x\y'lx' - y/x) + ^'(^/A') + ^(4^* + = o. 

Let / = 1'^* + ^ be the equation of a right line ; combine 
it with (i) by substituting mx + c Sor y, giving 

+ x'"Y,{m+c/x) + ... = o, . (2) 

the K roots of which are the abscissas of the n points com- 
mon to the two lines. 

By causing m and ( to vary, the right line may be made 
to have any position in the plane XY. 

Developing each term of (2) by Taylor's formula, we 
have 

,-/.(«) + «-'[f/.'(,«) +/,(»)] 

+ ""-'['/."("j + '/:m +/,('»)] + "c. = o. (3) 

Any set of values of m and f which satisfy the two equa- 

/.w = o (4) <■/;(«) +/.W = o, (S) 

cause the two terras in (3) containing the highest powers of 
X to disappear, and the resulting equation to have two in- 
finite roots. That is, two of the points common to the 
right line and curve are thus made to coincide at an infinite 
distance from the origin, and the corresponding right line 
consequently is an asymptote. 

Let »(,, OT, ,.../«„ be the n roots of (4); the cor- 
responding values of c from (5) will be —/,{m^)/// {}»,), 
etc., and 
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y = m,x-f,(m;)/f:(m:}, 
etc. etc. 

are the equations of the n asymptotes. 

Hence we have the following rule : 

In the equation of the curve substitute mx -\- c for y, place 
the coefficients of the two highest powers of x equal to zero, 
and find corresponding sets of values for m and c. Each set 
will determine an asyfitptote real or imaginary. 

Thus, having x' — ix^ — zjc' — Zy = 0, then 

and (i - 2/«)*' - {z<r + 2}y - 8ot* - S<r— o. 

I — 2m = o, — 2c — 2 = o, give w —1/2, c= — r. 
Hence, y = xf2 — i is an asymptote. 
Having xf — x' — ay' — ctx^ = o, then 

x{m^ + cy -x'- a{fnx + cY - ax' = o, 
and {»,' - i)x' + {2!nc - am' - a)x' + etc. = o. 

Hence, y =■ ±{x -^ a) are asymptotes. 

EXAMPLES. 



: y\x-2a)=^'-a\ X = 2a. y = ± (^ -^ a). 

!. j. = ^(:r + l)V(x-l)''. :. = !, 7 = ^ + 4. 

-.^y + 3'^'+i^ = o. ^=-y. x=y, x = o. 

. Lt* +y + 3<i'* + s^'j' + £! = o, x= —y. 

'. jc/ - ay' + xy = i'. x = a. y = ~ X ~ a, y : 
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,'/-.•+,> + .,<+,• = 


■>./ = -». ^+i=J^, "t'O 


0''-3-y4-z^V = 4^/. 


-• = 4«, J' = ->-», ^=2(1+8.). 


Mj + xT{,-^,) = ,: 


j; = 0, / = 2j;, ;/ = ~ X 


y = «■(.• -i)/V+ ■)■ 


j/= ± x 


/-,• = •■,. 


j-^x 


/ = (,' - «V)A!^ - .). 


^==a/2, J = (^ + a/6)/f3- 


.■-x,' + ./ = o: 


» = », ^ = ± (-.+«/* 


y = :^{«'-4.')/(,'-«-). 


J^ = ± X X - ± fl. 


7-;i:(i-2a)/(j:-o). 


y=x-a, x=a. 


^'+2*'^-^-2/ + 4^ 


+ !'T+^ = "- 


« + 


2^ = 0, ^+^ = 1, «-■ =-l. 


yi-6xy + ,„>-6x' + . 


+j = 0. 7 = X ^ = 2^, ^ = 3^. 



_j^ — ji' + a3j;'_j' — b^x = 0. jv = -c —a /s, y= — X -^ a/2. 

J* — j^ — a'^j- — iy = 0, X = ^ y, 

x^y-\-y'x = <^, x = o, /-=o, x = - y. 

2J* - jr'^ - ixy^ -\-y'-\-2x'-^xy~y^ + x-\-y-lr\=o. 

y-x + i, y^-x, y -\^x. 

156. Let the equation of the curve (r) (§ 155) be arranged 
according to the descending ppwers of x; thus: 

ax-^{by^d)^-^-\-... =0. . . . (6) 

If a=o and J' be assumed equal to —d/b, two of the roots 
of (6) are infinite and the right linej — —1//^ is an asymptote. 
Hence, when »" is missing, the coefficient of the next highest 
power placed equal to zero is the equation of an asymptote 
parallel to JiT. 

If both x" and x"'^ are missing, the coefficient of x^^-, 
which will be of the second degree with respect tojV, placed 
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equal to zero, determines two asymptotes real or imaginary 
parallel to X. 

In a similar manner asymptotes parallel to Y may be 
determined. Thus, \v3.yva% x^-/ —x'y—xy' -\- x-\-y-\-\ =o, 
iQ ivhich x', x', y, y are missing, y' — y is the coefficient 
of x' and x' — x that of y. 

Hence, f ~y = o, x' ~ x = o, give the asymptotes 
y = o, y ~ \, X ~ V, and * — i. 



CURVES. ASYMPTOTES, 

t. }flx — ay^— x'—ax^ — i" = 0. ^ — a, y = x+a, y =—x—a. 

2.' xy» -\- xy ~ a' = o. y = o, ^ = o. 

3. xY — a^ix' +J'') = O. x=±a, y=±a. 

4. xY — aip~x=0. x= ±a, y = 0. 

5. ay'-xy' ~x' = o. x = a. 

Polar Coordinates. 
157. If for any finite value of S, designated by a, r is infi- 
nite, and the corresponding subtangent F T' =(r^dli/dr)e.t. 




designated by S, is finite, the curve has a 
lei to the radius vector corresponding to c 
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Knowing a and S, the asymptote may be constructed as 
follows : 

Through P draw PM', making the angle XPM' = a; it 
will be the direction of the corresponding infinite radius 
vector. Draw PT' perpendicular to PM', and lay off 

PT'= S= (r''de/dr)s.a. 
T'M' drawn parallel to PM' is the corresponding asymp- 
tote. 

Designate the angle XPT' = a — n/z by fi, and let r 
and B be the polar coordinates of all points of tke asymp- 
tote. Then from the triangle T'PR we have 

r=Slia(«-«) (.) 

Hence, knowing a and S, the polar equation of the 
asymptote is known. 

Insomecases tt and ^ may be readily found. Thus, having 
the curve r — cf/sin ^, f = ;r — « gives ^ = m , and 

\df A=„ Uin (^ - f* cos eje.. 
Hence, rtin = an is the polar equation of the asymptote. 
Positive values of .5 are laid , 



off in the direction 


1 


S— . ^,.yr- 


^ = tt - n/2. 




^^^y^ 


and negative values in the 




^ y^ 


direction 

,3+i8o° = « + jrA. ( 


/ 

p 


/Y 


,'j5_^jr 


Thus, having r = ajB, 






6=0= agivesr^ oo,and5 


= -a. Hence,,«=-V., 


and direction of S is n/2. r 


in 


B = a\% the equation of 



the asymptote. 
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Having r = a-\- af$, 
6 = o = a gives r = CO , and 

S={r'dd/Jr)e=^= -a. 
Hence, r = a/sin ^ is an 
asymptote. 

As Bm-^'x>, r-B-^a, and the 
circle ^ ^ a is called an 
asymptotic circle. 
■ In general, let the polar equation of a curve be 
^-/.(») + r-%^,W + . . . + r/,(») +/.(8) = o. (,) 
Placing u = i/r, clearing of fractions, and arranging with 
respect to », we have 

«"/„{») + u-'M8) + ... + uU,{6) +Ue) = o. (2) 

For any point corresponding to r = so u must be zero, 
and the roots of f„{8) = o are the values of correspond- 
ing to r = =o . 

Differentiating (z) with respect to 0, making « = o and 
^ = a, we have 

(A/i«).../,^,(«) +/■'(«) = o- ■ . ■ (3) 

Therefore (§ 151), 

/«»> _ C ^\ _ /.-.(") _ 5 
\<lrU..-\ */„.."/.'(«) "■^ 

Hence (i) (| 157), the polar equation of the asymptote is 
^ sin («-«)=/._,(«)//.'(«). . . (4) 

When » = I, 

>• sin (a -9) =/,(«)///(«) (s) 
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To illustrate, having r cos C — ^ sin 9=-o. 

n = ,, /,(«)= cos », /.(«) = -«sma 

COS 6 =: o gives a =. n/2, 31/2, etc. 

/,(«) = - ^ sin «. //(«) - - sin «. 

Hence, i^ sin (^r/a - ^ = - (^^ sin «)/ - sin « = ^, 

or r cos B = h inx the corresponding asymptote. 
Let r = a sec C + ^ tan ft 

Here i/r = « = cos £</(« + ^ sin f) = o 

gives a = n/2, {du/de)^._^^^ = - i/(« + ^), 

and y cos ^ ^= « + 5 for the corresponding asymptote. 

(4) may be deduced from (2) (§ 151) by substituting in 
it «' = o,d' = a, and - du'/dd' =/,'(«) //„-i(«). 

EXAMPLES. 
Find the asymptotes of the following curves: 

1. »■ = a tan e, j- cos S = ± a. 

2. »• cos = a cos ae. r cos e = - a. 

3. (»• - o) sin 9 = i. >■ sin S = *. 



(In which k is any iiileger.) 
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r = c(sece±tane). ,- cos = 20. 

^ = ^ sec m^ + b ta.i nM. r sin [^/2«/ -G] = {a\- b)lvi. 

r' cos 8 = B= sin 3O. r cos a = o. 

r ^neV(e'- I). J- = - «/[2 sin (iSoVff - 0)1- 

>- = «/cos 9 + *. J- = «/sin (90° - 0). 

Find the asymptotic circles of the following curves : 

17. r = a8V(e=-l). lArCer-a. 
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CHAPTER XIV. 

DIRECTION OF CURVATURE. SINGULAR POINiTS. 

DIRECTION OF CURVATURE. 

159. Let 7 =/(,«) be the equation of any plane curv 
and let f represent the angle 
made by any tangent to the 



Till 



:n dy/dx'. 
d'y/dx': 



-•{dts.hO)/dx. 




When d'y/dx' is positive, 
tan 6 increases with x (§ 71), and, as may be seen from any 
figure, the concave aide is above the curve and the direc- 
tion of curvature tsupwara." 




When d''y/dx'^ is negaliv 
if X, and the direction of cm 



is a decreasing fm 
.f downward. 
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In a corresponding manner it maybe shown that positive 
values of d^x/dy^ indicate concavity towards the right, and 
negative values concavity towards the left. 

To illustrate, let j — 2 + (x — 2)'. 
Then d^yjdx'' ^ 6{x - 2), 

— and d'x/dy = 2/^(2 — xy. 

Hence, when ^ < 2, the direction 

of curvature is downward and to 

the right. When x > 2, the curvature is upward and to 
the left. 

Show that the direction of curvature of j' = e" is always 
upward and to the left. 

160. Polar System. — Representing by/ the perpendic- 
ular distance PQ from the pole /* to the tangent at any 




point ^on a curve, it is apparent (when the tangent does 
not pass through /") that the curve is concave towards 
the pole when p is an increasing function of r, and that it 
curves away from the pole when/ is a decreasing function 
ofr. 

Hence, positive values of d/i/dr indicate concaviiy towards 
the pole and negative values the reverse. 
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From (i) (§ 150) we have i//° = w' + {du/dS)", from 
which - dp/p' = (« + d'u/df^)du; but </w = - i^^/r". 

Hence, dp/dr ^ {p''/r')(u + d'u/d6'), which, since/ is 
aUvays positive, changes its sign only with {u -\- d'u/dS''). 



EXAMPLES, 



Placing i/i 



e u - (^/«, du/dt) ^ O-V^' 



B ^l^a. 



u + d'ujdd' = (S' - r^/A)la. 




Therefore, when S* < i, i/^/i^^ is negative, and the concav- 
ity is away from the pole. 

When # = i, whence r - a»/l, dp/dr = o. 

When & > i, dp/dr is positive, and the curve is concave 
towards the pole. 

2. Show that r = p/{j. ~ cos ff) is always concave towards 
the pole. 

3. Show that the direction of curvature of r = a^ is 
always towards the pole. 



y Google 



274 DIFFERENTIAL CALCULUS. 

SINGULAR POINTS. 

Points of any curve which, independent of coordinates, 
possess some unusual property are as a class called singular 
points. 

l6l. A Point of Inflexion is one at which, as the variable 
increases, a curve changes its concavity from one side of 
y the curve to the other. The cor- 

responding tangent intersects the 
curve, and tlie direction of cur- 
vature is reversed. 

Let^ = fx be the equation of 
a curve. It follows from § 159 
that c is the abscissa of a point of inflexion, if as x increases 
f'x changes its sign in passing through/''^:. 
The real roots of the equations 

f'x = o and /"x = =0 

are therefore critical values, and may be tested by a method 
similar to that described in | 135 in the case of f'x = o 
and/':K — w. 

Hence, the general method for any critical value as c is to 
determine whether, as h vanisiies from any definite value, 
f"{c — h) and /"{c + K) ultimately have and retain dif- 
ferent signs. 

When /"W, /'"(a:), etc., are continuous for values of x 
adjacent to critical values, those derived from f"{x) — o 
maybe examined, as in the case of f'x = o (§136), as 
follows: 

Having f "(c) = o,suisiitute c/or xin/"'{x),/"'{x),etc., 
in order, until c result other than o is obtained. If the cor- 
responding derirative is of an odd order, c is the abscissa of a 
point of inflexion., otherwise not. 
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If a result m is pbtained, the general method should be ein~ 

When f"'x is complex, the general method is usually 
preferable. 

It should be observed that at a point of inflexion the 
slope of a curve is either a maximum or a minimum, and 
that the determination of such points is the same as finding 
those at which/'(x)"is a maximum or a minimum. 



EXAMPLES. 




I. x^ - ix^y - 2X-' =-■ Sy. 

dy ;c(^ + 12^-16) 




dx- (^=+4)= '^"'' 




x = -i, a; = 2(2- 4/3) = 0.54-, x=-i 
Applying the meihod § 138, we have 


■+V3) = J.S 


['S\ =7iyst--°i*-«l = 


— o.a. 



..-X-,T.[-^ + 2][-*-7.5]= + o,9. 



Hence, (— a, — 1), (0.54 — , — 0.05}, and (7,5 — , 2.6 — ) are poinis 
of Lnflex[on. 
i. y ^ 1 - %{x - 2)=A ^ 



(d'y/dx'')x<i is negalive, (_d'f/dx%>, is positive, 
nee, X = a =yia a point of inilexicm. 
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CALCULUS. 


3. 7 = "*/(« - A^)A. 


^ = s-'A 


4. a'y = (^ - bY 


X =i. 


5. ^(^-2) = (^- i)(^-3)- 


X = 2. 


6. «V = :.'. 


x~o = y. 


7. j.'(^ _ „) = ^= + „^. 


x= ~ 2a. 


8. J- = ^V« + "[(^ - ")/«]'/"■ 


x = a. 


g. jP = *' log (I - j:). 


x = o~y. 


lo, sf^y ~ ^\ia - y). 


^ = ± wVs. 


ll.y = A/^. 


X = ~ 1/2. 



15. JV = « siti (x/b). 


Jt = 0, *!!■, eic 


16. ^ = (« - -.)«/= + a^. 


x = >.. 


J7. ^=*=-^6/i. 


X - 64/225. 


18. ^ = ^ 


^ = 8. 


19. y = x'/(a' + ;rV- 


. = o,. = ±«yi. 


ao.y = a lan (V^). 


j^ = =: /. 


81. .V = x'(x + o)/[a{x - «)i. 


. = - 4V^ - ,). 


S2. y = «^* - ^». 


^ = a. 


23. jy = a + (^ - a)'. 


*= 2. 


34. jv - 0^ + ij" + ^^!. 


X = t)=y, 


S5. K"' - -*') = <^ - «)' -- ■^*'- 


X = 2a/i, X = a 


36. y = a^x/ix' + 0'). 


* = 0, x= ±aVl 


27. y = ^Va - ^V""- 


. = ± VVi- 


2i.y = xcos{x/a). 


j: = 1? = J-. 


ig-^'y = x + 36X' — 2X' — X*. 


^ = 2, X = - 3. 


30. y = >tV^/{2<, - X). 


.V - a/2. 


31. axv = r' - a'. 




32. o> = ^/3 - na:' + 2fl'. 


x = a. 


33. ^T)- = a' log (i/fl). 


X = ae^/K 


34 (ay - x^Y = i:^'. 


x = gS/(^ 


35- "'y ^ ^(0' - '')■ 


r = ± a/j/6. 


36. ^[^= f a-') = «'(« - :«:). 




37. ^y ^„=(^'-_v=). 


x = o. 
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af^ = (^ - a)'fy. 



43- : 



x% 






162. Polar Coordinates, — Having r=f[B), it follows 
from § 160 that r = 1: corresponds to a point of inflexion if 
,lp/dr = (tf 4. d''ujdd^)p'jr' changes its sign in passing 
through {dp/dr\,,. 

Hence, the real roots of the equations dp/dr=^o and 
dp/dr—'x>, or, what is equivalent, u^ ifu/dB' -=.0 and 
u -|- d'u/d$'' ■= 00 , are critical values which may be lested 
by methods similar to those indicated in §| 135 and 136. 

It should be observed that/, corresponding to a point of 
inflexion, is a maximum or a minimum. 



r. r=af>-'l[B^--,') = ^lu. 
Whence dtildd = 2/iati'), d'uldB' = - 6/(af')- 

u + d'ufd^ =,[^-lf ~ 6)/(«f ) = o 
gives f = ± V3^ and changes sign as f passes through either. 
Hence, 6= ± V3, r =. ^a/2 

2. r={a^ae)/e=iju. 
Hence, du/dB=a/{a -\- aS)\ 
d'u/dB' = ~ 2a' /{a + aB)\ 



e points of inflexion. 



,7 — , and dp/d/' 
changes from 



gives - 



-to + 
passes through 0.7 — . 
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163- A Multiple Point is a point common to two or more 
brandies of a curve, and is double or triple, etc., according 
to the mmibcr of branches. They are classed into Points 
of Intersection, Shooting Points, and Points of Tangeney. 

A Multiple Point of Inter- 
section is one through which 
the branches pass and have 
different tangents. « is a double 
and (^ is a triple point of inters 
section. A double point of in- 
tersection is also called a node. 
A S/woting Point if^ a multiple 
point at which the branches terminate with different 
tangents. 




A Salient Point 
point. 




is a double shooting 



A Multiple Point of Tangency* 
which the branches have 
tangent. 



A Cusp is a double multiple point of tangency at which 
both branches terminate. 

When in the vicinity of a cusp the branches are on 
Opposite sides of the common tangent (Fig- c), it is of the 

* Sometimes called points of osculation or double cusps. , 
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SINGULAR rOIA'TS. 
first ifecies, or a keratoid (horn) cusp; wlier 




side (Fig. d"), it is of the second species, oi 
(beak) cusp. 

A Conjugate Point is an isolated real point of a curve. 
Thus, the origin x^a^^y is a real point of the curve 
whose equation \% y = ±. x V^^^, l^ut y is imaginary for 
± 5c < 2. Hence the origin is a conjugate point. 

Let>' = -^(■^) be the equation of any cuire. 

From § 124, 

nc + /i} = n^) + r{r)/i + F''{c)hy2 + etc. 

When {c, </) is a conjugate point, F{c + }i) is imaginary 
for values of // near zero, while F{c) and h are real. Hence, 
one or more of the expressions F'{c), F"{c), etc., must be 
imaginary. This important characteristic of a conjugate 
point is frequently used in testing critical points. Thus, 
{c, d) is a conjugate point provided F{c) is real, and F"{c) 
is imaginary for any entire value of n. 

In the example above we find .^"'(o) = ± V ~ 2. 

Since the ordinates of points of a curve adjacent to a 
conjugate point are imaginary, the number of such ordinates 
for each point is even. It follows that a conjugate point is 
a multiple point in the immediate vicinity of which the 
branches are imaginary. The tangents corresponding to a 
conjugate point may be real or imaginary, coincident or 
separate. 
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Having the equation of any curve with two or more 
branches, if either variable, as y, has but one real value, 
d, corresponding to any real value of the other, as x = c, 
{c, d) is a critical point. 

If {dy/dx)if,a^ has two or more values, (c, d) is a multiple 
point of intersection or tangency according as the several 
values of {dy/dx)^c.d) are unequaior equal. 

When the values of ^ for points adjacent to and on both 
sides of (f, d) are imaginary, {c, d) is a conjugate point- 



i.y = i±{x 




- 4, y = 



X < 2, y IS imi!gin;iry. x ■=■ 2, 

2 < X < 4,y has two real valui 

X > 4,y has two real values. 
Hence, {z, 3) and (4, 3) are critical. 

dy/dx = ± Vl^^^ ±{x- 4)/(2 Vx--2). 

{dy/dx\i^%y — XI. (2, 3} is not a multiple point. 

(dy/dx\,,,i-= ± V^. 
Hence, (4, 3) is a double multiple point of intersection. 



2.y=± Vx-'(x ~ 2)/ V^. 
x=.o=y. _^ is iraaginary when a;<o, or o<a^<: 
Hence, the origin is a conjugate point at which we have 
{dy/dx), = T 2/V^^. 
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3, jc' + lax'y = af. 
X = Q =j'. X = o ± h, y has three 
values, {dj/dx)^ = o and ± V'z. 



Hence, the origin is a triple point of intersection. 

4. y= 2 +x tan-'(i/^) = z+^ cot^'«. 
^= o, y = 2. When cof'^<?r/2, 
a! and cot ''a: have the same sign, and ±a; 
give equal positive value fory. 

{dy/dx),= [cot-'x-x/{i + x')l = «/2 
and 3?t/z and 5^/2, etc., or-;r/3 and 
— 3?r/a and — S^r/a, etc., according as 
*»->o is positive or negative. Hence, 



(o, 2) is a shooUng point. 

dy/dx" = — 2/(1 + x')' is negative for ± x; hence, the 
curve is concave downward. 

s. ^ = V( ■+«"") • 



^ [. + «''•"'■*(■+'■'*)■] 



according as ,ts^-»o is positive or negative. Hence, the 
origin is a salient point. 

J = ± «■ I'J+^A, 

^ = o =^, and J has double 

values for values of x between ± e 

and o. 
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Hence the origin is a double point of tangency. 

dy/dx — ± i^x — z/2. 

;c<2, y is imaginary. 
x'>2,y has double values. 
x-= 2,y —3, and {dy / dx)i^^^iy=- ±0. 

Hence, (2, 3) is a cusp. 

The branches are on opposite sides of the common tan- 
gent^ = 3, and the cusp is of the first species. 

8. {-ix-yY^ix-i)'. 

.«<3 makes _)' imaginary, ^=3 gives J=5, and :v>3 gives 
real double values to_j'. 

{dy/dx\i_^= z ± o. Hence, (3, 6) is a cusp. 

Since ^y ^= 2x ±.[x ~ if^ ■, the branches are on opposite 
sides of the common tangent^ = 2*, and the cusp is of the 
first species. 

A characteristic of a cusp of the first species is a change 
in direct-ion of curvature from one side of the common tan- 
gent to the other ; while at one of the second species the 
direction of curvature remains upon the same side of the 
common tangent. Hence, different signs for i/'j^/i/a:" , cor- 
responding to the two real values of y in the immediate 
vicinity of a cusp indicate the first species, and like signs 
the second species. 

Thus, in example (7), (7^)= (± - -^ — ) lias val- 
ues with different signs. 

In some cases it is preferable to consider _)< as the inde- 
pendent variable. 
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9- > = 3 + {^ — 2)^^\ y has but one 
value for each value oi x. x =■ 2,y = 3. 
dy/ilx =2/\_^{x —2)^/'] is negative when 
a;>z, is « when x ^=- 2, and is positive 
when x< 2. (2, 3) is evidently a cusp of 
the first species as in figure. 

Solving with respect to j^,,we have 

« = »±(/ - 3)"'", W»/*)<.,» = (± 3 t^^3/^).«= ± o. 
_J' < 3, .a; is imaginary. >" ^= 3, Jt^ ^^ z. _f > 3 gives double 
value for x. Hence, (3, 2) is a cusp. 

("-ttI — I ± — ./ 1 has values with different signs, 

K'^y h>s\ \Vy-lh>i 
therefore the cusp is of the first species. 

Points corresponding to maximum or minimum ordinates 
at which dy/dx = 00 are cusps. 

10. y = x^ ±. x"^^, 

dx 







2X±^^fl/z. 

2±i5*i/=/4. 



x=io—y. 



ji:<o, y IS imaginary. 
.*>o, y has two real values. 

{dy/dx)„ = ± o. Hence, the origin is a cusp at which 
the axis X is the common tangent. 

¥s)r'o<x<i both values of J' are positive; therefore the 
cusp is of the second species. This is also indicated by the 
fact that both values of ((0'/'^'*')o<><evas6 are positive. 

Examine the following curves for multiple points: 

II. y^ = x'/(2a — x). (o, o) is a cusp of ist Species, 

13. (y-x)'= x'. (O, o) is a cusp. 
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= o =y is a conjugate point 
I, 27/4) is a conjugate point. 
). 0} is a double point of inter- 

), ± a) and (± 0, o) are cusps 

D, o) is a double point of tan- 
gen cy. 
— 3"/^^ i ") 3re cusps of ist 

[o, o) is a double point of tan- 

gency. 
[o, o) is a double point of inter- 

□) is a cusp of 1st species, 
o) is a cusp of 1st species. 
c) is a cusp of 2d species, 
o) is a double point of inter- 

b + ca^ is a cusp of sd species, 
o) is a double point of inter- 

S) is a cusp of ist species. 

- I) is a cusp. 

o) is a cusp of ist species. 

164. Let « = /{*, ^) = o be tlie equation in a rational 
integral form of any algebraic curve, then (z) (§ iii), 

^^_3. /a. 



7 = ± (x3/jr= - 4)/4- 

(W - «■)• = («-4)'(x - 3)'. 



(, _ i _ „•)• = (x _ ,)'. 

iV - 3)' ^ (X - ^}^ 
(>y+.)'+(«-.««-2)=0. 
y + «■ = J.X' 



y Google 



SINGULAR POINTS. 285 

At a multiple point dy/dx has two or more equal or un- 
equal values. 

Since 'du/'dx and dttfdy are rational integral functions, 
each can have but one value for any set of values of x 
andjv. 

Hence, equation (i), two or more values of dy/dx require 

dii/dx = o and du/dy -= o (2) 

Any set of real roots of these equations as {(■, d), which 
also satisfy /(», _r) = o, are therefore critical for multiple 
points. 

{dy/dx)ii^ai may be evaluated as in § 117, otherwise (3) 
{§ III) gives 

^^.^iiL^s^^m'-^ ... (3) 

from which the two values of {dj'/dx)(c,di "^^7 ^^ found. 

If in (3) d^u/dx', d'u/dxdy and 3'a/3/ vanish for 
{c, d), {dy/dx) is indeterminate. Then (7) (§ in), 

3a^ "•" ^S^'3j dx "•■ ^dx-df \dx) "*" d/ \(lxl ' ^^' 

gives three values for {dy/dx) f,_^. 

It follows that any algebraic curve whose equation in a 
rational integral form contains no term of a degree less 
than the second, with respect to the variables, has a mul- 
tiple point at the origin. 

EXAMPLES. 

du/dy =^y = o, dii/dx --= - 2*(i - x'} + 2*' = o, give 
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Hence, the origin is critical. (3) gives {dj/.dx)^= ± i. 
^v has double values for +1 >^> — i, hence the origin, is 
a double multiple point of intersection. 

2. u = x'-\-x'y-f =^0, "j 

du/dx = 4^' + 2^ = o, ygive^= Q=y. 

^u/^y = ^ ~ a)-' = P. J 

9'?^/3y = 12^^ 4- 2_v, -d'u/'dxdy = 2x, aV/3/ = - 6y, 

d'u/dx' = 24X, d'u/dx'dy = 2, d%/Qx 9y = o, 

3V/9/ = - 6. 
From (4), [tfy/dx)i, = o, and ± i. Hence, the origin is 
a triple point. 

du/dx=~24y+24X - sx'/2-6-- -, , 

y ~ 3/2- 

du/dy = 32y — 24X = o, 
9^3^' = -3^ + 24, 9V3'«3j^= - 24; 9V5/="32^ 

Hence, ('^j/«'*)(a, 3/3) = 3/4 ± o> 

since ^= [3* ± ^'(^ — zlV^lA. 

jc < z,jv is imaginary, jc > 2, ^ has double values.. 
Since » > 2 gives one value of-y greater and the other 
less than 3X/4, the two branches are on opposite sides of 
the common tangent y = 3X/4. Hence {2, 3/2) is a cusp 
of the first species. 
4, u =y^ —x' -- 2ax' — a'x — o. 
du/dx = — ^xf — 4ax — a' = o. 
du/dy = 2y = o. 
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)) is critical. From (i), 



28/ 






. ±y- 



Hence, (— «, o) is a conjugate point 
5, u =y — 2^> ^ ar> + zx- = o. 
du/'dx = — 4^_)' — 4a;'>' + 8^' — o, 
'du/'dy = zy ~ 2x' — x^ = o- 

Hence x = 0= yh & critical point. 
From the equation of the curve. 



= (.' + *•/.] 



4 + 4*' + «^'/z, 



and is imaginary when x is near zero. Hence the origin i: 
a conjugate point. 
Examine the following curves for multiple points ; 



6. :i:»-3a^j+y = 0. 


fo, 0) is a double point of inter- 


7. s^<-2fl/-3ay-za>j'+a'=o. 


<o, -«) and (± a, 0) are double 




points of intersection. 


S: X* - 2axy - axf + a-'y = a. 


(0, 0) Is a cusp of 2d species. 


9. f - axy" = - x\ 


{0, 0) is a cusp of zst species. 


0. (x-^y-Y = u-'{x--f). 


(0, 0) is a double point of inter- 




section. 


I. ay' + i^' = ^- 


(0, 0) is a conjugate point. 


2. cy"— J:S+4n**— 5a'j:+2fl'=o. 


(«. 0) Is a conjugate point. 


3. xt - axy + a.rj'^ + n'j'" = 0. 


(0, 0) is a conjugate point. 


4,> = a:(^ + «)'. 


(— a, 0) is a conjugate point. 
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15- {j - 2)' = {x- i)\x - 3). (r, 2) is a conjugale point. 

16. y\x^ — a^ = X*. (p, o) is a conjugate point. 

17. j;' -|- jr'y ~ 5o«'j + n V — o. (0,0) is 3 double point of tan- 

gency. 

18. ny — iaBx'y = jcs. (o, o) is a double point of tan- 

gency. 

19. X* — axy' = ay'. (o, o) is a triple point and a cusp. 
165. A Terminating Point (/o/«^ d'arrSi) is one at 

wliich a single branch of a curve terrainates. 

EXAMPLES. 

\. y = X log X, 

x = o=j'. y is real when x > o, and is imaginary 
when X < o. Hence, the origin is a terminating point. 

As + X m^ o, y »-• o, and as ~ x x^ o, y m-> oi . Hence, 

the origin is a terminating point for the right-hand branch. 

3. x' log X -\-y = x'y. (o, o) is a terminating point. 
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CHAPTER XV. 

CURVATURE OF CURVES. 

PLANE CURVES. 

i66. The Total Curvature of an Arc of Any Curve is 

ike angle whieh measures the change in direction of the motion 
of the generating point while generating the arc. 

Let MM' = Ss be the length of any varying arc not in- 
cluding a singular point, of any curve. . At M and M', 
respectively, draw the tangents 
MT and M'T'. Each tan- 
gent indicates the direction of 
the mofion of the generating 
point corresponding to 
point of tangency. The angle 
TRT', denoted by Sip, 
eluded between the tangents 
at the ends of the arc, measures the change in direction of 
the motion of the generating point while generating the 
arc ds, and is its total curvature. 

If the extremities .of an arc coincide, forming a closed 
curve without singular points, the corresponding tangents 
coincide, but the total <'nvvature is zti and not zero. 

167 The Rate of Curvature of a Curve at a Point is 
the rate of change, at the point, of its direction regarded as a 
function of its length. Thus, in the preceding figure, let i\>. 
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represent the angle which the tangent MT makes with X. 
It determines the direction, with respect to X, of the 
motion of the generating point at M, and, regarding ^ as a 
function of the length of any varying arc of the curve, as 



AM = 



' ds 
the curve s at M. (§ 70.) 
168. Rate of Curvature of a Circle at a Point.— Let C 

be the centre and r the radius of any circle. Then 

d,p _ 




rate of curvature of 



Hence, in any circle the rate of curvature is the same at 
all points, and at any point is equal to, the reciprocal of its 



169. Circle and Radius of Curvature — When the radius 
of a varying circle decreases continuously, the rate of cur- 
vature of the circle at any point increases continuously. 
Hence, a circle may always be assumed having at all points 
the same rate of curvature as that of any given curve at any 
assumed point. 

Such a circle tangent to. the curve at the point assumed, 
and having the same direction of curvature, is called the 



y Google 



CURVATURE OF CURVES. 291 

circle of curvature of the point, and its radius and centre are 
called, respectively, the radius and centre of curvature. It 
follows that a radius of curvature is normal to the curve. 

Any chord of a circle of curvature which passes through 
the point of tangency is called a chord of curvature. 

170. Curvature of a Curve at a Point — Representing 
the radius of curvature at any point of any curve by p, we 
have 

d>p/ds=i/p (i) 

That is, the rate of curvature of any curve at any point is 
equal to the reciprocal of the corresponding radius of cur- 
vature, and the rates of curvature at different points are in- 
versely as the corresponding radii of curvature. 

d^/ds, corresponding to any point of a curve, multiplied 
by the unit of length of j is (| 68) the change that the cor- 
responding value of 4' would undergo were it to retain its 
rate at the point over the unit of length of s. In other 
words, dip/ds multiplied by the unit of s is the total curvature 
ef a unit of length of the corresponding circle of curvature, 
and it is generally called the curvature of the curve at the 
point or the curvature of the corresponding circle of curvature. 
Its numerical value is the same as that of the correponding 
rate of curvature, and for reasons similar to those given in 
§ 95 it is generally used instead of the rate. 

It is important not to confound this curvature ef a circle, 
which rasa.saTes the 5o-ca.\\td curvature of the curve af a point, 
with the total curvature of an arc described in § 166. 

p and s must be expressed in terms of the same unit of 
length, and at any point where p = unit of length the rate 
of curvature is unity, and the corresponding curvature of 
tlie curve is a radian, which is therefore the unit of cur- 
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EXPRESSIONS FOR RADIUS OF CURVATURE. 

171. Irom (r) (§ ,70), p = A/# (,) 

which enables us to determine the rate of curvature at any 
point from. the equation* of the curve in terras of s and ^. 
Thus, having j = f tan V; for a catenary, 
i//3 = (cos' ifr)A = ./{.' + /). 

2. J = (^ (> = c. 

3. J = a sin ^ p = a cos ^. 

172. Let_)'=/(^) be the equation of any plane curve. 
Having, as before, AM = s, let 

Jf PF' = dx. Then 

= cos '^ds, dy = sin ^ds, 

- tan-'^, 
dx 

dx' -\- dy' ds' 

dp_ _ dxdy _ dxdy __ f"{x) _ i_ 

ds ~ ds' ~(fl'^' + <;0'T'"~[i+7V)"]'/"~P' 

P^h-^fWY/fi."^), . . . . (i) 
from which the radius, and therefore the rate of curvaturcj 
may be found from the equation of the curve in rectangiilai 
coordinates. 

Adopting the positive value of [1 +/'(*) ] ,pwill have 
the same sign as/"(:K), which determines the direction of 
curvature. 

* Called ihe inlrinsii: equation of liie curve. 
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In general, at a point of inflexion (§ 161) 
/"W = o, or =0. 

Hence, at such a point p is gcnerallj' os or o. In general, 
at a multiple-point, /'(^) has two or more different values; 
hence, p has two or more values, one for each branch. At 
a multiple- point of tangency, /'(^) has but one value, but 
f"{x) has, in general, a value for each branch; hence, p dif- 
fers for each branch. 

Comparing (1) with (3) (§ 139), we see that the centre of 
curvature corresponding to any point of a given curve coin- 
cides with the point {x,y) (§ 139) whose distance from the 
curve measured along the normal is, in general, neither a 
maximum nor a minimum, and whose coordinates are (3) 

(§ .39) 

J=*-[,+7W']/'(«)//"W; 



It follows (§ 139) that the circle of curvature correspond- 
ing to any point of a curve, in general, intersects the curve 
at their common point of tangency. 

This is not the case, however, at any point where the 
curvature is a maximum or a minimum, which, in general, 
includes any point in the vicinity of which a curve is sym- 
metrical with respect to the corresponding normal. At such 
a point the curvature, in general, decreases or increases in 
both directions; consequently in that vicinity the circle of 
curvature is interior or exterior to the curve. 

To illustrate, take the ellipse 

/W' = 4V/(»y), /"(i) = - i' /{.'/). 
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Hence, 1//3 = «V(«' + ^' — *' -/}'^ 

= - ^'^y{^y+ ^v)V' (3) 

At the vertices (±«, o) T./p^a/H', 

At the vertices {o, ± b) i/p = b/a'. 

Hence, at the vertices of the transverse axis the circle of 
curvature is within the curve, at those of the conjugate axis 
it is outside, and at all other points it cuts the ellipse. 




Also (z), x=x-x{ay+l'W)/{a'S')={a'-&'')x'/a'; 



(4) 



In (3) piit^'=^ {a'-x')/{a\ and (a'~b')/a'=:e; whence 
■=a VI^'. Then 

./p=T«'V7^/(«'-^V)'/". ... (5) 



EXAMPLES. 
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f>ici) = ^= one half the parametCf. 

4- i6/ 4- 4jc' = 64. 

From (3) and {4) {§ 172) we have at (2, *^) 

p = — 5.86, :i: = 3/8, jl' = - 9^/4- 



iV«. 



'[■+(n^T]7[*-J|±^' 



n 



Hence (Example 3, § 149), al any point of a conic, as given, p is 
equal to the cube of the corresponding normal divided by the square 
of half the parameter. 

p = - tl + {2r/y ~ l)]'/^A^/7') = - 2 V^- 
Hence (Example 6, g 149), at any point of a cycloid p is equal to 
twice the corresponding normal. 

y := o gives p = Q, and y = 2r gives p = 4c. 
8. J- = 4 - 3(-^ - 2)'^=- 

= fir(«-*''"+!i(i-»)'/»T''. 

(2, 4) is a point of inflexion at which p = o. Ex. z, § t6i. 
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.f = gx. 




At(3,V27) ^ = 13.5, y=-^'^ 


.y = Sx. 




fl = 2(-V + 2>VVVi. 


. x^/g+y/4 = i. 




P.=o-9/2- 


2. xy = m. 




^ = (^^+yf/^/2«. 


J. y = al^t'/" + e-" 


-)/2. 


P =y'h. 


^=x 


-yvy 


'^^'la, J = zy. 


i. ^V^ -\- 3^^ = aVK 




p = 3 Vm^. 


x = . + 3W 


y=y + 3 i'^. 


. ia'y = xK 




p==(a'+ xy/^/2a'x. 


6. ^ = ^' - *" + 1. 




^^=1/^ = " (point of inflexion). 


7. tf/" = sec {x/a). 




p = ^ sec (x/a). 


^.f^bx^+xK 




P = -[y' + (4^+x'yy/ySx^y. 


g.y-x'-ix^- 


%x\ 


P^.t,= - 1/36. /5vv=3= "• 


0. y ^ ae^l". 




fl = (<,'+yy/^/ay. 


I. _v= = a'x. X = 


(a' + l 


Sy')/t,y^'. ~y = (alv - S(*)/ao'. 


p = 


(51^ + 


«j)Va/6a>. 


2. yy' = 2x: 




,3 = ± (Sfl + 3^)=A 4/^/0 V^. 


2. x = sec iy. 




f) = (2:t' - if/Ax- 


4. y = iog„x. 




p = {M^'> + xV/^/M^, 


5. J. = ^' - ^' + I. 




p^^<, = ~ r/2, p^^^^ = 1/3. 


6. V^ + ^y=V^. 




p = alx+yyf»/ira. 


7- V = *=. 




p = (4^ + ^^p/'^'/'/ea. 


8. y = ^/(ia - ^). 




p = «(8«-3A:)=/%VV3(2a-jr)'. 


9. «>=**= + .^>. 




Po='B. 


0, y = log sec x 




p = sec X. 
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31. In a parabola show that any radius of < 
part of the normal intercepted between the curve and the directrix. 

32. Applying {5) to a meridian 
of the earth, we have, since 

/ = latitude = ip ~ w/a, 

tan' / = cot' f — i//(x)'. 
For an ellipse we have 

tan- / = «■(«' - «')/«V = (»■ - «■)/(■ - «')■ 
Hence, 




and a" - 



I + (i — e") tan' I sec' /— e' tan' /' 

^ ^'(sec'/^^'secV) _ ,7'(i: - ^Q * 
- e' sin'' 1^ ' 



sec' / — e'' tan' / 
which, substituted in (5), gives 

i//)={i-^'siaVr'^A{i-<r'). . . (5) 




173. In Polar Coordinates — Differentiating 

X = r cos 0, y = r sin d, 
and substituting in (i) (§ 172), as in Example 11 {% 115), 



g have 



-f+(l)T/['-+^e)"-'S]- 



* Rice and Johnson's Calculus, p. 355. 
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Putting r — j/ii, whence dr/dd ~ — {i/u'){du/d6), and 
d'r/dB' = {Q:/u'){du/d0y - (i/u'){d'u/de'), and substitut- 
ing, we have 

^=[«-+©T/H» +'*")]■ ••• '^> 

EXAMPLES. 

: la CO. 8 -1. p = «(5 - 4 CO, O)'/!/!, - 6 COS 0). 
:*-<')/(> -'CO=»). 

p = ,.(> - .'Xi- «co,0 + cTA/(i -«os <)■. 
OS zG = a^. P= - H/fl'. 

: .(I COS - I), s = .li - 4 COS »>>/>/(9 - 6 COS 6). 

;«,cc'(»A). » = M sec- (0/* 
:a9-i, p = r(4fl< + f^)3/a/2fl'(4o' — >■'). 

= «•. p = ><4«'+>-')"'"/2«'(4«'->^. 

:4«sm'(8/!). 
From which and § 150, 

^^{^^9) = cot (8/2) = cot 0. .-. 6/2 = 0. 
^6 = e --I- = 38/3, and dtp = 31B/2. 
Therefore, 

p = ds/d^ = (2/3)(</Vrfe) = (2/3)'- cosec = (8/3)0 sin (6/2). 
13. ,fl = 3. p = r{a5 + r'JS'/i'/a' = a(l + 6^fP/^. 

14- >■' = a' cos 26. p = a^lr. 

174. From % 173 we have 

dx = cos 0(i?f, and dy = sin ^i^j'. 
Differentiating without assuming the independent vari. 
able, and writing ds/p for dtp, we have 

d'x - cos ^d-'s — sin 'J!{dsf/p, 
dy = sin '/-^j + cos i>{dsY/p. 
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CURVATURE OF CURVES. 
Squaring and adding, we obtain 



Hence, p = ds'/V{d'xy + {d'yY - {d'sy, . . . (i) 

which is a general expression for p. 

Regarding s as the independent variable d's ^ o, and (i) 

becomes p = cl''s/V{d''xy -\- {(/»", 

from which i/p" = {d'x/ds'y + {d'y/ds'y, . . . (z) 

which is a convenient form when x andj are given asfunc- 

175. In (i) (§ 172), X is the independent variable. Sub- 
stituting (dxdy —dy d'x)/dx' for d'y/dx', we have (§ 115, 
Example 11) 

p = {dx' + dfy/^/{dxd'y~dyd'xy . . (i) 

in which neither x nor 7 is independent. This form is con- 
venient when X and^ are given as functions of a third vari- 
able. Thus, having 

I. x = a{^~sm<p),. y = a[i —cos ^), 

we have, as in Example 12 {§ 115), p= — 4a sin {0/z\. 

(» = «(! cos l + tm at). 

f, = (,. + « colli-* CO! lilj's. 
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176. f> in Terms of r and p.— From § 150. 



Hence, 

dr ' 



p = r'l Vr' + {dr/dOy. 



."+ 



Comparing with (i) (§ 173), 
we have 

p=rdr/dp. . . (i) 

Let C be the centre, and 
I CJf = /J, the radius of cur^ 
are corresponding to M. 
Let c — MN represent the 
chord of curvature which 
passes through P, and PM = r. Then 

£ = 2/3 COS PMC = 2p sin OMP = 2Pj-/r = 2pdr/dp. 




l.p = a> 



EXAMPLES. 
p = rla. c = ^r. 
p = 2/ A' = ;;(rV«)>/a. <^ = fl^V" =2'-. 



„ n= -j- i! _ ^ = o'^»//i. p - aHyp\ 
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9. r' = «' cos 29. 

PuHing ?■ - ' = a, we have fl'«' = sec 26, 

Hence, du/^ = u tan 2B, u'' -\-du''/d6^ = a'n', l/f = at/r', and 
ifldr = a^/a". Therefore, p = ci'h'r, and 1: = 3^/3. 

10. r = 2a(i - cos 9). p = %a sin (0/2)/3 = 4^ ^/3, -^ = 4'-/3. 

11. ^ = «(i + cos 6). /> = 2/^/3. ^ = 4^/3. 



aV/fl^ = Of also (§ 150), ^jiB = r^r" -~f/p. 
Hence, r>^r^-f^lp = a, or )^ - /r* = a'/. 

From which rdr/dp =f{r' + o>)/2(a)-' -/). 

But/" = ?'V(.-' +«'). Therefore, (J = (^' + <.')VV2(*-' + m"). 
The chord of curvature through the pole 

= spdr/dp = 2/(.-' + a')/ar(2r' -/') = K'^ +«=)/('■" + aa'X 
Hence. ^ = e when (7t» + a'-^'^ = 2r(r' + a') or ,• ^ a/VJ. 



; OF DOUBLE CURVATURE. 

177.* Let MM' = Ss be the length of any varying arc 
not including a singular point, of any curve of double 
curvature. At M and M' re- 
spectively draw the tangents 
MT and M'T', and through 
the origin draw the two right 
lines OE and OE' parallel to 
them respectively. Upon each 
lay off a length I, and join the 
extremities E and E' by the 
right line £E', forming an 
isosceles triangle in which the 
angle EOE' , designated by ' 
ture of the arc Ss, {§ 166.) 




, measures the total curva- 



* Modification of method 
page 614. 



1 Calcul Diiferentiel, par J. Berttand, 
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The rate of curvature of the curve at M is (§ 167) 

^ _ limit VSir\ . , 

ds ~ Ss»^^Ss\ "^ 

Let a, /?, y, and a -]- iJa-, /3 + S§, y -\- Sy, represent the 
angles which the tangents MT and M'T' make respec- 
tively with the coordinate axes. 

From the triangle EOE' we have 

EE'/l= 2 sin {Sip/ 2); hence, 

4'"'o[^'/**] =-[-(-?)/?]=.■ <=) 

The coSrdmates of E and E' are respectively ^cos a, 
/cos A /cos;/, and /cos (« + 5a), /cos (/S + dyS), 
/cos {;' + iSy). Substituting in formula 

D = f r(«" -»')• + (/'- /)" + (»" - /)•], 

and dividing by /, we have 

EE'/l= V([cos (« + da) - cos «]' 

+ [cos (^ + d^) - cos /?]' + [cos (r + Sy) - cos H')- 
Dividing by Ss, taking the limit as &s »-> o, whence 

Sips>-i-o, substituting Sip for EE'//, (2), we have (i) and 

§ 170 for the rate of curvature at M, 



limit rS'P~\_ i/f dcosa V I dcos^ 
Ssm^o\_Ss_\ * \ ds I'^X ds 



ds p' ' ' ' ' 

= dx/ds, cos /J = dy/ds, 
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Differentiating and substiliitiiig in (3), we have 

^=^&FWF[§1 ■ ■ ■ w 

in which j is tlie independent variable. 

In order to obtain a more general expression for i//3, 
place (§ 115) 

d^x dsd''x — dxd''s d'y dsd'y — dyd^s 

= _-- , --^ = -^ ,; ■ , etc., 

dr ds as as 

giving 



^V 



/(dsd'x - dx d^sY + {dsd^y - dyd'sf 

+(dsd^z-dzd's 



which may be written 

/ds\{d'xy + {dyr + {d'zy] 

1 ^ / -2dsd's{dxd'x+dyd'y-\-ded'z)+{d"^y{dx'+dy+dz' ) 

p y ds' 

From § 88, ds' ^ dx'' + df + dz^. 

Whence, dsd's = dxd''x -\- dydy + dsd^z. 

Therefore, 



p-* ds' ' ■ '5' 

which is a general expression for the rate of curvature al 
any point of any curve. 

If the curve is of single curvature, its plane may be talicii 
as that of XY, s will be zero, and (5) reduces to (i) (| 174) 
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OIFFERENTIAL CALCULUS. 



CHAPTER XVI. 



INVOLUTES AND EVOLUTES. 



178. Each point of any given curve as J/Jf' J/", has, 
^^N in general, a centre of curvature, 
locus of the centre of 
my given .curve is 
called its evolute. Thus, CC'C" 
is the evolute of MM'M ". 

The given curve MM'M'' is 
called an involute of its evo- 
lute. 

179. Coi3rdinatesof the Centre 

of Curvature.— Let C be the 

responding 




centre, and CM 


= p the 


radi 


IS of curvature 


to M, whose coordinates 


are;*:, J. Then 




C^ 








H 




X 


"^ 


)/ 







B 
A 




_\ 


A 




W 


t 


X. , 


0A = 


OF 


~AP, 


or 




AC = , 


iB 


+ 


BC, 


or 


J=^ + pcos 
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INVOLUTES AND EVOLUTES. 305 

which correspond with (2), § 173, since (§ 170) 

"".T' "^«-> i=[-+(i-y]/& 

dx/ds= cos 4; dy/ds=smf, giving 
■ . ^ ds_dy _ dy _ dy Jx dy V tdyy~\ jd^y 
P^^'^V- ^p Js~dij>~ dxlp '"^ ^ L' ^ Vx) J / dx-'' 

, ds dx dx r , (dyV^ Id-'y 

180. Differentiating (i), § 179, with respect to s, we have 
d^lds = dxfds - p cos i'di'/ds -^ sin i'dp/ds, ] 
dy/ds = dy/ds — p sin fdp/ds + cos tpdp/ds. ) 

But (§§170, 172) 

dip/ds — i/p, cos ^ = dx/ds, sin ip = dy/ds. 
Therefore, dx/ds = -— sin ipdp/ds, } 

dy/ds = cos tpdp/ds. ) 

Hence, by division, dy/dx = — cot ^. 

Represent the angle which a tangent to the evolute at 
{x, y) makes with X by ^1; then, 
dy/dx = tan ^t, — — cot f — — dx/dy, or »^, = V + ""/^^ 

Therefore, the tangent to the evolute at \x, y) is normal 
to the involute at (*,>'); or, in other words, the radius of 
curvature of any curve at any point is tangent to the evo- 
lute at the corresponding centre of curvature. An evolute 
must therefore be drawn tangent to all radii of curvature of 
the involute. An evolute is therefore the limit of the locus 
of points of intersection of adjacent normals to the involute, 
as the number of normals corresponding to any definite 
poi-tion of the involute is increased without limit. 
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It follows that a radius of curvature which is unlimited 
in length is an asymptote to the evolute. Hence, in general, 
the normal at a point of inflexion is an asymptote to the 
evolute. 

Also, when in the vicinity of any point a curve is sym- 
metrical with respect to the normal at the point, the corre- 
sponding point of the evolute is a cusp. 

iSi. Squaring both members of (z), | i8o, and adding 
each to each, we have 

i^dx^ + df^/ds' = dp''/ds^. Hence, dp = ± Vdx''+ dy- 
Let s represent the length of a varying portion of the 
evolute, then (§87) ds = "^ d'x + d'y. Hence, dp =-ds, and 
(§74) p — J ± a, in which a is a constant. 




Hence, 



LetC"J/'=p', andC"^" = 
p", be the radii of curvature 
corresponding to M' and M" 
respectively. Measuring the evo- 
lute from C, and denoting the 
lengths of the arcs CC and CC" 
by s^ and s, respectively, we have 



P 



\-\-a 



(0 



p" ~ p' =:St — S^~ SIC CC", . . . (z) 

that is, in general, i/ie difference between any two radii of 
curvature of an involute is equal to the arc of the evolute be- 
tween the corresponding centres of curvature. 

Exceptions exist when the arc of the evolute includes a 
singular point or is disconi 
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Measuring the evolute from C, we have 



: CC' + p; 
: CC" + p. 



Hence, (i), 



Similarly it may be shown thatthe constant a in equation 
(i) is, in general, equal to the radius of curvature which 
passes through the point of the evolute from which it is 
measured. 

It follows that as a right line rolls tangentially upon, or as 
a string is unwound from, any curve, each point describes 
an involute to the given curve as an evolute. Hence, 
while an involute has but one evolute, each evolute has an 
unlimited number of involutes. Any two involutes corre- 
sponding to the same evolute are separated by a constant 
distance measured along the normals, and are called parallel 
curves. 

182. In general, at cusps of the first species and at 
points of inflexion p changes sign. Hence, at such points 
we have p = o, or 00, and the evoUites pass through these 
points or have infinite branches to which the corresponding 
normals are asymptotes. 
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At a cusp of the 2d species p does not change its sign, 
.nd the corresponding point of the evolute will, in general, 
le a point of inflexion. 




183. Radius of Curvature of an Evolute.— The angle 
<^" Sip, between any two tangents 
as thoseat jI/"' and Af", is equal 
to that between the correspond- 
ing radii of curvature to the in- 
volute, and since these radii of 
curvature are tangents to the 
evolute, the angle which they 
make with each other is equal 
to C'OC, included between 
the corresponding radii of cur- 
vature of the evolute- 
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CC, 6si — C'C", and P' — radius of curvature 



of evohite at C'. 



The„(S.,o) >: = Sl^ 



But Ss, corresponds to A = M'M" of the involute, 

and vanishes with it. Also (§ i8i), ds, — p" — p' = dp. 

limit r^P~\ dp d^s , , 

in which 5 is the length of an arc of the involute measured 
up to ^' and ^ is the angle which the tangent at ^' 
makes with a fixed right line. 

184. Equation of the Evolute. — Let 

j=/W (.) 

be the equation of any given plane curve. The coordinates 
of the centre of curvature for any point {x,y) of the curve 
are(i),§i7=, 

^ = * - [i +/'W'J/'(«)//"M; \ . 

7=:v+(i+/1^V/"(*)- [ ■ • ' 

Expressions for/'(*) and f"{x) in terms of x andj, 
obtained by differentiating (i), substituted in (2) give x 
and y in terms of .* and y. Combining these equations 
with (1), eliminating x and y, we have y = J^{x) for the 
evolute of J' = /{x). 

EXAMPLES. 
I. / = 2j>X. 

dyldx = ply, dy/dx' = - fif. 

Substituting in (2), we have 
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Combining with y — zpx, and eliminating , 
we have _ _ 

/ = ?.{x-py/2ip 
for the evolute of the parabola. 

C'CC" is the evolute of the parabola C'OC, 




x^p^ OC. 
x= ^p = OP 
gives 

;^= ±pVl=±Fa' 
for points common to the pa- 
rabola and its evolute. 

ThearcCC' = (3V3-,)/. 
Transferring the origin to C, the axes remaining parallel, 
we have, denoting the new coordinates by x s,xid. y, 

X =L p -[-x, y=y- 

Hence, we have y^ = 8^/(27/} for the evolute. The 
branch CC belongs to OC" and CC" to OC. 

Let r = J^JIf represent the focal distance of any point 
as M", and let / = J^Y represent the perpendicular from 
the focus to the tangent TJIf. 

Then Jv'' = PM' X FO, or P = pr/z. 

Hence, 2M = p^rf-i, or drldl = 4///. 

From § 176, c = chord of curvature through F 
= 2ldr/dl. 
Hence, c = Zr/p = 8pr/2p = 4/- = 4FM'. 

That is, in a common parabola the chord of curvature 
through the focus is equal to four times the focal distance 
of the point of tangency. 
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dyidx = - /'■'x/ay, d'yidx' = - b'/a^. 

Substituting in (2) and reducing, we liave 

J = (»• - b')x'l.-; .: x = (»V[«- - *•])•/■. 

i^ = - („■ - J.)//*'; .-., = - {ly/la- - *■])'/■. 
Combining with a'f + i'x' ~ a'i^, we iiave 
(««)'/• + (i^)"" = («■ - «•)'•>' 
for tile evolute of the elhpse. 




CCC'C" is the evolute of the ellipse MM'X; 
gives y= («■-*■)/«= OC". 

When e' — (,a' - ^)/a' = 1/2, we have a= = 2 
OC" = b, in which case the vertices C" and C 
the curve. They are without (as in the figure) 01 
the ellipse according as jr' is greater or less than 1/2 

Measuring the evolute from C, we have p = MC 
and />' = M'C = a^jb. 

Hence, arc CC = «"/* - >"/<i = (<J" - «')/<iS. 

Axis CC" = 2« - 2«"/o = 2(a' - «■)/«■ 

Axis CC" = 2« + 2((i'/i - 2<) = 2(<I' - 



b\ and 



= «•/», 
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Hence, the axes of ike evolute are inversely as the cor- 
responding axes of the ellipse. 

^. X ■= r vers"^ {^/'') — ■t^z''jv ^ y'- 
dyldx = {2r/y - :)V^ d^yjdx^ = - r/f. 
Substituting in (2), reducing and ccmbining with the 
given equation, we have 

x = r vers-i (- yjr) + '^ — zry ~ / . . (a) 

for the evolute of the cycloid. 

Produce BA, making AO' = BA = 




OM'0'0" is the form of an evolute of a cycloid. The 
branch 00' belongs to OB a.nd O'O" to BO". 

Transferring the origin to 0' , taking O'X' and O'A as 
the new coordinate axes, denoting the new coordinates by 
X and J', we have for any point of the branch 00', as M', 
x = OA- O'P' = nr~x,y~ AG' + P'M' - 
which substituted in (it) give 

X = Ttr — r vers^' [(ar —y)/r\ — V2ry — y. 
But Ttr — r vers"' {(^r — y)/r^ = r vers"' {y/r). 
He.oce,, X = r vers"' {y/r) — Vtry — y' 



- 2r-\-y, 
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is the equation of O'M'O referred to tlie new axes. It is 
of the same form and contains the same constants as the 
equation of the cycloid ; hence, the evohite of a cycloid is 
an equal cycloid. 

At O, p = o, and at B, p' = O'B = ^r. 
Hence, arc OM'O' = arc OB = (J — p — 4r. 

Therefore, arc OBO" = 8r, that is, iAe length of one 
branch of a cycloid is equal to four times that of the diameter 
of its generating circle. 
4- ■*' + y = -^- X = y = o. 

5. ay -ffx' = ~ a'b\ {axfl" - {b}f'^ = {a' + b'flK 

6. jc' = 4ay. x' - ^iy - 20)7270. 

,. ^/3 ^yVi = aVK {x^Jf^ + (^ ~y)y^ = 2a^/^. 

8. 2xy = a'. (x +~y)y' - {x -yY^' = 2a^\ 

185. Equation of Evolute in Polar Coordinates. — Let C 
be the centre of curvature corresponding to M oi 3. curve 
referred to /" as a pole, and BX as a fixed right line. Draw 
/Tand PT, perpendicular to MT and MT, respectively. 




PC^n, PT=p, and PT,- 
= p^-^r' - 2rp cos PMC. 
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But r cos PMC - r sin FMT = p. 

Hence, r^ = p' -|- r' — ap/ (i) 

Also, /i' ^ TW" = r' — f\ (2) 

and (1), §176, p = rdr/dp . (3) 

From the equation of the curve find p in terms of r, 
giving 

P = Hr). . (4) 

By eliminating r, p, arid/, there results an equation be- 
tween r, and /i for the evohite. Thus, having r = a^, 
then p - cr, in which c - 1/ 1/1 + log' «. (Ex. 3, § 150.) 
i^p = cdr, dr/dp = i/c. 

Hence, p = r/c, // = r' — cV = )-'(i — i:'), 

and r^' = r'/c' + r' - 2r^ = r\i - ^)/c' =p^lc', 

or p' = cV,' and /, = cr^ , 

for the evolute, which is a logarithmic spiral similar to the 
given curve. 

i86. Having p in terms of ^, equation (i), § 183, enables 
us to express. /3, in terms of ^,. Thus, 

r = 40 sin- (9/2). 
Example 12, § 173. When ^ = 3^/2, 

p = 80 sin (e/2)/3. 
Hence, p=M sin ('V3)/3- 

(■). 8 183, 
p, = */*/. = 8« cos («/3)/9 = 8« sin ( V2 + 'I'li')/')- 
Let ^1 represent tlie angle which p makes with X. 
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Then t = 'P.- ^/2, and n/2 + i,/^ - (4>, + n)/^. 
Hence, p, = 8^ siti [(f , + ?r)/3]/9. 

187. Equation of an Involute Combine the equations 

^ = ^W. (0 

dy/dx= - dx/dy, (2) 

(x-x)-^{y-yyyjdx = a (3) 

eliminating x andj", and there will result in general a differ- 
ential equation involving x andj), 

188. Involute of a Circle.— Let a = radius of circle, 
and let A be the initial position of generating point. Let 
TB = circum. AT be any position of the tangent rolling 
upon circum. AT. Take origin and pole at 0. Let 




tp = angle AOT, and let <* = angle A0£, which radius 
vector r makes with X. Then tangent TS — aip, and we 
have, for the rectangular coordinates of any point, as £, by 
projecting the two lines OT and T£ upon ^ and F re- 
spectively, 

y = OQ = a sin tp - af C05 f. ) 
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Id polar coordinates we have, from the right triangle 
TB, 

Vr' - a' = af. 

But 6 = ip - angle BOT= ^ - sec"' {r/a). 
Hence, a>p = ad -\- a sec"' (^a), 

and \/?-^^'^aB-^a^tc---{r/a)-\. . . (2) 
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CHAPTER XVII. 



189, Let/ =/(x) and y — <f>(x) be the equations of any 
two given lines, as ££ and DD, whicli liave in common a 




Fig.l JTiji.s 

point Af, wliose abscissa is OP = a, and whose ordinate is 
FM^b^f{a) = <P{a). 
Increase a by an infinitesimal k = PP" , and we have for 
the corresponding ordinates, F" B and P"D, designated by 
y and/' respectively (§ 124), 

/ =f{a + h) =f{a) +f'{a)h +/"W^y|i+ ... (i) 
/' = 0(« + h) = <p{a) + 0'(«)^ + 0"(«)Ay[^+ ... (a) 
Subtracting (z) from (i), member from member, we have 
y'-y"^I)B=[f'{a)-^'(a)-\h 

+ !/"(«) -0'»F/|£.+ ... (3) 
When/'(«) = 0'(«), 
/ -/' = D£:^ {/"(a) - 0"(«)]//y|2 

+ [/'"('') - 'P"\^)W/\^\ +- ■ - ■ (4) 
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the lines are tangent to each other, and are said to have a 
contact of at least the first order. 
When, also, f "{a) = 0"(«), 

y- ^f ^DB= [/'"{«) - .^"'W]^V|3 + . ■ - (5) 

the lines have a contact of at least the second order. 
When, alsoJ"'{a) = <p"'(a), 

y' -y" = DB= Vr-'{a) - 0'"(«)]r/|4+ ... (6) 

the lines have a contact of at least the third order ; and, in 
general, the order of contact of any two lines having a point 
in common is denoted by the greatest number, beginning 
with the first, of successive derivatives of their ordinates 
corresponding to the common point, which are, respectively, 
equal each to each. 

Denoting the order of contact of any two lines by n, we 
have also /"{a) = cjf{a), making with /{a) = ij>{a), n + i 
conditions, and giving 

/ -/' = DB = [/■«(.) -r«w]*-*'/li+i + ■ • . (7) 

From which we see that when {« + i) is odd, the sign 
of y' — y" — DB will change when the sign of h changes, 
that is, if iJ is above B when /; is negative and vanishing, 
it will be bdow B immediately after h becomes positive: 
The lines will then intersect, as shown in Fig. 1. When 
{« + i) is even, the sign Giy' — y" ^ DB will not change 
with that of h, and the lines will not intersect. (See Fig. 2.) 

Hence, -when the order of contact is even, lines intersect at 
the common point, and when it is odd, they do not. 

To illustrate, take the two equations 

y=3 4*, . . . (I) and (^-5)' + (^ + 2)^ = 3,. (2) 
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Combining, we find that the point (i, 2) is common, 
(i) si.es /'(.) = ., /"(.) = - .A, and /'"(.) = 3/4- 
(i) gives 0'(.) = ., 0"(i) = - .A, and 0"'(,) = 3/8. 

Hence, the circle (a) has a contact of the second order 
with the parabola (i), and intersects it at the point (i, 2). 

Determine the common points, and order of contact at 
each, in the following pairs of lines : 

I y =r 4JC. ( (i, 2) in common. 

' \y = X -\- \. \ Contact of 1st order. 



Ans. (i, i) 2d order. 
Ans. {o, — i) 3d order. 



\y = 3^'- 3-^+ I- 

j -y = ■«' - 4- 
^' \y^Arx' = 2y+ 3. 

Two lines having at a common point a contact of the «th 
order with a third line, have a contact with each other of 
at least the ?;th order. 

190. Osculating Lines. — The line of any species of line, 
which at a given point of a given line has the highest pos- 
sible order of contact, is called an osculatrix or osculating 
line. Thus, the circle which at the given point has the 
highest possible order of contact is called an osculating circle. 
The parabola of highest contact is called an osculating pa- 
rabola. 

To determine the equation of an osculatrix at a given 
point of a given line, assume the general equation of the 
species of line ill ifs reduced form. 

The problem then is to determine such values for the 
arbitrary constants contained therein as will cause the re- 
quired line to have the highest possible order of contact. 
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Since the osciilatrix must pass through the given point, 
substitute its coordinates in the general equation, giving 
one equation between the required quantities, and diminish- 
ing the number of arbitrary constants by unity. 

From the general equation of the species and the equa- 
tion of the given line determine expressions for (he succes- 
sive derivatives of the ordinates to include those whose 
order is denoted by the number, less unity, of the constants 
in the reduced form of the general equation of the species. 

Substitute the coordinates of the given point in each, and 
place the results corresponding to derivatives of the same 
order equal to each other. The resulting equations with 
the one before obtained will equal in number the required 
quantities, which in general may be determined. Their 
values substituted in the general equation will give the re- 
quired osculatrix. The order of contact will in general be 
denoted by the number, less unity, of arbitrary constants 
entering the general equation, but in exceptional cases it 
may be higher. 

EXAMPLES. 

I. Find the equation of the osculating right line to the 
parabola y = 9-*^ at the point (i, 3). 

\ay = ax -\- b substitute the coordinates (1, 3), giving 



From^ = ax ■\- b fi^ find 0'(a;) = a. 
Fromy = 9« we find/'(*) = Vsy. 

Substituting the coordinates {i, 3) in each, and placing 
the results equal to each other, we have a = g/6 = 3/2, 
which in (i) gives i ~ 3/2. Hence, >> = 3^/2 -|- 3/2 is the 
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equation of the required line, which is tangent to the 
parabola. 

Since the general equation of a right line conlains but 
two arbitrary constants, it cannot, in general, have a con- 
tact of an order higher than the first with a plane curve. 

An exception exists at a point of inflexion where, in 
general, for both the curve and the right line, we have, de- 
noting the abscissa of the point by a, f"{a) — o. The 
contact is, therefore, at least of the second order. 

At a point of inflexion the direction of curvature changes, 
and y' — y" ~ DB (Fig. i, § 189) changes sign with A. 
Equation (7), § 189, shows that this occurs only when « + r 
is odd. Hence, the order of contact is even and the tangent 
intersects the curve. 

2. Find the equation of the osculating circle to the parab- 
olay = 4* at the point (1, 2). 

{x ~ ay -\- {y — b)' = £:' is the general equation of the 
circle. Substituting the coordinates (i, 2), we have 

(i-»r+(=-*)- = ^- (.) 

Differentiating the general equation of the circle, we find 
0'(*) = -(*-«)/>- ^ and 4>"{x) = -^y{y-l'r- 
From_j'' = ^x we obtain 

/'{x) = 2/y, and /"(.r) - - 4//. 
Substituting the coordinates (i, 2) in each, and placing 
the results corresponding to derivatives of the same order 
equal to each other, we have 

-(r -.0/(2 --5) = I and - Jiy{2 - />)' ^ -4/2% 
which with (i) give 

Hence, {x - s)'' + (;' + 2)' = 32 is the required equation. 
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191. Osculating Circle at any point {x',y') of any plane 
curve whose equation is,;; =/W. 

Substituting {x',y') in {^ — of + {y~ bf — J?\ we have 

{:c' ~ ay + {/ ~ ^y = Ji^ (a) 

From {x ~ ay + {y - iy = M' we obtain 

and from ;- =/(»^) we derive expressions for /'{x) and 

Substituting (^',y) in each, and placing the resiilts cor- 
responding to the derivatives of the same order equal to 
each other, we have 

-K-«)/0''-«)=/'M, 

»nd -[. +/>')■]/(/ -*)=/"M, 
which with {n) give, omitting the primes, 

^ = [i+7V)TV/"W (') 

b=y + ii+r{4/f"{^) (3) 

Comparing Ihese with (i) and (a), | 172, we see that the 
oscillatory circle at any point of a plane curve is the circle of 

EXAMPLES. 

I. Find the equation and radius of the osculating circle 
to the curve 4(7 + ^ -^'- at (o, -i). 

Ans. y + *' — z)* + 3; radius = 3. 

7. Find the radius of the osculating circle lo the parabola 
f = i^x, at (3,4^27)- Ans, 16.04. 
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3. Find the equation and radius of the osculating circle 
10 the parabola^ = r6* at (i, 4). 

Ans. {x - -i\f + {^ + i)' = 125 ; radius = 5 ^5. 

192. In general, an osculating circle has a contact of the 
second order with any plane curve, but § 172 shows that at 
a point where the curvature of a curve is a maximum or a 
minimum, the circle of curvature, and therefore the oscu- 
lating circle, does not intersect the curve. The order of 
contact is therefore odd, and of a degree higher than the 
second. That the contact in such cases is at least of the 
third order may be shown as follows: 

From (i), § 172, and (i), § 191, we have 

^ = p=[i+/V)YV/'V); 
and in order that p may be a maximum or a minimum, 

I = o gives sT^V'W - /'"(«)[> + 7>)"] = o, 
whence /'"(«) = 3/^V'(«)/[i + 7T^"]- 
From § 114 we have for a circle 

dx" ^\dxV dxl L \dxl S 
Hence, token the radius of curvature is a maximum or a 

minimum, the circle of curvature has a contact with the curve 

of at least the third order. 

It follows that the order of contact of an osculating circle 

at a vertex of a conic is odd, higher than the second, and 

the circle does not intersect the conic. 
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CHAPTER XVIII. 

ENVELOPES. 
193 ■ In 

.=/(.,^.,.) = o {I) 

l(!t a be an arbitrary coiistani. By giving all possible values 
to a, (1) will represent a series of lines, all of che same kind 
or family, unlimited in number, and, in general, intersecting 
each other in order, a is then called a variable parameter. 




By giving different values to a, the equation may repre- 
sent a series of circles having the same radius, their centres 
on X, and intersecting each other in order in points as 
m, m', etc. 

In general, any value of a in (i) corresponds to a deter- 
minate particular line, and a -{- h lo another line of the 
satne kind having for its equation 

«' = /(», J', « + /') = <> w 
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This second line, which may be regarded as a second 
state of the first, will, in general, as h vanishes, ultimately 
intersect the first, in points m, m' , etc., the coordinates of 
which will satisfy both (i) and (2). If (i) and (2) be com- 
bined and a eliminated, the resulting equation will be that 
of the locus of the points m, m' , etc., of intersection of all 
of the series of lines represented by (i), each with its second 
state. If in this resulting equation // be made equal to zero, 
we will obtain the equation of the limit of the above locus, 
and this limit is called an envdopd of the series of lines. In 
the case of the circles, the right line MM'M" is the limit 
of the locus inm'ni", and is an envelope of the circles. 

In combining (i) and (2) so as to eliminate a, compli- 
cated expressions frequently arise which may sometimes be 
avoided by the following method of Calculus, 

Since the coordinates of the points m, m', etc., common 
to each of the lines of the series represented by (i), and its 
second state in o^der, satisfy both (i) and (2), they will 
satisfy the equation 

(.' - uyh = [/(x, y, » + J) - A", y, «)]/'' = "■ (3) 

As li vanishes, the points m, m', etc., approach limiting 
positions M, M', etc., and the coordinates of the points 
AI, M', etc., will satisfy both (1) and the equation 

a«/3a=3/(^,j,«)/a« = o, ... (4) 

which (3) approaches as h vanishes. 

If, therefore, (i) and (4) be combined so as to eliminate 
a, the resulting equation will be that of the locus of 
the limiting positions of the points of intersection of the 
series of lines represented by (i), each with its second 
state. This locus is the siime as the limit of the locus of 
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tilt' points of intersection, etc., before obtained, and is, 
therefore, an envelope of the series. 

Hence, an envelope of any series of lines determined by 
giving all possible values to a variable parameter in an equa- 
tion involving two variables only may be defined as the 
limit of the locus, or the locus of the limiting positions of 
points of intersection of the series of lines, each with its 
second state, under the law that the difference in position 
between each second state and its primitive vanishes. 

To obtain the equation of an envelope of a series of lines 
given by an equation with a variable parameter, we have 
the following rule: 

Combine the given equation with its differential equation 
taken with respect to the variable parameter, and eliminate the 
parameter. 

From (i), regarding a as constant, we obtain 
du/dx = du/'dx + {du/dyWy/dx) = o 
for the differential equation of each of the lines of the series. 

From (i) and (4}, a =■ ip(x), which substituted in (i) 
gives the equation of an envelope. Hence, differeiatiating 
(i) regarding a = (p{x), we have 

dx dx dy dx 'da dx ' 
or, since du/'da = o, 

du/dx = du/dx + {du/dy)idy/dx) = o, 
for the differential equation of an envelope. Each line of 
the series, and an envelope, have, therefore, the same differ- 
ential equation, and dy/dx at any point common to any line 
of the series, and an envelope will be the same for both. 
An envelope is therefore tangent to all of the lines of tfie series. 
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EXAMPLES. 

1. Find the equation of an envelope of the series of circles 
given by the equation 

.= (,-«)> +/-5 = o (■) 

when « is a variable parameter. 

a»/3» = -.(»-«) = o (s) 

Combining (1) and (2) so as to eliminate «, we have for 
the required envelope 

jV = ± 3. x= %- 
Hence, the right lines MM'M" and MM^M,^ (see figure, 
§ 193) are the envelopes. 

2. Find the envelope of the curves given by 

y = X tan f — x'/{^h cos' 0), as varies, 
dufdO = a:/cos° & — x' sin $/2A cos' ^ = o. 
Hence, tan d — 2 V^, i + tan' 8 = (x^+ s,h^)lx^ — sec' 6, 
and cos' B — x^/(x'+ 4A'), 4A cos' ff = 4Ax'/{x' + 4^')- 
Substituting in given equation, we find j =■ h — x'/{4h) for 
the required envelope. 

3. Find the enyelope of a right line of a given length c 
which moves with its ends on the coordinate axes. 

Let equal the angle which the right line makes with 
X. Then intercepts are, respectively, c cos and c sin 0, 
giving 

« = *secf'+:vcosec^-.= o . . . (i) 

for the line, in which is the variable parameter. 

du/dO== X sec e tan ff ~y cosec 8 cq\.0 = o. . (3) 
Combining (i) and (2), we find 
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and eliminating ^, we have for tiie required envelope 

Otherwise, let a and b represent the intercepts, respec- 
tively, giving 
x/a^y/b^^ ... (3) and a' ^ b'= <:\ . . (4) 

Regarding b as the variable parameter, we may by means 




of (4) eliminate a from (3), and proceed as before ; or, since 
o is a function of b, we have 

xba/a^ ^y^bjb'^o {5) 

a'da ^ bW = o. ...... (6) 

Combining (3), {4), (5), (6), eliminating da/db, a and b, 
we have 

{a-'^b^)y = i;'; .: b^ {c'yy/^ , and a^{^xy/^. 
Substituting these expressions in (3), we have for the 
envelope 

n — I equations of condition between them, we may differ- 
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entiate the n given equations, regarding «— i of the param- 
eters as functions of the variable parameter. Then, by 
combining the n differential equations with the given equa- 
tion of the series, the parameters may be eliminated and 
the envelope determined. 

4. Find the envelope of a series of concentric and co- 
axal ellipses having the same area. 

The given equations are 

<r^' -|- b'x^ — (^b^, and ab = c'. 
xy ~ c^J2 is the envelope. 

5. Find the envelope of a right line moving so that its 
perpendicular distance from the origin remains constant. 

u =/{x,y, a) =: X cos « +^ sin a —p = o, 
Qu/da = - a: sin « + J cos « -= o, 
and x' -j-y — /" is the envelope. 

6. Find the envelope of the hypothenuse of a right tri- 
angle moving so that the area of the triangle remains con- 
stant. 

Let a = constant area, b = base = variable parameter, 
and c = altitude = 2a/b. Then ia/b^ = tan of angle 
hypothenuse makes with base, and taking the coordinate 
axes to coincide with the legs, we have 

y = zaxjl? + 2ii/^ for the hypothenuse, 
and xy = a/2 for the required envelope. 

7. Find the envelope of a right line moving so that the 
sum of its intercepts on the coordinate axes is constant. 

Let a and b represent the intercepts upon JC and Y 
respectively, and let c = a -{- b; then the equation of the 
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and a is the variable parameter. 

Ans. x' -]- j' — 2xy — 21:3; — 2cy -]- f^' = o 
or 'ix ^ ify ~ '^'c. 

8. Find the envelope of a right line moving so that the 
product of its distances from two fixed points is constant. 

Take X to coincide with right line joining the two 
points, and the origin to be at its middle point. Let (a, o) 
and (— a, o) be the two fixed points, and 

^costf+j-sin^^/ (i) 

the etiuation of the line. 

The distances from the fixed points to the line are, re- 
spectively, 

Hence, /' — (^ cos' a ~ c' ^^ constant. . . . (z) 
From (i) and (2), regarding a as the variable parameter, 
we find for the envelope 

«■/(/ + <,')+rA-=.. 

9. Find the envelope of the right lines whose equation is 

;.-/ = rf(. -«')/(, -*•) (,) 

wheny is the variable parameter, and we have 
y = 2px' and b — —y'/p. 
Eliminating b and x' , (i) becomes 

yy'^ -/y+py - ■^py'x = o. ... (2) 

Hence, 3k/3/ = 27/ +/ - ^px ~ o, 

and / = {ipx - p'')/2y {3) 

Combining (3) and {2), eliminatingy, we have 
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for the envelope, which is a point at the focus of the 
parabola, and is the Caustic of rays of light reflected from 
the concave side of a parabola, the incident rays being 
parallel to the axis which coincides with X 

lo. Find the envelope of the right lines whose equation is 

J - y = »«(«-!')/(.- *■) (i) 

when x' is the variable parameter, and we have 
j" + *" = «' and b^y'/x'. 
Eliminating b, (i) becomes 

»-«' = (//«'-»'//)(/ -^)/=- . . (') 

Differentiating and reducing, we obtain 

■dufdx' ^ y' ~ i^Py-l^ = o, or / = a^'^'/s. . (3) 

Substituting, in {2), y' x'^/a' iax y' — y, we have, after 
combination with {3) and reduction, 

x'=ia^l^x/{a'^^2fl^). 

Squaring the expressions for y' and x' , and suTsstituting 
in y -\- x'"' — a', we have for the envelope 

which is the equation of the Caustic of rays of light re- 
flected from a circle, the incident rays being parallel to X. 

ri. Find the envelope of the polar line to the ellipse 
9/ + 4a:' = 36 as the pole moves along the right line 
y=- 2x-\- 1. 

Let x" and y" be the coordinates of the pole, giving 
y" — 2x" + I. 

Then gyy" -\- i^x" = 36 is the equation of the polar line 
Substituting 2x" + i for^", we have 

u = iZyx" + 91' + ^xx" ~ ^6 = 0, 
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in which x" is the variable parameter. 

att/3fl:"=i8r + 4-^ = 0. 
Combining the last two equations, we have ox" + g>' = 36, 
or^v =■ ^, X ^ — 18 for the required envelope. 



Lines. 


pSS. 


^ Envelopes. 


= « + */». 


.. 


y = 4*». 


x-J = jr'(.+flV2A 


.. 


«" + i»=#". 


•/•+7'/(« -*) = ■■ 


a. 


(. ±t/*j'+y = 



.c COS 30 +7 sin 30 

O-' = "'^ - a'- «■ y = 4J^V27c. 

)(«-»)■ + (.>'-*)■ = '*■ j«. 

i»- + i' = ,'. U = y(.). ^■+y = fc±r)'. 

/ = 2/4:. p. x = o. 



' =: ax + a". m. Z56j^ + zyj;' = O. 

( {x/af + {y/if = I. a. ^/^ + fP = .'A 
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194. The envelope of the normals of any given curve is 
its evolute. 

This follows from the definitions of envelopes and evo- 
lutes ; otherwise, the equation of a normal to a curve 
;.=/{^),atK,/),is(§i48) 

x-x' -\-{y-y')f'{x') = o, ... (1) 
ill which y — f{x'), and x' may be taken as the variable 
parameter. Differentiating with respect to x', we have 

-»-/K)' + (^-yK'V) = "- . ■ (2) 

Combining (i) and (z), we find 

* = «'-[. +/(S')"]/'(*v/"(^'). ) I J 

for the limiting position of the intersection of the normal at 
{x',y') and its second state ; which is therefore the point of 
tangency of the envelope to the normal at («', y). Com- 
paring (3) with (i), % 172, we see that this point is the cor- 
responding centre of curvature of the given curve. Hence, 
the envelope of the normals is the evolute of the curve. 

Combining (3) and y' —f(x'), x' may be eliminated and 
the equation of the envelope obtained. 

EXAMPLES. 

I. Find the envelope oT the normals to the parabola 
y = 4ax. 

Here / = f{x') = 2a'^'x"/^, 

fix') = ayyx'y\ /"(y) = - «vy(2^'=^). 

Substituting in {3) and eliminating y, we have 

(■ + -/«')(«"■/»' 






= 3*' + 2 
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from which, eliminating x' , we obtain for the required en- 
velope ay'' = \(x — 2^)727. (See Example i, § 184.) 

2. Find the envelope of tlie normals to an ellipse by the 
above method. 

Otherwise, the equation of the normal to an ellipse at a 
point whose eccentric angle is denoted by tf is 

u^ ax sec B ~ by cosec (^ — «° -)- ^° = o. 

Regarding as the variable parameter, 

aa/3^ = 0^ sec f tan & -\- by cosec f cot ^ - o. 

Combining and eliminating B, we have for the required 
envelope M^ + (lyf' = (,.■ - i')'/'. 
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CHAPTER XrX. 

CURVE TRACING. 

195- The foregoing principles, with those frorn Analytic 
Geometry, enable us, in general, to trace curves fiom their 
equations with great accuracy. 



:, but, i' 



t COORDIf 

No fixed rule or directions apply in . 
eral, it is desirable to determine — 

. Symmetry with respect to the coordinatf 

. Limiting coordinates and asymptotes para! 

lei to them. 
. Points on the coordinate axes, 
4°. Terminating points. 

;". Direction of curve at points on the coilrdi 



6°, Asymptotes oblique to coordinate a 
7°. Multiple points. 
8°. Character of cusps. 
9°. Maximum and minimum ordinates. 
io°. Direction of curvature and points 
flexion. 



Each value of x from - 



) to + to gives a real vaiui 
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for y. The curve is therefore unlimited in both dir 
with X, and is limited in both directions of Y. 

As=c>s-»± M,jV!*-^±o. Hence, X is an asymptote in 
both directions. 

x=- o gives jy = o, and y = a gives *■ — o, or ± m . 



th. 



th( 



th. 



Hence, (o, o) is the only point at which the curve cuts 
le coordinate axes. 

/■(,) = «•(„■-,■)/(»• + ,•)■. 

/■'(o) = I. Hence, the direction of the curve at the ori- 
n makes an angle of 45° with X. 
f'{x) = o gives x= ± a and ± m . 

/■'{») = »-.(»■ -^3«')/K + «')■■ 

/"{a) is negative; .■- y = ct/z is a maximum'. 
/"( — a) is positive; .'._)'= — rt/2 
/"(^) = o gives :^ - o and ± a Vi: 
f"{x) is negative for values of ^ from - 
id the curve is concave downward. 
For values of x from — aV^to o/"{x) is positive, 

loncave side is above. 

. ^ varies from o to «f 3, /"(^) i 

loncavity is downward. 
Values of x from a V3 to + ^ make f"{x) pos 
s concave upward. 



*1^3. 



1 negative, and 
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It follows that 

(-«l/J,-«t'3/4),(o,o), a»d (» l^i, o VJA) 
are points of inflexion. 

2. x" ~ 2^> - 2x' = 8/; .-. 7 = *H-^- ~ ^)M^' + 4). 

The curve is unlimited in both directions along X and Y. 
y = o gives X — o and 2. Hence, the curve cuts X at 
the points (o, o) and (?, o). 

/'W = x{x' + 12* - l6}/2(*' + 4)^ 

/'{o) = o. Hence, at the origin -¥ is a tangent. 
/'(z) = 1/4, Therefore, at the point {2, o) the curve 
makes tan"^ (1/4) with X. 
/'{x) = a gives x = o and 1.19 nearly. 




Expanding the expression for j', we have 
y= x/2 — . i+{4 — 2x)/(x' -^ 4), in which, asx»-> co, 

y^{x/2~i). 
Hence,/ = x/2 — i is an asymptote. 

/"W = - 4^- - 6.- - i« + 8)/(«' + 4)'. 

/"(o) is negative ; hence, >■ = o is a maximum. 

/"(1.19) = o is positive; hence, y = '— o.ii is a 
minimum. 






0.54, 



and 
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Values of x from — w to — 2 make /"(_x) positive, and 
the corresponding part of the curve is concave upward. 
As X varies from — 2 to 0.54, f"{x) is negative, and the 
concavity is downward. When 0.54 < a; < 7.5, f"{x) is 
positive, and the concave side is above the curve; but 
X > 7.5 makes f"{x) negative, and the concavity is down- 
ward. It follows that (— 2, — i), (0.54, ~ 0.05), and 
(7.5, 2.6) are points of inflexion. 

3. J = A/(^ - «)■. 
/'(,) = - .■(« + «)/(* - »)■■ 

/"(») = .«•(« + M)/(x - »)'. 

The curve is unlimited in both directions of X, and in 
the positive direction of V. 

y = o gives x = o and ± =0. 

X is an asymptote in both directions, and since >' a-i 00 

/'(o) = I. Hence, at the origin the curve makes 
tan"' I with X. 

/'(x) = o gives X = ~ a, and /"(— a) is positive. 
Hence, J' = — ci/4 is a minimum. 




To the left of thi 
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is below, and to the right it is above, the 




4. f = sax' -x\ .: y= x^'^{2a 
f'{x) = (4«^ -3^)73/. 

The curve is unlimited i« both ^ 
directions along X and Y. It cuts 
X at {o, o) and {2a, o). y is 
tangent to both branches at the 
origin, which is a cusp of the first species; and the tangent 
at (2a, o) is perpetidicular io X. y = — x -^ 211/3 is the 
equation of an asymptote in both directions, y = a ^^2/^, 
coirespoiiding to jc = 4^/3, is a maximum, (za, o) is a 
point of inflexion to the left of which the curve is concave 
downward, and to the right of which it is concave upward. 

5. 7 = ^(3 — xY/16. 

f(x) = {3 - xYii - sx)/i6. 
rW) = {3 - ^)^(5^ - 6)/4. 




AsarB-*±oa,_^ss-*±o3. x = o = y. The curve is 
unlimited in the directions of X and Y. (o, o) and {3, o) 
are points on J^. /'{o) - S-^^, and/'{3) = o. /'(x) = o 
gives x^ 3/5 and 3, /"(j/s) is negative; hence, :v= 1.24 
is a maxinaura. /'{x) changes sign in passing through 
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/'is) = o (§ 135). and^ = o is a miniraum. (1.2, 0.79) is a 
point of inflexion to the left of which the curve is concave 
downward, and to the right of which the concavity is up- 
ward. 
6. y " ^ + ■*^'' 

/"{x) = ± (is*' + 24^ + 8)/4(* + 1)''^. 
The curve is symmetrical with respect to X, 



Values of * < — I give imaginary expressions for j'. 
^ = — I gives y ~ ± o. *:>— i gives two values forjc 
equal with opposite signs. As a;^->M,_ji>«-»± co. The 
curve is, therefore, limited in the direction of X negative 
by the ordinate corresponding to * = — r, and is unlimited 
in the other directions along X and V. 
(— I, ± o) and {o, ± o) are points on X. 

/'(— i) — ± =0, and /'(o) = ±0. Hence, at (— :, 
± o) the tangent is parallel to K, and X is tangent Eu both 
branches at the origin, which is a multiple point of tangency. 
(Example 6, page 281,) 

/'{x) = o gives x = o or ~ 4/5. /"{o) is positive for 
the upper and negative for the lower branch. Hence, the, 
zero ordinates at the origin are, respectively, a minimum 
and a maximum. /"(— 4/5) is negative for the upper and 



y Google 



CURVE TRACING. 



341 



positive for tlie lower branch. Hence, llie corresponding 
ordinates are, respectively, a maximum and a minimum. 

f"{x) = o gives ;e = (- 12 ± VTl)/iS- Points of both 
branches corresponding to the nppcr sign are points of in- 
flexion, and the direction of curvature is as indicated in 
the figure. 



/'{^; 



•' + 2 



I 

The curve is symmetrical with 1 
respect to X and Y. It is limited 
in both directions of X by the 
asymptotes x ^ -ii a, and is un- 
limited in both directions along 
Y. 



/'W = 




ind /'(± «) = ± 



Both branches pass through the origin, one inclined at 
an angle of 45°, and the other at an angle of 135°, with X. 
f'{x) is an increasing function for the branches above -^ , 
which are, therefore, concave upward, and a decreasing 
function for those below X, which are concave downward. 
d,,y = i/e^'. 

fix) = lA'.'A. 
/"{x) = (I - 2^)AVA- 



As a: »-> T 00 , _V' M-* 1. 

The curve is limited by X ii 
and is discontinuous at the t 



e direction of F" negative, 
n which is a terminating 
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[loiiit for the right-hand branch. As — x-m^o, f'{^) *^ <* '- 
and as + .r »-♦ o, f'{x) s-» o. Hence, X h a, tangent at 
the origin. Fis an asymptote to the left-hand branch, and 
y ^ I is an asymptote to both branches. As x varies con- 



tinuously, f'{x) does not change sign, and there are no max- 
imum or tiiinimum ordinates. Corresponding lo x = 1/2, 
there is a point of inflexion, to the left of which the curve 
is concave upward, and to the right of which the curvature 
is downward. 
9. The Logarithmic Curve. 



/'(^; 



.■- JV = log 

f'{x) = - 



i/x\ 




f"{x) is negativ 



y ^^ o. As .r^^oo , yst^oi . The 
curve is limited in the direction 
of X negative by Y, which is an 
asymptote, and is unlimited in 
the other directions along X and 
r. /(j) = i. Hence, at (1,0) 
the curve makes tan"^ i with X. 
for all points of the curve, and the con- 
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gent on F.'is (§ 149) 



cave side is below. RS, tin 
xdyldx = i=:OA. 

10. y' = ax'^dx\ 
fix) = ± (« + zbx/2)/ VJ^x. 
f"{x) = ±{^b+ili'x)/^{a+/>^Y''. , 

The curve is symmetrical with re- g 
spect to X. 

As X'^-^eO , _VB-> ± M , ^ = o = _)>. 

_f is imaginary. 

The curve is limited in the direction of X 
the ordinate corresponding to a; = — a/b, and 
in the other directions along X and Y. 

f(- a/b) = ± 00 . fip) = ± V^. The origin is, there- 
fore, a double multiple point. 

f{x) = o gives a: = — 21^/3^, for which 7 = ± 2a VT,a/qb 
are maximum and minimum ordinates. 

For x> ~ a/b the first value of /"{x) is positive, and 
the second negative. The branch BEOC is, therefore, 
concave upward, and the other is concave downward. 

POLAR COflRDTNATES: EXAMPLES, 





dr/db = 2a cos 2d. 

As & varies from o to ?r/4, r 

_X changes from o to a, and as d varies 

from w/4 to ff/a, r changes from a 

to o; completing a loop in the first 

angle. As varies from ff/2 to ff, 

s negative, and changes from o, through — », to t^ form- 
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ing a loop in the fourth angle. As 6 varies from n to y^h, 
r is positive and changes from o, through a, to q, forming 
a loop in the third angle. As C varies from 3 ""/a to ■2'^,r 
is negative and changes from o, through — a, to o, forming 
a loop in the second angle. 

As ^ passes through n/^, dr/dO changes from -j- to — . 
Hence, r -= ala a maximum. As d passes through 3^/4, 
dr/dB changes from — to +, and r =^ — a is a minimum. 
As passes through S?r/4, dr/dd changes from + to —, 
and ?-= a is a maximum. As # passes through 7?r/4, dr/dd 
changes from — to +, and ?■ = — « is a minimum. 




= a tan 0. 
dr/dd = 



a/coe 0. 
1 increasing func- 



r is always ; 
tion of d. 

Values of from o to Jr/z give 

the branch PM'. As H varies 

from nr/2 to n, r is negative and 

increases from — co to o, giving the 

the fourth angle. Values of 6 from Tt to ^71/2 

the branch in the third angle, and the branch in 

d angle is due to negative values of r correspond- 



values of B from 3^/2 
The subtangent 



'dt)/dr = as: 



— it/z or 31/2 gives r = =0 , and the subtangent = a. 

Hence (§ 157). r cos i^ = ± ;! are asymptotes. 

3. The Spiral of Archimedes, r ~ ad. 

Estimating from the pole P, where ?- = o = S, »■ in- 
creases directly with 6. Denoting the value of r after one 
revolution by 
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each other as the squares of 
the corresponding radii. — 

Subnormal = dr/dO = rjin. 

4. The Parabolic Spiral, r^'^a'H. 

r, = aV2^; .: a = rj'^7n, and r" = r^Bj^n. 
drjdd ~ (^jzr = subnormal. 
Subtangent = 2^7^'. 

This spiral may be con- 
structed by first construct- 
ing the parabola y" = x, and 
the circle CB with centre at 
" -P and radius = a\ Then 
lay off from C the arc CB equal to an assumed abscissa of 
the parabola, and upon the radius PB lay off from j° I'C 
equal to the corresponding ordinate. O will be a point of 
the curve, since r = J^O — y= Vx = Va^S. 
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. The Hyperbolic Spiral, r - a/0. 
r, = ajin; :. a — zur, and r 




At the pole r — a and ^ = cc. 
B. Hence, PO' = 4r, , PQ" ^ ir^, PO'" 

dr/d8 = - a/&'; subtangent PT- - a. 

— o gives ^ = CO, and the subtangent P£ = —a. 
Hence (§ 157), BC, parallel to PA, is an asymptote. 

From § 150, tan PMT= rdd/dr-= - 0, which leads to 
a construction of the curve by points. Thus, with Z* as a 
centre and radius = a, describe a circle. Draw any radius 



\ 



vector as PM, and the corresponding subtangent PT. 
Lay off P£ ~ arc IfJV, and draw £IV. TM draivn par- 
allel to ^A^will determine a point M of the curve; for 
tan PMT = tan PiVE = PE/a = ffN/a =.- U. 
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6. The Logarithmic Spiral, r — a^. 

dBjdr^ J/"„/r, whence (g 150) tan /'J/ 7"= tan ^ 
and <t> is constant. 

Also, sin tp = rdO/ds. 

Hence, / — /" sin <;& — r'dd/ds = cr, 

in which c represents the sine of the constant angle 1 
by the radius vector with the curve. 




If ^ = o be increased by equal angles, the correspond- 
ing values of r will be in geometrical progression. With 
any convenient radius, as FA, describe a circle, and lay off 
equal arcs Ab, bm, mc, etc. Draw tlie right lines PA, Pb, 
Pm, etc., and let PA be the initial side of W. PA will then 
represent unity. Make i) — Ab/PA, and determine the 
corresponding value of '^ = PB. PJ3/PA wili be the ratio 
of the progression, and the distances PM, PC, etc., from 
P to corresponding points of the curve are readily deter- 
mined. Since r~o requires 6= — ca, the number of 
spires from A to P \s unlimited. 
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CHAPTER XX. 

APPLICATIONS TO SURFACES. 

i^.u = r{x,y.z) = o . (■) or .=/(«, j) (.) 
is the general equation of any surface. 

Assuming the co-ordinate axes perpendicular to each, 
other, and x and y as the independent variables, we have 

du = —-dx A — J- dy -] — - dz = o, . . . (i) 
dx ' dy ■' ^ dz ' '■" 

or 

(4) 

for the general differential equation of the surface. 

197* To find the equation of the tangent plane to any sur- 
face at a given point. 

Let z = (p(x, y) be the equation of the surface and 
P{x',y', z') be the given point 

Then ^^ :zz ^ ^^ + §fj ^^, (,) 

dx dy -^ ^ ' 

in which ^— , and -r-j are constant for a fixed point (8 102). 
dx dy' 1- vo / 

The equations of the tangent line PQ in the vertical 
plane PMJ^^ are, from the figure, 

dx dy dz ' ' ' ' ' 

348 
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Equations (i) and (2) are relations existing for any set 
of values of dx, dy, and dz, corresponding to the point F 
and the corresponding tangent. 





c 


^ 


7 


K 


'■ 


\. 


/. 


/ 






dy > 
1 



Eliminating dx, dy. and ds, we find the locus of all these 
tangents to be 



If the equation of the surface be in form 
u = F{x,y,z)=<:>, 



in which dx, dy, and ds are the same as in (i). 

Combining this equation with {2), the equation of the 
tangent plane becomes 



y Google 



350 DIFFERENTIAL CALCULUS. 

(For tangent plane to surface of zd order only. Compare 
C. Smith's Solid Geo.,§ 53 ^ ^'-^ '' -'- - ^f - 
the plane is indeterminate. 



1. Find the equation of the tangent plane at the point 
(2, 3, V'ag) on the surface x' -\~y' -\- z' — 36. 

dz'/d/ = ~y'/z' - ~ I V23. 
Substituting in (3), we have 

or sx + 3_)' + V23Z — 36, for the required plane, 

or 

du/dx' = 2x' = 4, du/dy' ^ 2/ = 6, Zujdz' = 2z' = 2 f 23 

Substituting in (4}, we obtain same result. 

2. Find the equation of the tangent plane at {x', y', »') 
on the ellipsoid x'/a' -^f/f + s'/^ - i. 

Ans. xx'/d'+yy'/b^^zz'/c-'^i. 

3. Find the equation of the tangent plane at {x',/, ^') 
on the surface whose equation is 

mx' + nf +/3' + m"x -^1 = 0. 
Ans. 2mx'x + zny'y + z/s's + m"{x + x') + 2/ = o. 

4. Find the equation of the tangent plane to the ellipsoid 
whose equation is 

4*' + 2/ + s"=io, at(r, -I, 2), 

Ans. 2X—y-\-z=e^. 
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5. Find the equation of the tangent plane io the ellipsoid 

^Vi6 +y/9 + ^'/4 - I, at (3, I, ^«/36). 

Ans. 3*/i6+V9 + ('t^47/36)s/4=i. 

6. Find the equation of the tangent plane at anypoint of 
the surface x'^y' + s° = a'; and show that the sum of the 
squares of the intercepts on the axes made by a tangent 
plane is constant. 

198. The normal at any poini of a surface. 

Let equation of surface be a = <?(^,^)i and point be 
(a:',/, 2'). The normal passes through {x\y',z') and is 
perpendicular to the plane given by (3), § 197; hence its 
equations are 



x^x _ y-y _E-2 
3.7^»' ZJ/d,' - 1 ■ 


....(.) 


)f surface be a = F{x, y, 3) = ' 


:>, equations of 


x-x' y-/ ,-,' 
du/Jx' 'Ou/dy' Sf/dn'- 


■ ■•■(") 


IEXAMPI.ES. 





1. Deduce formulas for the direction cosines of the nor- 
mal given by (i); by (2). And find the cosines of the angles 
the tangent planes corresponding to (i) and (z) make with 
Xr, XZ, and YZ. 

2. Find the tangent of the angle that the tangent plane 
to x" +/ + z' ^ 36 at (2, 3, +^23) makes with XY. 

199. Ta find the equations of the tangent line to a given 
curve at a given point. 
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Let equations of curve be 

F{x,y,^) = o, («) 

<p{x,y,z)^<, {b) 

and let (_x',y', z') be the point of tangency. 

The required tangent line lies in the tangent plane to 
each of the surfaces {a) and (b) at point {x\y', z')\ hence 
its equations are 



If the curve be given by two of its projecting cylinders as 

/(«,') =o M 

*U^) = o (*') 



the equations of the tangent become 



which (§ 148) are the equations of lines in XZ and YZ 
respectively tangent to the curves {a') and (1^') at the 
projections of (V, >■', s'). The problem is thus reduced to 
finding the equations of right lines tangent to two of the 
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the projections of the given 



projections of the given 

Ex. Show that the curve whose equ; 



-'+/- 



and 



makes a constant angle with the axis Z. 

200. To find the equation of the normal plane ti 
at a given point. 

Let the equations of the curve be 

F{x,y,s^)^o and iP{x, r, 3) = o, 

and {x\ f, s') be the given point. 

The normal plane is perpendicular to the tanger 
curve at the given point. 

Let equation of normal plane be 



j.(« 



«')+/'0-y)+>-('-^')= 



If this plane be perpendicular to the tangent we liavc the 
conditions 



dx' 



'<!/ 



J/' 






Eliminating A, fi, and y, the required equation is 
■dF 



af 8£ _ 

dx" dy" dz' 

90 30 90 

dx" dy" dz' 
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20I. The numerical value of the expression 

dzl Vdx^ + dy' = tan QMT 

measures /Ae slope of the surface a — / {x,y), at the point 
M, along any section, as MB, made by a vertical plane 
through M, and whose trace on YX makes with X 
tan-' dyjdx = (§ 102). ■^^ 




{dy/dxy- 



^^^ ^ ^ 'dz/dx + {■dz/dy){dy/dx) 
Vi + (dy/dxY 
Placing 

dy/dx = tan = m, 'dz/dx = p, and Hz/dy = q, 
■e have 

tan s={p^ mq)/ \ 1 + ot' (1) 
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Application.— £^l the point (2, 3, t'ag) on the surface 

:v' + / + ^' = 36 . . . . («) 

find the slope of the curve cut out by the plane 

y=2X-\, 3 = 0/0 {b\ 

From(«), ^z/dx = -x/z, and Ss/'^j - - j/^. 

Hence, P = — 2/V23, and q = — z! *''^3- 

From {(^), dy/dx =■ 2 = m. Therefore, 

tan J' = [- a/VaJ- f>NTz\N \ + 4 ~ - 0746 +■ 

Hence, 0.746 + is the required slope. 
202. At any point, as M, tan s varies with m. To deter- 
mine m, in order that the slope shall be a maximum, we 
place 

i/tan s _ g ~ mp _ 
dm ~ (i + m'yi^ ~ °' 

whence q — mp ~ c, ox m = qlp. 

When tan s is positive, maximum values of tan s and the 
slope are the same; but when tan s is negative, the slope is 
a maximum when tan j is a minimum. 

Application. — Find the equation of the vertical plane 
which passes through the point (2, 3, V23) on the surface 
X* •\- f -\- ^ = 36, and which cuts from the surface the 
line with the maximum slope. 

y = mx -\- b, z = 0/0, is the general form of the required 
equation. 

At (2, 3, V"^) / = dz/dx = - 2/ V7-i, 

and g - dz/dy = - 3/ VV^. 
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Hence, m = 3/z. The trace on ^Fmust pass through 
(3, 3). Hence, we have 

3=3 + ^. or ^ ^ o, and y= 3^/z, s = 0/0, 

is the required plane. The maximum slope is approxi- 
mately .751. 

When p -\- mg' = o, or m = — p/q, tan j- — o, and 
the slope is a mimmum, since numerical values only of 
tan J are considered, 

In the above applic ation m =■ — p/q — — 3/3- Hence, 
3 = - 4/3 + ^, giving b = 13/3, and y = - 2X/3 + 13/3- 
3 t= 0/0, is the plane which cuts out the curve whose 
tangent at M is parallel to XY. 

The intersection of the surface by the horizontal plane 
through the given point is a horizontal line, and J^ixtj/.e) — o, 
e = <■, ars its equations. 
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BOTAHT. 

Baldwin's Orchids of New England Small 8yo, 1 50 

Da.venport's Statistical Methods, with Special Reference to Bio- 
logical Variation 16mo, morocco, 125 

Thome and Bennett's Structural and Physiological Botany, 

16mo, 2 25 

Weatermaier's Compendinm of General Botany. (Schneider.) 8vo, 2 00 

CHEMISTEY. 

Adriance's Laborutory Calculations and Specific Gravity Tables. 

12mo, I 26 

Allen's Tables for Iron Analysis 8vo, 3 00 

Arnold's Compendium of Chemistiy. (Mandel.) [In preparation.) 

Austen's Notes for Chemical Student! I2mo, I 50 

Beraadou's Smokeless Powder.— Nitra-eelluloae, and Theory of 

the Cellulose Molecule 12mo, 2 50 

Bolton's Quantitative Analysis 8vo, 1 50 

Brush and Penfield's Manual of Determinative Mineralogy. ..8 vo, 4 00 
Classen's Quantitative Chemical Analysis by Eieetrolysia. (Her- 

rick— Boltwood.) Svo, 3 00 

Cohn's Indicators and Test-papers 12mo, 2 00 

Craft's Short Course in Qualitative Chemical Analysis. (Sohaef- 

fer.) 12mo, 2 00 

Drechsel's Chemical Reactions. (Merrill.) 12mo, 1 25 

Eissler's Modem High Explosives 8vo, 4 00 

Effront's Enz3Tnes and their Applications. (Preseott.) . . . .8vo, 3 00 
Erdmann'B Introduction to Chemical Preparations. (Dunlap.) 

I2mo, 1 2S 
Fletcher's Practical Instructions in Quantitative Aesaying with 

the Blowpipe I2mo, morocco, 1 50 

Fowler's Sewage Works Analyses 12mo, 2 00 

Freseniua's Manual of Qualitative Chemical Analysis. (Wells.) Svo, 5 00 
" Manual of Qualitative Chemical Anal3'si8. Part I. 

Descriptive. (WeUe.) Svo 3 00 

" System of Instruction in Quantitative Chemical 

Analysis, (Allen.).,. Svo, 00 
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Fuertes'a Water and PuWie Health 13mo, 1 60 

Furman's Manual of Praoticai Aasaying 8vo, 3 00 

Giira Gas and Fuel Analysis for Eiigineeia 12mo, 1 25 

Grotenfelt'sPrinciplea of Modein Dairy I'ractiee. (Woll.) -.ISmo, 2 00 
Hammarateu's Text-book of Physiological Chemistry. (Mandel.) 

8V0, 4 00 

Helm'a Principles of Mathematical Chemiatry. (Morgan.) 12mo, 1 50 

Hinda'e Inorganic Chemiatry Svo, 3 00 

* " Laboratory Manual f or S i dents i2mo, 7S 

Hollwnan'a Text-book of Inorganic Chemistry. (Cooper.) .. .8vo, 2 50 
« 11 1. It Organic " (WaJker and Mott) 
{In preparatvin.) 

Hopkim'fl Oil- chemists' Handbook Svo, 3 00 

Keep's Cast Iron Svo, 2 50 

Ladd'a Manual of Quantitative Chemical Analysis I2mo, 1 00 

Landiiiier's Spectrum Analyaia. (Tingle.) Svo, 3 00 

La^aar-Cohii'sPraetiealUrinaryAnalyaia. (Lorenz.) {In preparation.) 
Leach'a The luspection and Analyaia of Food with Special liefer- 

enee to State Control. (/» preparation.] 
Lob's Electrolysis and Fleotrosyathesis of Organic Compounds. 

(Lorenz.) 12mo, 1 00 

Mandel's Handbook for Bio-chemieal Laboratory i2mo, 1 50 

Mason's Water-supply. (Considered PrJEcipally from a Sani- 
tary Standpoint.) 3d Edition, Kewritten 8vo, 4 00 

" Examination of water. (ChemicaQ and Bacterio- 
logical.) 12mo, 1 25 

Meyer's Determination of Radicles in Carbon Compounds. 

(Tingle.) 12mo, I 00 

MOler'fl Manual of Assaying 12mo, 1 00 

Mixter's Elementary Text-book of diemistry 12mo, 1 50 

Morgan's Outline of Theory of Solution and. its Eeaulta, .ISmo, 1 00 

" Elements of Physical Chemiatry 12mo, 2 00 

Nichols's Water-supply. (Considered mainly from a Chemical 

and Sanitary Standpoint, 1883.) 8vo, 2 60 

O'Brine's Laboratory Guide in Chemical Analysis Svo, 2 00 

CDriseoll's Notes on the Tieatment of Gold Ores Svo, 2 00 

Cat and Kolbeck's Text-book of Chemical Technology. (Lo- 
renz — Bozart.) {In preparation.) 

* Peafield's Notes on Determinative Mineralogy and Record of 

Mineral Tests .■ Svo, paper, 60 

Pinner's Introduction to Organic Chemistry. (Austen.) 12mo, 1 60 

Poole's Calorific Power of Fuels Svo, 3 00 

• Reisig's Guide to Piece-dyedng 8yo, 26 00 

Richards and Woodman's Air, Water, and Food from a, Sanitary 

Standpoint 8vo, 2 00 

Richards's Cost of Living as Modified by Sanitary Science 12nio, 1 00 

" Cost of Food, a Study in Dietaries. 12mo, 1 00 

" Richards and Williams's The Dietary Computer Svo, 1 50 

Ricketts and Russell's Skeleton Notes upon Inorganic CTiem- 

istry. (Part I. — Non-metallic Elements.) . .8vo, morocco, 76 

Ricketts and Miller's Notes on Assaying Svo, 3 00 

Rideal'a Sewage and the Bacterial Purification of Sewage- .8vo, 3 50 

Ruddiman's Incompatibilities in Preseriptiona Svo, 2 00 

Bchimpf'a Text-book of Volumetric Analysis 12mo, 2 60 

Spencer's Handbook for Chemiata of Beet-sugar Houses. 16mo, 

mor., 3 00 
" Handbook for Sugar Manufacturers and their Chem- 
ists Iflmo, morocco, 2 00 

Etoekbridge's Rooks and Soils Svo, 2 60 
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* Tillman's Elementary Lessons in Heat 8vo, 1 50 

* " Deaciiptive General CSiemistry 8vo, 8 00 

Tumeaure and KusseH'e Public Water -a applies 8to, B 00 

Van Deventer's Physical Chemistry for Beginners. (Boltwood.j 

12mo, 1 60 

WaJke's Lectures on Explosives 8vo, 4 00 

Wells's Laboratory Guide in Qualitative Chemieal Analysis.. 8 vo, 1 60 
" Short Course in Inorganic Qualitative Chemical Analy- 
sis for Engineering Students 12ino, I SO 

Whipple's Microscopy of Drittking-water 8vo, 3 60 

Wieehmann's Sugar Analysis Small 8vo, 2 60 

" Lecture-notes on Theoretical Chemistry. . . . 12mo, 3 00 

Wilson's Cyanide Processes 12mo, 1 50 

" CSilorination Process 12mo, 1 50 

Wulling'a Elementary Course in Inorganic Pharmaceutical and 

Medical Chemistry I2mo, 2 00 

CIVIL ENGINEERING. 

BBID6BS AND ROOFS. HYDRAULICS. MATERIALS 07 

EN6INEEBING. RAILWAY ENGIHEESIMG. 

Baker's Engineers' Surveying Instruments 12mo, 

Bixby'a Graphical Computing Table. ..Papra, 19is24i inclies. 

Davis's Elevation and Stadia Tables '. . .8vo, 

Folwell's Sewerage. (Designing and Maintenance.) 8vo, 

Freitag's Arciiitectural Engineering. 2d Ed., Rewritten. . .8vo, 

French and Ives's Stereotomy 8vo, 

Goodhue's Municipal Improvements I2mo, 

Goodrich's Economic Disposal of Towns' Refuse 8vo, 

Gore's Elements of Geodesy 8vo, 

Hayf ord's Text-book of Geodetic Astronomy 8vo, 

Howe's Retaining-walls for Earth 12mo, 

Johnson's Theory and Practice of Surveying Simill Svo, 

" Stadia and Earth-work Tables Svo, 

Kiersted's Sewage -Disposal 12rao, 

Laplace's Philosoptical Essav on Probabilities. (Truscott and 

Emory.) 12mo, 

Mahan's Treatise on Civil Engineering. (1873.) (Wood.).. Svo, 

* Mahan's Descriptive Geometry 8vo, 

Merriman's Elements of Precise Surveying and Geodesy Svo, 

Merriman and Brooks's Handbook for Surveyors. . . -Iflmo, mor., 

Merriman's Elements of Sanitary Engineering Svo, 

Nugent's Plane Surveying Svo, 

Ogden's Sewer Design 12mo, 

Patton's Treatise on Civil Engineering Svo, half leather, 

Reed's "Topographical Drawing and Sketching 4to, 

Rideal's Sewage and the Bacterial Purification of Sewage., .Svo, 
Biebert and Biggin's Modern Stone-cutting and Masonry. . . . Svo, 
Bmitti's Manual of Topographical Drawing. (McMillan,) . ,8vo, 

• 'ftautwine's Civil Engineer's Pocket-book I6mo, morocco, 

Wait's Engineering and Architectural Jurisprudence Svo, 

" Law of Operations Preliminary to Construction in En- 
gineering and Architecture Svo, 

Wait's Law of Contracts Svo, 

Warren's Stereotomy — Problems in Stone-cutting Svo, 

Webb's Problems in the Use and Adjustment of Engineering 
Instruments lOmo, 



3 00 
26 

1 00 



2 SO 

1 76 

3 50 

2 60 

3 00 
I 25 

4 00 



2 60 
2 OO 

2 00 

3 60 
2 00 
7 60 
6 00 



5 00 
SO 
3 00 
2 60 
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Small 4to 


10 OO 


4to 


BOO 


8vo 


2 60 


8vo 


1 £5 



BBirGES AND ROOFS. 

Boiler's Practical Treatise on the Conatruction of Iron Highway 

Bridges 8vo 2 00 

• Bollei's TliameB River Bridge 4to paper 5 00 

Burr's Course on the Streases m Bridges and Koof Truasea 

Arcliud Hiba, and Suspension Biidgea 8\o 3 60 

Du Boia's Mechanics of Enniiipeim^ \ ol II 
Foster's Treatise on Wooden Trestle Bridges 
Fowler's Coffer-dam Process for PierB 
Greene's Roof Trusses. . 

" Bridge Trussea 8\o 2 50 

" Arches in Wood Iron and Stone 8\o 2 50 

Howe's Treatise on Arches 8vo 4 00 

" Design of Simple Root trusses a ■\\ ood and Steel Svo 2 00 

Johnson, Bryan and TuniEaiire s Theory and Practice in the 

Designing of Modem Framed Structures Small 4to, 10 00 

Merriman and Jacoby's Text-book on Roofs and Bridges: 

Part I.— Stresses in Simple Trusses 8yo, 2 50 

Part II.-Graphie Statics Svo, 2 50 

Part III.— Bridge Design. Fourth Ed., Hewritten 8vo, 2 50 

Part IV.— Higher Stmeturea 8vo, 2 60 

Moristm's Memphis Bridge 4to, 10 00 

Wftddell's De Pontibus, a Pocket Book for Bridge Engineers. 

Iflmo, mor., 3 OO 

" Specifications for Steel Bridges I2mo, 1 26 

Wood's Treatise on the Theory of the Conatniotion of Bridges 

and Roofs 8vo, 2 08 

Wright's Designing of Draw-spana: 

Part I.— Plate-girder Draws 8vo, 3 50 

Part n.— Riveted-truBS and Pin-coniiected Long-span Draws. 

8vo, 2 60 
Two parts in one volume 8vo, 3 50 

HYDRAULICS. 

Baiin's Experinienta upon the Conti'action of the Liquid Vein 

Issuing from an Orifice. (Trautwine.) 8vo, 2 00 

Bove/s Treatise on Hydraulics 8vo, 5 DO 

Church's Mechanics of Engineering 8vo, 6 00 

" Diagrams of Mean. Velocity of Water in Open Channels 

paper, 1 50 

Coffin's Graphical Solution of Hydraulic Problems. .16mo, mor., 2 50 

Flather's Dynamometers, and the Measurement of Power.I2mo, 3 00 

Folwell'a Water-aupply Engineering 8vo, 4 00 

Priaell's Water-power 8vo, 5 00 

Fuertes's Water and Public Health 12mo, 1 60 

" Water-flltration Works 12mo, 2 50 

Ganguillet and Kutter's General Formula for the Uniform 
Flow of Water in Rivers and Other Channels. (Her- 

ing and Trautwine.) 8vo, 4 00 

Haaen's Filtration of Public Water-supply 8vo, 3 00 

Hazlehurst's Towers and Tanks for Water-works 8vo, 2 GO 

Hersehel's 116 Experiments on the Carrying Capacity of Large, 

Riveted, Metal Conduits Svo, 2 00 
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Mason's Water-supply. (Considered Principally from a Sani- 
tary Standpoint.) 8vo, 4 00 

Merriman'8 TreatiBe on Hydraulics 8vo, 4 00 

"Michie's Elements of Analytical Mechanics 8vo, 4 00 

Schuyler's Reservoirs for Irrigation, Wat«r-power, and Domestic 

Water-supply Large Svo, S 00 

Tumeaure and Riiasell. Public Water-supplies 8vo, 9 00 

Wegmann's Design and Constmction of Dams 4to, 5 00 

" Water-supply of the City of New York from 1668 to 

1895 4to, 10 00 

Weisbach's Hydraulics and Hydraulic Motors, (Du Bols.) . .8to, 5 00 

Wilson's Manual of Irrigation Engineering Small 8vo, 4 00 

Wolff's Windmill as a Prime Mover .8vo, 3 00 

Wood's Turbines 8vo, 2 60 

" Elements of Analytical Meelianies 8vo, 3 00 



MATERIALS Or ENGINEEKING. 

Baker's Treatise on Masonry Construction 8vo, 5 00 

Black's United States Public Works Oblong 4to, 5 00 

Bovey's Strength of Materials and Theory of Structures. . . .8vo, T 60 
Burr's Elasticity and Resistance of the Materials of Engineer- 
ing 8vo, 5 00 

Byrne's Highway Construction 8vo, 6 60 

" Inspection of the Materials and Workmanship Em- 

{loyed in Construction lOmo, 3 00 

eehanies of Engineering 8vo, 6 00 

Du Bois's Mechanics of Engineering. Vol. I Small 4to, 7 60 

Johnson's Materials of Construction Large 'i-'". '' "" 

Keep's Cast Iron 8vo, 2 60 

Iianza's Applied Mechanics 8vo, 7 60 

Martens's Handbook on Testing Materials. (Henning.).a \,, o^u, , oit 

Merrill's Stones for Building and Decoration 8vo, 6 00 

Merriman's Text-book on the Mechanics of Materials 8vo, 4 00 

Merriman's Strength of Materials I2mo, 100 

Metcalf'a Steel. A Manual for Steel-users 12mo, 2 80 

Patton's Practical Treatise on Foundations 8vo, 6 00 

Rockwell's Eoads and Pavements in France 12mo, 1 2S 

Smith's Wire: Its Use and Manufacture Small 4to, 8 00 

" Materials of Machines 12rao, 1 00 

Snow's Principal Species of Wood: Their Characteristic Propel^ 
ties. (In preparation.) 

Spalding's Hydraulic Cement 12mo, 2 OD 

" Textbook on Roads and Pavements 12mo, 2 00 

Thurston's Materials of Engineering 3 Parts, 8vo, 8 00 

Part I. — Non-metallic jSiterials of Engineering and Metal- 
lurgy 8vo, 2 00 

Part IL— Iron and Steel 8yo, 3 60 

Part III.— A Treatise on Brasses, Bronzes and Other Alloys 

and Their Constituents 8vo, 2 60 

Thurston's Text-book o£ the Materials of Construction 8vo, 6 00 

Tillson's Street Pavements and Paving Materials 8vo, 4 00 

Wftddell's De Pontibus. (A Pocket-book for Bridge Engineers.) 

I6mo, morocco, 3 00 

" Specifications for Steel Bridges 12mo, 1 26 

Wood's Treatise on the Resistance of Miterials, and an Ap- 
pendix on the Preservation of Timber 8vo, 2 00 

" Elements of Analytical Mechanics 8vo, 3 00 
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RAILWAY ENaiNEEBISO. 

■ndrews'sHandbook forStreet Railway ^Engineers, 3x5 in. mor., 1 25 

Jerg'3 Buildings and Structures of American Railroads. . .4to, 5 00 

Brooks's Handbook of Street Railroad Location. . 16mo, morocco, i BO 

Butts's Civil Engineer's Field-book iSmo, morocco, 2 50 

Crandall'B Transition Curve 16mo, morocco, 1 63 

" Railway and OtUer Earthwork Tables 8vo, ISO 

Dawson's Electric Railways and Tramways. Small 4to, half mor., 12 50 
" " Engineering " and Electric Traction Pocket-book. 

10mo, morocco, 4 00 

Dredge's History of the Pennsylvania Railroad: (1879.) .Paper, 5 00 

• Drmker'e Tunneling, Explosive Compounds, and Rock Drills. 

4to, half morocco, 26 00 

Fisher's Table of Cubic Yards Cardboard, 26 

Godwin's Railroad Engineers' Field-book and Explorers' Guide. 

ICmo, moroeoo, 2 GO 

Howard's Transition Curve Field-book 16mo, morocco, 1 50 

Hudson's Tables for Calculating the Cubic Contents of Exca- 
vations and Embankments 8vo, 1 00 

Nagle's Field Manual for Kailroad Engineers. . . . 10mo, morocco, 3 00 

Phdbrick'B Field Manual for Engineers 16mo, morocco, 3 00 

Pratt and Alden's Street-railway Road-bed 8vo, 2 00 

Seartes's Field Engineering ISmo, morocco, 3 00 

" Railroad Spiral lOmo, morocco, 1 SO 

Taylor's Piismoidal Fotmulie and Earthwork 8vo, 1 60 

• "Peautwino's Method of Calculating the Cubic Contents of Ex- 

cavations and Embankments by the Aid of Dia- 
grams 8vo, 2 00 

• " ITie Field Practice of Laying Out Circular Curves 

for Railroads I2mo, morocco, 2 SO 

• " Cross-seetion Sheet Paper, 25 

Webb's Railroad ConatrucUon 8vo, i 00 

Wellington's Economic Theory of the Location of Railways. , 

Small 8vo, 6 00 



DRAWIHG. 

Barr's Kinematics of Machinery 8vo, 2 60 

"Bartlett's Mechanical Drawing 8vo, 3 00 

Coolidge's ManuaJ of Drawing Svo, paper, 1 00 

Durley's Elementary Text-book of the Kinematics of Machines. 
{In preparation.) 

Hill's Textbook on Shades and Shadows, and Perspective.. Svo, 2 00 
Jones's Machine Design: 

Part I. — Kinematics of Machinery Svo, 1 50 

Part 11.— Form, Strength and Proportions of Parts 8to, 3 CO 

MacCord'a Elements of Descriptive Geometry Svo, 3 00 

" Kinematic^' or Practical Mechanism Svo, 5 00 

" Mechanical Diawmg 4to, 4 00 

" Velocity Diagrams Svo, 150 

•Mahan's Descriptive Geometry and Stone-cutting Svo, 1 60 

Mahan's Industrial Drawmg (Thompson.) Svo, 3 50 

R«ed's "Topographical Drawmg and Sketching 4to, 5 OO 

Raid's Course in Mechanical Drawing Svo, 2 00 

" Text-book of Mechanical Drawing and Elementary Ma- 
chine Design Svo, 3 00 

Kobinson's Principles of Mechanism Svo, 3 00 
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Bmitli's Manual of Topographical Drawing. (MoMillan.) .8vo, 2 50 
Warren's BlamentB of Plane and Solid Free-hand Geometrical 

Drawing 12nio, 1 00 

" Drafting Instruments and Operations 12mo, 1 25 

" Manual of Elementary Projection Drawing. 12mo, 1 50 

" Manual of Elementary Problems in the Linear Per- 
spective of Form and Shadow 12mo, 1 00 

" Plane Problems in Elementary Geometry 12mo, 1 26 

" Primary Geometrjf 12mo, 75 

" Elements of Descriptive Geometry, Shadows, and Per- 
spective 8vo, 3 50 

" General Problems of Shades and Shadows 8vo, 3 00 

" Elements of Machine Construction and Drawing. .8vo, 7 50 
" Problems, Theorems, and Examples in Descriptive 

Geometry Svo, 2 50 

WelBbach's Kinematics and the Power of Transmission. (Herr- 
mann and Klein.) Svo, 6 00 

Whelpley's Praetieal Instruction in the Art of Letter En- 
graving 12nto, 2 00 

Wilson's Topographic Surveying Svo, 3 50 

Wilson's Free-hand Perspective Sro, 2 50 

WoiJf's Elementary Course in Descriptive Geometry. .Large 8vo, 3 00 



ELECTRICITY AND PHYSICS. 

Anthony and Brackett's Test-book of Physics. jMagie.) 

Small Svo, 3 00 
Anthony's Lecture-notes on the Theory of Electrical Measur- 

ments 12mo, 1 00 

Benjamin's History of Electricity Svo, 3 00 

Benjamin's Toltaio Cell 8vo, 8 00 

Classen's Qantitative Chemical Analysis by Electrolysis. Her- 

rick and Boltwood.) 8vo, 3 00 

Crehore and Squier's Polarizing Photo-chronograph Svo, 3 00 

Dawson's Electric Railways and Trftmways..Sm3Jl 4to, half mor., 12 BO 
Dawson's "Engineering" and Electric Traction Pocket-book. 

16mo, morocco, 4 00 

Blather's Dynamometers, and the Measurement of Power.. 12mo, 3 00 

Gilbert's Be Magnete. (Mottelay.) Svo, 2 60 

Holman's Precision of Measurements Svo, 2 00 

" Telescopic Mirror-scale Method, Adjustments, and 

Tests La,rge Svo, 75 

I«idauer's Spectrum Analysis. (Tingle.) Svo, 3 00 

Le Chatelier's High-temperature Measurements. (Boudouard— 

Bnrgess.) 12mo, 3 00 

LBb's Meetroljfsis and Electrosynthesis of Organic Compounds. 

(Lorenz.) 12mo, 1 00 

Lyons's Treatise on Electromagnetic Phenomena Svo, 8 00 

" Michie. Elements of Wave Motion Relating to Sound and 

■ Light Svo, 4 00 

Niaudet's Elementary Treatise on Electric Batteries (Fish- 
back.) 12mo, 2 SO 

• Parshall and Hobart's Electric Generatore,.SmaU 4to, half mor., 10 00 
Kyan, Norris, and Hoxie's Electrical Machinery. {In preparation.) 
ITiurston's Stationary Steam-engines Svo, 2 50 

* Tillman. Elementary Lessons in Heat Svo, 1 50 

Ttoy and Pitcher. Manual of Laboratory Physics.. Small 8vo, 2 00 
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LAW. 

• Davis. Elements of Law 8ro, 

• " Treatise on the Military Law of United States. .9vo, 

• Sheep, 

Manual for Courts-iaartial 16mo, moroteo, 

Wait's Engine eiing and Atthiteetural Jurisprudence 8vo, 

" Law of Operations Preliminary to Construction in En- 
gineering and Arehitecture 8vo, 

Sheep, 

" Law of Contracts 8vo, 

Wlnthrop's Abridgment of Military Law I2mo, 



7 00 
7 BO 
1 50 



MANUEACTITRES. 

Beaumont's Woollen and Worsted Cloth Manufacture 12mo, 1 60 

Bemadou's Smokeless Powder — Kitro-cellulose and Theory of 

the Cellulose Molecule I2mo, 2 EO 

Holland's Iron Pounder 12mo, cloth, 2 GO 

" "The Iron Founder" Supplement 12mo, 2 60 

" Encyclopedia of Founding and Dictionary of Foundry 

Terms Used in the Practice of Moulding. .. .12mo, 3 00 

Eissler's Modem High Ejtplosives 8vo, 4 00 

Bflront's EnzjTnes and their Applications. (Preseott.).. .8vo, 3 00 

FitEgerald's Bost<,ii Machinist 18mo, 1 00 

Ford's Boiler Making for Boiler Makers 18mo, 1 00 

Hopkins's Oil-chemiatH' Bjindbook 8vo, 3 00 

Keep's Cast Iron 8vo 2 50 
LeacJi's The Inspection and Analjais of Food with Speciil 

Reference to 'ftate Contiol [In pteparalim ) 

Metealf s Steel A Manual for Steel users 12mo 2 00 
Metealfs Co^t of Manufactures — And the jidminietration ol 

Woikshops Public and Private 8io 6 00 

Meyer's Modern Locomotive ConBtruetwm 4to 10 OO 

• Eeiaig s Guide to Piece dyeme Svo 23 00 

SmitJi'a Press working of MetalH 8* o 3 00 

" Wire Its Use and Manufacture Small 4to t 00 

Spalding 3 Hydraulic Cement 12mo 2 00 
Spencei s Handlool for Chemists of Beet sugar Houses 

lOmo morocco, 3 00 
" Handbook for Sugar Manufacturers and their Chem- 

iats 16mo, morocco, 2 00 

Thurston's Manual of Steam-boilera, their Designs, Construc- 

tion and Operation 8vo, 6 00 

Walke's Lectures on Explosives Svo, 4 00 

West's American Foundry Practice 12mo, 2 60 

" Moulder's Text-book 12mo, 2 50 

Wieehmann's Sugar Analysis Small 8vo, 2 60 

Wolffs Windmill as a Prime Mover 8to, 3 00 

Woodbury's Fire Protection of Mills 8vo, 2 50 

MATHEMATICS. 

Baker's BUip tic Functions 8vo, 1 60 

•Bass's Elements of Differential Calculus 12ino, 4 00 

Briggs's Elements of Plane Analytic Geometry 12mo, 1 00 

Chapman's Elementary Course in Theory of Equations. ..ISmo, 1 60 

Compton's Manual of Logarithmic Computations 12mo, 1 60 

10 
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Davis's Introduction t« the Logic of Algebra 8vo 1 60 

•Dickson's College Algebra. Large IZmo 1 60 

HaUted's Elements of Geometry (no 1 75 

" Elementary Synthetic Geometry 8\ o 1 50 

• JohoBoc's Three-place Logarithmic Tables Vest pocket size 

100 copies for 5 00 

• Mounted on le^ii tirlbmrd 8 \ in [iiche 25 

10 copies for 2 OO 
" Flementary Ireatise on the Integial Calculus 

Small Hvo 1 50 

" Curve Tracing m Cartesian Co-ordinates 12mo 1 00 
" Tieatiae on Ordinary and Partial D ffetential 

Equations &mall 8yo 3 50 
" Theory of Friors and the Metliod uf Least 

Squares I2mo 1 60 

• " Theoretical Meohanios 12mo 8 00 
Laplace's Philosophical Essay on Probabibties (Truscott and 

Emor> ) 12mo 2 00 
•Ludlon and Bass. Elements of Trigcfnometry and Logarith 

mic and Other Tables 8vo 3 00 

" Trigonometiy. Tables published separately Each 2 OO 

Merriman and Woodward. Higher Mathematics 8vo 5 00 

Merriman's Method of Least Squares 8io 2 00 

Rice and Johnson's Elementary Treatise on the Difierential 

Calculus Small 8vo 3 00 
" Differential and Integral Calculus 2 lola 

in one Small Svo 2 50 

Wood's Elements of Co-ordii ti. GcnmLtrv b\o 2 00 

" Trigometry: Analytuil Plane and Spherical 12mo 1 OO 



MECHANICAI EHGINEERIHG. 



12mo 


2 00 


8vo 


6 00 


8io 


4 00 


Small Svo 


4 00 


\o papei 


1 00 


12mo 


1 50 


12mo, 


1 60 



Baldwin's Steam Heatmg for BuDdings 
Bart's Kinematics of Maehmety 
• Bartlett'a Muchanical Drawing 
Benjamin's TVnnlles and Recipes 
Carpenter's Experimental Engineering 

" Heatmeand VentJ.iting Buildmgs 

Clerk's Gas ind Oil Engine 
Coolidge's Manual o± Drawing 
Cromwell's Tieatise on Toothed Gearing 

" Treitise on Belts and PuUejs 

Durley's klementiry Te-vt book of the Kinematics of Machines 
(lit preparation ) 
Flather'B 'D^ namometers and the Measurement of Power 12mo 
■" Hope Driving 12mo 

Gill's Gas an Fuel Analysis for lingmoers l^mo 

Hall's Car Lubiication 12mo 

Jones's Machine Design 
Part I. — Kinematics of Machinery 8\o, 

Part n. — Form Strength and Proportions of Parts Svo 

Kent's Me hanical Engineers Pocket book 16mo morn o 
Eerr's Power and Power Transmission Svo, : 

]' 



y Google 



MacCord a Kinematics or. Practical Mechamsm 8yo, 6 00 

" Mechanical Drawing 4to, 4 00 

" Velocity DiagramB Svo, I 60 

Malian's Industrial Drawing (Thompson ) 8^ o, 3 50 

Poole's Calonffo Power of Fuels 8to, 3 00 

Beid'a Course m Mechanical Drawing Svo, 2 00 

" Text book of Mechanical Drawing and Elementary 

Machine De<iign Svo, 3 00 

Riohards's Compressed Air 12ino, 1 50 

Kobinson s Principles of Mechanism Svo, 3 00 

Smith's Press-working o( Metals Svo, 3 00 
Thurston's Treatise on Friction and Lost Work m Maohin- 

eiT and MiU Work Svo, 3 00 
" Animal as a. Machine and Prime Motor and the 

1 awa of Energetics 12ino, 1 00 
Warren's Elements of Machine Conatmetion and Drawing. .Svo, 7 60 
Weiabaeh's Kinematics and the Power of Transmission. (Herr- 
mann—Klein.) Svo, 5 00 

" Machinery of Transmission and Qovemors. (Herr- 
mann—Klein.) Svo, e 00 

" Hydraulics and Hydraulic Motors. (Du Bois.) .Svo, 5 00 

Wolff's Windmill as a Prime Mover Svo, 3 00 

Wood's Turbines Svo, 2 60 

MATERIALS OF ENGINEERING. 
Bovey's Strength of Materials and Theory of Structures. . Svo, 7 60 
Burrs Elasticity and Resistance of the Materials of Engineer- 
ing Svo, 5 00 

Church's Mechanics of Engineering Svo, 6 00 

Johnson's Materials of Construction Large Svo, 6 05 

Keep's Cast Iron 8vo, 2 SO 

Lanza's Applied Mechanics Svo, 7 50 

Martens's Handbook on Testing Materials. (Henning.) Svo, 7 50 

Merriman'a Text-book on the Mechanics of Materials Svo, 4 00 

" Strength of Materials 12mo, 1 00 

Metealt's SteeL A Manual for Steel-users I2mo, 3 00 

Smith's Wire : Its Use and Mamiiaeture Small 4to, 3 00 

" Materials of Machines 12mo. 1 00 

Thurston's Materials of Engineering 3 vols., Svo, 8 00 

Part II.— Iron and Steel Svo, 3 50 

Part III. — A Treatise on Brasses, Bronzes and Other Alloys 

and their Constituents Svo, 2 50 

Thurston's Text-book of the Materials of Construction 8vo, 5 00 

Wood's Treatise on. the Eesiatanee of Materials and an Ap- 
pendix on tkei Preservation of Timber Svo, 2 00 

" Elements of Analytical Mechanics Svo, 3 00 

STEAM ENGINES AND BOILERS. 

Garnet's Eefleetions on the Motive Power of Heat. (Thurston.) 

12mo, 1 60 
Dawson's "Engineering" and Electric Traction Poeket-book. 

I6mo, morocco, 4 00 

Ford's Boiler Making for Boiler Makers ISmo, 1 00 

GoBs's Locomotive Sparks Svo, 2 00 

Hemenway's Indicator Practice and Steam-engine Eoonomy- 

12mo, 3 00 

Button's Mechanical Engineering of Power Plants Svo, 6 00 

" Heat and Heatengines Svo, 5 00 
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Kent's Steam-boiler Economy 8vo, 4 00 

Eneaaa's Practice and Theory of the Injector 8vo, 1 SO 

MttcCord'B Slide-YalvBB 8vo, 2 00 

Meyer's Modern Locomotive ConHtruction 4to, 10 00 

Feabody'a Manual of the Steam-engine Indicator I2mo, 1 60 

" Tablea of the Properties of Saturated Steam and 

Other Vapors 8vo, 1 00 

" Thermodynamioa of the Steam-engine and Other 

Heat-engines 8vo, 5 00 

" Valve-geara for Steam-en^nea 8vo, 2 60 

Peabody and Miller. Steam-boilers 8vo, 4 00 

Fray's Twenty Years with the Indicator Large 8vo, 2 BO 

Pupin's Thermodynamics of Reversible Cycles in Gases and 

Saturated Vapors. (Osterbei^.) 12mo, 1 26 

Reagan's Locomotive Mechanism and Engineering 12mo, 2 00 

Rontgen's Principles of Thermodynamics. (Du Bois.) 8vo, 5 00 

Sinclair's Locomotive Engine Running and Management. .12mo, 2 00 

Smart's Handbook of Engineering Laboratory ftaotioe..l2mo, 2 60 

Snow's Steam-boiler Practice Svo, 3 00 

Spangler's Valve-gears Svo, 2 60 

" Notes on Thermodynamics 12mo, 1 00 

Thurston's Handy Tables Svo, 1 60 

" Manual of the Steam-engine 2 vols,, Svo, 10 00 

Part L— History, Structure, and Theory Svo, 6 00 

Part II. — Design, Construction, and Operation Svo, 6 00 

Thurston's Handbook of Engine and Boiler Trials, and the Use 

of the Indicator and the Prony Brake Svo, 5 00 

" Stationary Steam-engines Svo, 2 GO 

" Steam-boiler Explosions in Theory and in Prac- 
tice 12mo, 1 60 

" Manual of Steam-boilers, Their Designs, Construc- 
tion, and Operation Svo, 5 00 

Weiabach'a Heat, Steam, and Steam-engines. (Du Bois.). .Svo, 6 00 

Whitham's Steam-engine Design Svo, 6 00 

Wilson's Treatise on Steam-boilers- (Mather.) 18mo, 2 60 

Wood's Thermodynamics, Heat Motors, and Refrigerating 

Machines Svo, 4 00 

MECHANICS AND MACHHIERY. 

Barr's Kinematics of Machinery Svo, 2 80 

Eovey's Strength of Materials and Theory of Structures .. Svo, 7 60 

Chord al.— Extracts from Letters 12mo, 2 00 

Ohnrch's Mechanics of Engineering Svo, 6 00 

" Notes and Examples in Mechanics Svo, 2 00 

Compton's Eirst Lessons in Metal-working 12mo, I 50 

Compton and De Groodt. The Speed Lathe 12mo, 1 60 

Cromwell's Treatise on Toothed Gearing 12mo, 1 60 

" Treatise on Belts and Pulleys 12mo, I 50 

Dana's Text-book of Elementary Mechanics for the Use of 

Colleges and Schools 12mo, 1 60 

Dingey's Machinery Pattern Making 12mo, 2 00 

Dredge's Record of tlie Transportation Exhibits Building of the 

World's Columbian Exposition of 1S03 4to, h^f mor., 6 00 

Du Bois's Elementary Principles of Mechanics: 

Vol. I. — Kinematics Svo, 8 50 

Vol. XL— Statics Svo, 4 00 

Vol. III.— Kinetics Svo, 3 60 

Du Bois's Mechanics of Engineering. Vol. I Small 4to, 7 50 

« " « H « yoi_n smajj 4to_ jq 00 
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